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Introduction 
 

Probability 

Odds, Log-Odds 

Let ( )π = P A .  We define the “Odds Ratio” 
( )

1 ( ) 1
π

θ
π

= =
− −
P A

P A
.   If 3θ = we say that the patient is three 

times more likely to have the disease.  We also symmetrize this into “evidence” via the log odds 
definition:  

Logit( ) log( ) log
1
π

θ θ
π

 = = =  − 
L , ( , )∈ −∞ ∞L .   

The units are either Bels (base 10) or nepers (base e).  We can return to probabilities by taking the inverse  

( )
1

π = =
+

L

L

eP A
e

 and 
11 ( )

1
π− = =

+
c

LP A
e

.   

Moments 
 

Calculations involving population/sample means and variances, and inner/outer 
products: 

Population – [Sample size n=1].  NOTE:  2
1 2( ( ), ( )) ( , ) (" "," ")E X Var Xθ µ µ µ σ′= = = 2 )( ,n nX S≠ ! 

2 2 2 1
2

2 2

1
( ) ( 1)Var( ) ( , ) ( ) ( ) ( )µ µµ µ =

=
= − ≠ ≠ == = − − ∑ − ∈∑

d
n

k
k

E X nX Cov X X E X x x x X R  

unless X is a discrete r.v. and ( ) Supt( )1
X x x ff

n
≡ ∀ ∈ . 

( 1)Var( ) Cov( , ) ( )( )T T T d
X X XEXX nX X X E X X X Rµ µµ µ = − ∑ == = − − ∈  

1
Cov( , ) ( )( ) (dxk), .

N
T T T d k

X XY Y XY
n

X Y E X Y EXY X R Y R etcµ µ µ µ
=

= − − = − ∑ ∈ ∈ ≠∑
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Sample – [size n≥1]   
1

1ˆ k
k k i

n

i
m Xnµ

=
≡ =′ ∑ ;  11 ˆm X µ≡ = ′ ;  2 2 2

2 1 1
1

1 ( )
n

i
i

m m S X Xn =
=− = −∑  

2 2 2

1
( ) ( ) ( )

n

k
k

x x x n xµ µ
=

− = ∑ − + −∑  

( )2 2 2 2 2 2 2 2
1

1

2 2 2 2 2 2 2 2 2
1 1

( ) 2 ( 1) ( unbiased)

1 1NOTE: ( )
1 1 1

n

k
k

X X X XX X X nX nS n S S

n n nx x x nx S X X S S S
n n n n

=

− = ∑ − + = ∑ − = = −

−   ∑ = ∑ − + = ∑ − = =   − − −   

∑
 



,
1

( x )( )( ) 1,d
n

T T T
xk k k

k
d dX X X X XX nXX n X R k n

=
− − = ∑ − = Σ ∈ =∑  

 



1

2 2 1

11 12 13 1

21 22 23 2

1 2 3

2 2 2 2
1 1 1 2 1 2 1 1 1 2 1 2

2 2
1 2 1 2 2` 2 1 2

,

, 1, 1,

For

ij

k k

d

d
x ij i j i jk

d d d dd

x

nS

x
x

s s s s
s s s s

n n n x x nx x i j d k n

s s s s

x nx x x nx x x nx x x nx x
X n

x x nx x x nx x x nx x

 
 
  = 
 
  

 Σ Σ   = =      

Σ = Σ = Σ − = =

− Σ − − Σ −
= Σ

Σ − Σ − Σ −





    



2 2
2 2`

1,k n
x nx

 
 
 
 

=
Σ −

 

1
( )( ) , ( x ), ,

n
T

XY XY
k

T d kX X Y Y d kXY nXY n X R Y R
=

− − ∑ ∑= ∑ − = ∈ ∈∑  

 

Calculations involving population/sample higher-order moments (3rd and 4th), and 
tensor notation: 

Population – [n=1].  NOTE:   

Skew[ness] 

Pearsonian notation:  Skew “Sk” = 1/2
2

d d
µ σ

=  where me mo ,d x x= − the distance from mean to mode  He also 

used 
2
3

1 3
2

µ
β

µ
= .  Later, “Modern” notation for skewness became

2
3 3 3 3

1 1 1 3 3/ 2 3/ 2 3
2 2 2

µ µ κ µγ β β
µ µ κ σ

= = = = =

 .  

Recall that 3
3 ( )( )( ) ( ) ( | )E X X X X f x dxµ µ µ µ µ θ= − − − = −∫ .  For vector X, tensor notation is required to 

generalize. 
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Kurtosis 

4
2 2

2

µ
β

µ
= .  Since 2β =3 for the normal distribution, Pearson also used an “excess kurtosis” 2 2 3β β= − .  This 

now has a modern notation of 2 2 3γ β= − .  Note that in terms of the cumulants, 4
2 2

2

κγ
κ

= . 

 

Sample – [size n≥1]  
The skewness and kurtosis are normally estimated using method of moments.  Standard errors for these 
statistics for both the normal and the Pearson system of distributions are provided in Pearson, Filon, etc. 
[1895, 1900, 1903, 1907].  Sample versions of d require mode estimation of determination of a Pearson 
curve since many mode estimators are highly sensitive to sampling variation. 

More later 

 

Non-independence of higher moments 

1β̂  and 2β̂  are necessarily not independent of themselves and the usual estimators of 1µ′  and 2µ .   

 

 

 

Covariance    Correlation 

These identities require creating a xd d diagonal matrix with the variances as elements.  These can be 
generated by first creating a variance vector, and by using the unit matrices x: 0 , { } 1i d d iiE E E= =  and 

: 0 , { } 1.i d ie e e= =  Note that the total number of covariances (including the diagonal variances) equals 

( 1)
2

d dd −
+  . 

Population 

1

d
T

i i
i

V E ve
=

=∑ where ( )
2
1

11
2

diag( ) , , ordd

d

v
σ

σ σ
σ

 
 
 
 
 
 

= ∑ =  

 

1 1 1
2 2 2 2

T
V V V V− − − −Ρ = ∑ = ∑  ij

ij
i j

σ
ρ σ σ=  



Useful Statistical Identities, Inequalities and Manipulations 

J. Dobelman - Stat.Handy.doc, Rev. 6/13/15 4 of 7 Printed: 2/9/21 

0.0 0.2 0.4 0.6 0.8 1.0
0.

5
1.

0
1.

5
2.

0
2.

5
3.

0

Beta Distributions

x

db
et

a(
x,

 th
et

a[
1]

, t
he

ta
[2

])

1 1
2 2V V∑= Ρ  ij ij i jσ ρ σ σ=   Note:  In Matlab and R, =

1
2 chol( )V V  

Sample 

1

d
T

i i
i

S E se
=

=∑ where ˆdiag( )s = ∑  

1 1
2 2ˆR S S− −= ∑  ij ij

ij
i jii jj

s s
r s ss s
= =  

1 1
2 2ˆ S RS∑=   ˆ ˆ ˆ, orij ij i j ij ij i js r s s rσ σ σ= =  

 

Distributional Foundations 

“Brand Name” Disributions 
See for example my Rice website.   

• Beta( ,α β  ):  

Distributional Relationships and Identities 
\equations\distributions\handy.relationships.wmf 

• 
1

0
0

( ) binom( | , ) Beta( | , 1) (1 )
k p

X Y
x

F k x n p y n k k dy F p
−

=

= = − + = −∑ ∫  

• If ( ) N(0,1)z zφ = , 2 2
1~z χ , or 2 2T

nz z z χ∑ =  .  For 2N(0, )zσ ε σ=  , 2
21 T
nσ

ε ε χ . 

• 2 2
22gamma( ,2) , or gamma( ,2)

d d
n

n nn χ χ= = ; so if ( )~ gamma ,X n β , 2
2(2 ) ~ gamma( ,2)

d

nY X nβ χ= =  

• 2 2~ gamma( , )Y ν ν  and 1| ~ N ( , )dX y yµ − Σ , then ~ ( , , )dX t µ νΣ  

• ~ gamma( , ), ~ Pois( )X Y xα β β , then ( ) ( )P X x P Y α< = ≥ . 

• X~Pois( )θ , ( ) ( )2 1E ( ) E ( ) , 0S X Xδ δ δ+⋅ = ≥ i 

• ~ expo( )X β then 1/ ~ Weibull( , )Y X γ γ β=  

• ~ expo( )X β then 2 ~ RayleighXY
β

=  

http://www.stat.rice.edu/%7Edobelman/courses/statmisc.html#distributions


Useful Statistical Identities, Inequalities and Manipulations 

J. Dobelman - Stat.Handy.doc, Rev. 6/13/15 5 of 7 Printed: 2/9/21 

• ~ expo( )X β and 1β = then ln ~ Gumbel( , )Y Xα γ α γ= − , , 0Rα γ∈ >  

• ~ expo( )X λ and ~ Erlang( , )Y n λ  then / ~ Pareto(1, )X Y n  

• ~ gamma(1, ) expo( )
d

X β β=  

• ~ gamma( , )X α β  then 1/ ~ IG( , )X α β  

• ~ gamma(1.5, )X β  then / ~ MaxwellY X β=  

• ~ gamma( , ), ~ gamma( , )X Yα θ β θ  then ~ beta( , )X
X Y

α β
+

 

• 2 2~ ( ), ~ ( )X Yχ α χ β then 1 1
2 2~ beta( , )X

X Y+
. 

• ~ unif(0, 1), 0X α >  then 1/ ~ beta( , 1)X γ α  

• ~ unif(0, 1) beta(1, 1)
d

X =  

• ~ beta(1, 1)X  then ln ~ expo(1)X−  and if ~ beta( , 1)X α  then ln ~ expo( )X α−  

• ~ beta( , )X α β  then 1 ~ beta( , )X β α−  

•  

 

Sampling and Certain Statistics 

Quantile function 
The Quantile function is the inverse of the d.f.:   

1( ) inf{ : ( ) }p XF p x F x pξ −= = ≥  

p

q

r

s

a

b

c
d

ξ
ξ
ξ
ξ

=

=

=

=
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Some Sampling Facts 
• 2, ind. ~ NormaliX S X⇔ ; moreover, { } 1

n
i iX

=
must be a SRS. 

• 2 2E( )S σ=  

 

pf: 

 ( )

2 2 2

1 1

2 2
1

2
2 2 2 2

E ( ) E

E( ) E( )

( 1)

n n

i i
i i

X X X nX

n X X

n n
n
σσ µ µ σ

= =

   − = −   
   

= −

 
= + − − = − 

 

∑ ∑
 

• E( )S σ≤  

pf: 

2 2

2 2

2 2 2

Var( ) E( ) E( ) 0
E( ) E( ) . Let

E( ) E( ) , or E( )

Y Y Y
Y Y Y S

S S Sσ σ

= − ≥

≥ =

= ≥ ≤

 

• In general, ( )2 2 2 2
4 2 4 2 2 3

( 3)1 1Var 4 4
( 1)
nS

n n n
µ µ µ µ µ µ µµ
 −

= − ≈ − + − − 
 

2~ ( , ) :iX N µ σ  2 4 4
2 4, 3µ σ µ σ= =  

 
4

2 2Var
( 1)

S
n
σ

=
−

 

~ Unif( , ) :iX a b  
2

2 4
( ) 9,

12 5
b a

µ µ
−

= =  

 
4

2 1296( 1) 5( 3)( )Var
720 ( 1)

n n b aS
n n

− − − −
=

−
 

~ :iX tν   
2

2 4
3,

2 ( 2)( 4)
ν νµ µ

ν ν ν
= =

− − −
 

 
2

2
2

2 (2 5)Var
( 2) ( 4)

S
n

ν ν
ν ν

−
=

− −
 

2~ :iX νχ   2 4
3( 4)2 , ν

µ ν µ
ν
+

= =  
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3

2 3( 1)( 4) 4( 3)Var
( 1)

n nS
n n
ν ν

ν
− + − −

=
−

 

~ expo( ) :iX θ   2 4
2 4, 9µ θ µ θ= =  

 2 2(4 3)Var
( 1)
nS

n n
θ−

=
−

 

~ Poisson( ) :iX λ  2 4, (3 1)µ λ µ λ λ= = +  

 
2

2 2 2Var 1
1 1

nS
n n n n
λ λ λ λ = + = + − − 

 

Order Statistics 
 

 
1 Dahiya and Gurland, Biometrics v.25, No.1 (1060) pp.171-173 

2 Cho, E. & M. J. Cho, 2008. Variance of sample variance. Proceedings of the 2008 Joint Statistical Meetings, Section on 
Survey Research Methods, American Statistical Association, Washington DC,1291-1293. 
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