Lecture 5: Jacobians

* In 1D problems we are used to a simple change of variables, e.g. from x to u
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2D Jacobian

e For a continuous 1-to-1 transformation from (x,y) to (u,v)
* Then

r = x(u,v) and y = y(u, v)
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Why the 2D Jacobian works

v

» Transformation T yield distorted grid of lines of constant u and constant v

e For small du and dv, rectangles map onto parallelograms
du = (du,0) and dv = (0,dv)
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e This is a Jacobian, i.e. the determinant of the Jacobian Matrix



Relation between Jacobians

O, y) is the inverse matrix of Ou, v) ie.,
d(u,v) o(z,y)
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e Because (and similarly, for dy)

* The Jacobian matrix

det(AB) = det(4) det(B) = 1 = det(4) = 1
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Simple 2D Example

Area of circle A=
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Harder 2D Example

u=a—-y*=1 [ Jr(2? + y?)dady
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An Important 2D Example
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3D Jacobian

r=x(u,v,w),y =y(u,v,w),z=z(u,v,w)
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3D Example

* Transformation of volume elements between Cartesian and spherical polar
coordinate systems (see Lecture 4)
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