ELEC 533 Homework 6

Due date: In class on Friday, October 18th, 2002

Instructor: Dr. Rudolf Riedi

22. Let X ~ N(u,0?) be a Gaussian r.v. and set Y = eX. Y is called log-normal.

Compute E[Y] in terms of y and o.
Use above formula to compute IE[Y?] for any ¢ € R.

Verify that for a Gaussian r.v. X we have IE[exp(X)] > exp(IE[X]).

)
)
(¢) Use this to compute Var(Y).
)
) Let X ~ Poiss(\) (see Homework problem 2 (b)). Compute the characteristic function ® x of X.
)

(
23. (a

(b) Let X; ~ Poiss(\1) and X5 ~ Poiss(A2) be independent r.v.’s. Show that X1+ Xs ~ Poiss(A1+A2).
Thus, the sum of two independent Poisson r.v.’s is also Poisson. (HINT: Use the characteristic
function.)

(¢) Let X ~ exp(A) (see Homework problem 2 (c¢)). Compute the characteristic function ®x of X.

(d) Is the sum of two independent exponential r.v.’s an exponential r.v.?

24. (a) Let X ~C(0,1):! astandard Cauchy r.v. which is given through the density

fx(z) = :

= m for every r in IR.

Verify that the characteristic function ®x (u) is given by
‘I)X(U) =e Ul

(b) Let Y ~ C(a,b) be a general Cauchy r.v., meaning that Y = a+bX, where X ~ C(0, 1) and where
a and b are constants. Compute the characteristic function ®y of Y. (Pay attention to the sign
of b,ie. Dx(u) = P_x(u) = Px(—u) by symmetry.)

(c¢) Let Y7 ~ C(a1,b1) and Ys ~ C(asg, bs) be independent Cauchy r.v.’s. Show that the sum Y :=
Y7 + Y5 is also Cauchy: Y ~ C(a,b). Compute a and b from ay, a2, by and bs.

25. With fixed A, for each integer n > A, let Xy, Xon,..., Xn,n be independent random variables such
that

Let Yn = le + Xgm —+ ...+ Xn,n-

(a) Find @y, the characteristic function of ¥;,.

(b) One can interpret Y,, as the number of successes in n independent Bernoulli trials with success
probability A/n. Verify that ¥, has a binomial distribution! Compute IE[Y},]!

(¢) Find the limit of ®y;, as n — oo. What distribution does it correspond to? How does your finding
relate to an ‘old’ result from class?

1This notation is not common and should only be used in this homework set.



