Statistics 280
Fall 2007
Correlation and Regression: Basic Concepts & Ideas
This introduction follows chapters 8-12 from the introductory statistics book, Statistics, Third edition (1998, Norton), by Freedman, Pisani, and Purves. It is arguably the best introduction to simple linear regression, without calculus or linear algebra. The emphasis is on basic concepts and application. 

Correlation

Karl Pearson (England, 1857-1936) was interested in studies considering the resemblances among family members. For example, he was interested in knowing how the height of a son is related to the height of his father. It was generally observed that taller (shorter) fathers had taller (shorter) sons, but was there a way to quantify the relationship between father and son heights? To this end, Pearson developed what is now known as the Pearson correlation coefficient (r), which numerically summarizes the linear association between two quantitative variables. More specifically, r measures how tightly bivariate data (x,y) cluster about a line. The tighter the clustering, the better one variable can be predicted from the other. 

Some facts of the Pearson correlation coefficient:
1. r is unitless  and 
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.  We define positive association between x and y when r > 0, and negative association when r < 0. Nevertheless, even when |r| is close to 1, the scatterplot between x and y will still show a fair amount of spread around the line of clustering. 

2. Mathematical definition: r =
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3. Calculation: r = 
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4. The points in a scatterplot tend to cluster around the SD line, which goes through the point of averages, 
[image: image4.wmf])

,

(

y

x

, and has slope = ( SD(y)/SD(x).

5. r is not affected by (a) interchanging the two variables; i.e., the correlation between x and y is the same as the correlation between y and x (b) adding a constant to one of the variables, x' = a + y, (c) multiplying one of the variables by a positive constant, y' = by,  for b > 0. 
Additional Remarks:

1. How r works as a measure of (linear) association will be discussed in class. If the relationship between x and y does not show a linear trend, then do not use r as a summary statistic between x and y.
2. Correlations based on averages or rates can be misleading as they tend to overstate the strength of an association. Such ecological correlations are often used in political science and sociology. Example: Current Population Survey data for 1993 show that the correlation between income and education for men (age 25-34) in the U.S. is r = 0.44. However, the correlation between average income and average education calculated for each state and Washington D.C. is r = 0.64. Why do you think this happens? Also see Figure 11.7 (p.543) in your text. 
3. Correlation measures association, but association is not the same as causation.

Problem 1

In a 1993 study the Educational Testing Service computed for each state and Washington D.C. (n=51), the average Math SAT score and the percentage of high-school seniors in the state who took the test. The correlation coefficient between these two variables was computed as r = -0.86. (a) True or false: test scores tend to be lower in the states where a higher percentage of the students take the test. If true, how do you explain this? If false, what accounts for the negative correlation? (b) In New York, the average math SAT score was 471, and in Wyoming the average was 507. True or false, and explain: the data show that on average, the teachers in Wyoming are doing a better job at math than the teachers in New York. (c) The average verbal SAT score for each state was also computed. The correlation between the 51 pairs of average math and verbal scores was 0.97. Anecdotal evidence seems to indicate that many students do well on one of the two sections of the SAT, but rarely both. Does the reported correlation of 0.97 address this issue? Explain. ■
Simple Linear Regression

The idea of a regression analysis deals with describing the dependence of y on x. Simple linear regression deals with the case where y is related to x in a linear fashion. Following standard notation, x is the independent variable and y is the dependent variable. In a deterministic setting, y is a mathematical function of x and for each (fixed) value of x we will observe a single y-value. In a stochastic setting, however, we observe an association between y and x through empirical data, and for each fixed value of x we usually observe different values of y - because of chance variation. For example, in a study of infant growth, not all infants that weight 8 pounds will be of the same length (height).  To begin to understand how we might summarize the dependence of y on x in a statistical study, we introduce the graph of averages.
Graph of Averages: In a scatterplot, the graph of averages is constructed by plotting the average y-value for each unique value of x. See Handout B1 given and discussed in class. If the graph of averages tends to follow a straight line, then that line is the regression line of y on x. 

Regression of y on x: More generally, the regression of y on x is a smoothed version of the graph of averages. Regression is thus defined as conditional averages. Sometimes the graph of averages does not follow a nice linear trend; that’s okay. 

Simple linear regression model: Ave(y | x) = a + bx.
When the graph of averages (conditional averages) follows a linear trend we say that the regression of y on x can be modeled as a simple linear regression of the form y = a + bx. Note the use of the word model, which is meant to convey the idea that y = a + bx is an idealized conceptualization of what the data show. The points in a graph of averages may not exactly fall on a line, but for practical purposes we can safely approximate the trend by a straight line, y = a + bx. It is important to keep in mind that the y in the linear regression model, y = a + bx, represents Ave(y | x) and not a particular y-value from the original (x,y) data. It is a slight abuse of notation, but if you know that the equation represents a regression function then you’ll know that the dependent variable represents an average. A related discussion is given in pp.529-530 in your text. 
Technical Note: How do we go about determining the values of a and b? For a simple linear regression model, y = a + bx, the regression coefficients, a and b, can be estimated by fitting a line to the points in the graph of averages. In practice, however, we don’t actually estimate the regression coefficients through the graph of averages. We can estimate them (a and b) by fitting a special line to the scatterplot of the original (x, y) data. The problem is one of calculus in that we minimize a function in two variables to estimate a and b. The method is known as least squares and a and b are obtained by solving the following optimization problem:
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In this minimization problem note that yi represents the original y data and a + bxi represents the regression line. We thus find the line that minimizes the distances between the y data and the line. The differences, yi – (a + bxi), are called residuals or regression deviations. These are seen as vertical distances between the data points and the regression line in the figure below. The least squares method to estimate the regression coefficients therefore minimizes the sum of squared residuals, which is why it’s called least squares.
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Figure 1: Vertical distances are residuals. The regression line has the smallest

sum of squared residuals than any other line fit to the data.

Regression method: Later we will discuss actual estimation of regression coefficients and we will work with regression equations. A simple fact about the resulting regression line allows us to make regression predictions without having the fitted line. The general technique is called the regression method for prediction:

Associated with each increase of one SD in x there is an increase of only r SDs in y, on average. 
Figure 2 below shows the regression method in geometric form. Notice that two different SDs are involved: the SD of x to gauge changes in x and the SD of y to gauge changes in y. The regression method tells us that the regression lines passes through the point of averages and has slope = (r × SD of y)/ SD of x. See Figure 2. 
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Figure 2: The regression method. When x goes up by one SD, the average

value of y only goes up by r SDs. 

It is tempting to think that if someone is 1 SD above average in x, then he or she will be 1 SD above average in y. However, this is generally not true, unless the correlation between x and y is r=1. What the regression method says is that the correlation between x and y plays a role in the prediction: if someone is 1 SD above average in x, then he or she will be a fraction of an SD above average in y. What fraction is that? The answer is r. 

Problem 2

A university has made a statistical analysis of the relationship between math SAT scores (ranging from 200-800) and first-year GPAs (ranging from 0-4.0), for students who complete the first year. The average math SAT is 550 with an SD of 80, while the average GPA is 2.6 with an SD of 0.6. The correlation between the math SAT and GPA is r = 0.4. The scatterplot is football-shaped and math SAT and GPA each follow a bell-shaped curve. (a) A student is chosen at random, and has a math SAT of 650. Predict his first-year GPA. (b). A student is chosen at random, and has a math SAT of 450. Predict his first-year GPA.(c) Repeat parts a and b with r = 0.8.■
Problem 3

In a study of the stability of IQ scores, a large group of individuals is tested once at age 18 and again at age 35. At both ages, the average score was 100 with and SD of 15. The correlation between scores at age 18 and age 35 was .80. (a) Estimate the average score at age 35 for all individuals who scored 115 at age 18. (b) Estimate the average score at age 35 for all individuals who scored 80 at age 18. 

Problem 4

In one study, the correlation between the educational level (years completed in school) of husbands and wives in a certain city was about .50; both husbands and wives averaged 12 years of schooling completed, with an SD of 3 years. (a) Predict the educational level of a women whose husband has completed 18 years of schooling. (b)  Predict the educational level of a man whose wife has completed 15 years of schooling. (c) Apparently, well-educated men marry women who are less educated than themselves; but, the women marry men with even less education. What do you think is going on here? Hint: Think about the roles of x and y is a regression setting, and what regression predictions mean.
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