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THE CALCULATION OF MOMENTS OF A
FREQUENCY-DISTRIBUTION.

By W. F. SHEPPARD.

[Note. This paper deals mainly with simplification of method. The results
obtained in §§ 8 and 11 are new.]

1. Let the range of observed values of z, the measure whose frequency is
under consideration, be from #, —4A to @, + ik, this range being divided into n
equal segments h, the values of # at whose middle points are a;, @, ... @y, ... @y}
and let the areas standing on these segments be 4, 4,, ... 4,, ... 4,, the sum of
these areas, which is the total frequency-area, being 1. Then, if

Z=L(Z) coeeiiiiiiiiiieiei e (1)
is taken to be the equation to the curve of frequency, we have
4 fx,.+ ihf( i 3k
,= z)dw= j ot 0)AO e, ),
_— —}hf ( ) (2)
It is required to find a method for calculating
T, + 3R
v = f D @) AT v, 3),
z, —-%h

which is the pth moment of the frequency-area about the axis of z; or, more
generally, for calculating

T+ iR
f S (@)@ A v 4),

z,-%h
where ¢ (2) is a function of # which either may be given explicitly or may have its
values tabulated for a series of values of .

2. The most general method involves the use of a quadrature-formula. If we
denote by I the area of the frequency-curve up to the ordinate 2, so that

we have f(z)= Jo e (6),
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and therefore

-z, + 4h
[T b @ @
z - h ot 3h il

- @G

_ [Iqs (w)]xzz,‘+§h _f:t,,+i;h 18 @) da

z=x, -}k z, -3k
T, 4+ 30
= (@ + 3 h) - f I (@) Ao, ().
z,—%h

The expression which has here to be subtracted from ¢ (x, + Lh) is the area,
from z =z, — 1k to ==, + }4, of a curve whose ordinate at any point is I¢’(=).
The ordinates at successive distances k, commencing and ending with the extreme
ordinates, are

0
A ¢ (@, + k)
(di+ 4) ¢ (@ + )y L (8),

(A4 At oo+ Ans) & (@n + 3h)
¢ (@ + %h)

and the area can be expressed in terms of these ordinates by a quadrature-formula.

If, for instance, we use the ordinary trapezoidal rule for bounding ordinates, we
have (using the symbol o to denote approximate equality)

z,+3h
[ 6@/ @) Ao ont 4= (4 (4 41) + (At A) ¢ 04 §1)
' oot (At Aot oot A ) @na+ 3R+ 5 @+ 3R] .. (9).
For the pth moment, ¢ («) = 22, and therefore

2, + 3h
vy = f P F (@) Ao = (g + 3R) = PR v, (10),
&y —
where @ is the area of a curve whose ordinates at successive distances A, commenc-
ing and ending with the extreme ordinates, are

0, Ai(z+ 3077, (A + 4o (@ +$0)P7, ...
v (A + Ao+ o+ Ay (@ + 3R)P7Y, (@ + $R)PL
This area can be calculated by a quadrature-formula.

3. There is an alternative method, known as “correction of raw moments,”
which is applicable only to a “quasi-normal ” curve, Le., to a curve which at the
extremities of the range is so close to the base z=0 that the ordinates from
F(z,—h) to f(x;) and from f(z,) to f(a, + k) may be regarded as negligible. This
method will be considered in the following paragraphs; exact and approximate
formulae being distinguished by the use of the symbols = and 2.
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4. The raw moments are obtained by massing each of the areas 4,, 4,,... 4,
along its central ordinate, so that, if p, denotes the raw pth moment,
pr= 4@+ Asa? + ...+ Ap@P i, 11).
Now the expression on the right-hand side of (11) is an approximate expression
for the area from & =z, —}h to x=wa, + 4k of a continuous curve whose ordinates
at e=a@,, T=0xy, ... s =2, are AxPlh, AsxP[h, ... Ayx,P[h, the ordinate at z = «,

being
1 (¥
Aaph=ap. f f (@, + 6)do.
- %h

The condition of continuity obviously requires that this should be the expres-
sion for the ordinate, whatever the value of » may be. If therefore we write

Z,+%h 1 (32
R,,,_=.fw _%h.ﬂ.ﬁf_&hf(w+0)d0.dw .................. 12),
1
we have, approximately,
PRy i (13).
Now A./h is equal to the average value of the ordinate f(z) of the original
curve for values of x between «,—31h and =, + k. We therefore take a new

curve

2=F (&) coiiiiiii (14),
related to the original curve in such a way that the ordinate of the new curve corre-
sponding to x=§ is equal to the average value of the ordinate of the original
curve for values of z between £ — 4k and £+ §A, so that

1h
F(x)EH @O (15).

This curve may be called the spurious curve of frequency, since its ordinates at
successive distances A are proportional to the frequencies found by classification
with intervals A.  Also, by (12),
Ty t+§h
R,= 2PF(2)dz coeneniniiniiiiiiinn, (16),

S
and therefore R, is equal to the pth moment of the spurious curve, taken between
the same limits as the original curve.

5. In building up the value of R, as given by (12), any particular value of
S (z)/h is multiplied by the value of #? corresponding to the central ordinate of
every strip of breadth % in which f () is included; i.e. it is multiplied by the pth
power of the distance of f(«) from every ordinate in the strip of breadth A whose
central ordinate is the axis of z. Hence, subject to certain corrections in respect
of the strips at the two ends,

1 (3 1 (it
fwv.ﬁf_%hf(w+ e)do.dw=ff<w).ﬁf_%h(xw)vdo.dw.

To obtain this result by more exact methods, suppose that the range of values
of z is extended by at least $A in each direction, and that a solid is generated by
moving the frequency-area at right angles to itself through a distance 1A on each
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side. The section of this solid by a plane through the ordinate f(«), at right angles
to the central section, is a rectangle of height f(«) and base & ; and the volume of
the strip comprised between two such planes, through ordinates f(x) and f(z + dx)
of the central section, is hf(¢)dz. If, however, we turn these planes round, so as
to be inclined at an angle of 45° to the central section, the volume comprised

ih
between them will be f f (z+ 0) df.dz=hF (z)de. Hence, if we write

f f(w) h[ )2 R— an,

and compare it with
Tt a}h
R,= f @+ 0. (12),

we see that each of the expressmns hS, a.nd hR, represents the sum of all the
values of £2dV, where dV is an element of a certain portion of the solid, and £ is
its distance, measured parallel to the axis of &, from a plane through the axis of z
inclined at an angle of 45° to the frequency-area, and that in each case the portion
of the solid for which the summation is made is bounded by parallel planes through
the ordinates f(z, — k) and f (2, + 4h) of the central section ; but that in the case
of hS, these planes are at right angles to the central section, while in the case of
kR, they are inclined at an angle of 45° to it. The difference between hS, and
hR,, is therefore the difference between the values of Z£PdV for certain portions of
the solid standing on triangular bases at its extremities. In the case of a quasi-
normal curve these values are negligible, provided p is not too great, and there-
fore hR, and hS, are approximately equal, ie.

Hence, by (13), PrSp eeniiiiii (19).
6. Now expand (x+ 6)? in powers of 6, substitute in (17), and integrate.
Then, substituting »,, ve, vs, ... for their values as given by (3),

Sy=3p+ P2 D i, w2z D@=DPD) 4y, 4 (20)

the series continuing till we reach », or »,; and therefore, by (19),

1 -(p—-2)(p-3
pror, + LD gy, 2= DD ) (4 vpat ... . (21).
Writing p=1, 2, 3, successwely in (21), and remembering that p,=»,=1, we get
a series of equations for determining vy, v,, v, ... in terms of p;, py, ps, ...; and it
will be found that these equations give

vy py
v, py — 5h?

o p— 2
map= b (22).

V4QP4_‘%}"2 2+‘g{15h4
vs = ps — 8hPps + F5hip,

Biometrika v 58



4564 The Calculation of Moments of a Frequency-Distribution

The first of these results is of special importance, as showing that in the case
of a quasi-normal curve the mean as given by the raw first moment is approxi-
mately the correct mean.

7. If we want the moments about the mean it is usually simplest to calculate
them about some convenient axis and then transform to the mean. If N,, N,
N, ... are the moments, about any ordinate, of a number of frequencies (whether
continuous or discontinuous) whose sum is unity, the pth moment about the
mean is

My= Ny pN Ny AP LZD NaN, 4 (CppNa N+ (2P N2..(28).

For calculating N;, N,, N, ... by the method of § 2 it is most convenient to take
as axis an ordinate bounding one of the given areas 4, ; but for the method of § 6
it is most convenient to take the mid-ordinate of one of these areas. When we
have found the raw moments p,, p,, ps, ..., we may either find the corrected moments
V1, Vs, Vs, ... by (22), and then transform to the mean by (23); or we may find the
raw moments about the mean by (23), and then correct these by (22). The latter
is perhaps the simpler method in most cases. If we denote the raw moments
about the mean, as found from the raw first moment, by m,, m,, s, ... we have

™= 0
T =pa—pr
m=p=3ppat 200 L (24)
Ty =Py — 4p,ps + 6P12Pn - 3p!
s = Ps— 5P1 pPst 10P12Ps - ]-OPISP: + 4Pl5
and the corrected moments about the true mean are
=0
Mo 2Ty — o B
M L=Tr3
BT — F Ry b gt [T (25).

pos L=y — $ Py

It is easy to verify that we get the same results by expressing v,, »,, »;, ... in
terms of py, ps, ps, ... by (22), and p,, s, ... in terms of vy, v,, s, ... by (23).

8. In applying these results to the calculation of probable errors we must
make allowance for the error introduced by the grouping of measurements into
classes, Suppose, for instance, that there are n individuals, and that each value
of # is measured to the nearest inch, so that A=1 inch. If we knew the exact
values of x, we could calculate the mean »/=3x/n of these values, and take this
to be equal to »,. There would then be an error »,’— 1, and the mean square of
error would be p,/n=(v,— »*)/n. Since, however, the measurements are only taken
to the nearest multiple of A, the value of « as tabulated for each individual differs
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fromn the true value of  for this individual by an error 6, which may have any
value between — 34 and +4h; and the mean as calculated will not be v, but
v+ 36/n. The mean square of error of the mean as calculated will therefore be
(e —vd)/n+ {50 o (p, — p®)/n; and the probable error will therefore be, not
‘67449 p,/n, but ‘67449 m,/n, where m, is the mean square of deviation from the
mean for the spurious curve. This indeed is obvious from the fact that we are
deducing the mean from the raw first moment p,’, so that the probable error is the

probable error of p;, which is ‘674494 m,/n.

Similarly if we take u, to be equal to 7, — ;A% where ;" is the value of m, as
calculated from the actual measurements, the error in yu,, due to the limitation of
number of observations, is equal to the error in ,; and the mean square of this
latter error is (m, — m:?)/n. Hence the probable error in the standard deviation will

be, not 67449 «/ Ha b /n but 67449 «/ Te— T / n.
4u, dp

It may be observed that, if we only want the mean and the standard deviation
and their respective probable errors, we can conveniently calculate $ (m, — m.?) from

the formula (obtained from (24))
F(mi—md) =23 (ps— 4p1ps + 3p) — T2 eiiniiniininnnnn, (26).

9. The formulae (22), giving the corrected moments in terms of the raw
moments, have been obtained indirectly, by first expressing the raw moments in
terms of the corrected moments. It would be desirable to obtain them directly.

The argument of § 5 is quite general, and we might replace «? in (18) by ¥ (),
provided that the values of yr(x) f(x) are negligible between 2 =, — h and 2 =,
and between x =z, and x=, +h We then have

Tt 1 [ Tyt bl 1 [
fxl_ihf(w).l—bf_%hwlr(ue)de.dw__fxl_&h \[r(w).}—J_ihf(w+0)d0.dw...(27).

If therefore we can find a function yr, (2) such that

1 3
ﬁ[_%h"’p (@+0)dO=aP e, (28),

z,+3h
we shall have = f o f () do
x, -4k

z,+4h
a[" @ F@)ds .
z, - 3R
2 Ay (@) + Aoy (2) + oo + Aprp (%) cevnveninnnnnen (29).
It is clear from (28) that 4 (2)=1 and 4 (z)=2. Also, if we write
3h
VYp (®) = 2P + xp (), we find from (28) that Il_a f Xp (@+ 0)dO is of degree p— 2
- %h

in #. Hence, repeating the process, we find that +,(x) is a rational integral
58—2
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function of # of degree p, containing only terms in z?, £?~2, «#—4 .... We may
therefore write

Vo(@)=a?+kp(p— 1)(1}"!)2 P+ kaP (p—D(p—2)(p-3)Fh) a?*+... ... (30)
{1 R ot by .}wp .................................... (30 4),

where k,, k,, ... are coefficients to be determined. Now substitute from (30 A) in
(28), and integrate. Then since

: f (@ oyds =i+ 1L Gy arme 1 L4= D=2 ey

(L g g gt
we have

1 1 hzdﬁ 1 h)‘d‘ Lk h”d2 L h‘d‘ -
+ g () g+ 5 G g L R GAY g5 H e (BRY e = 0P,
and therefore the coefficients k,, k,, ... are such as to make

(1+§j+¢+ )(1+k1¢’+k2¢‘+...)=1 ............... (31)

identically. This gives
1+ kgt +hgi+... =1+ (1 + & +% + )

31
sinh ¢
=1+
é
__¢
sinh ¢
=1-33 ¢2 i ¢‘ .................. (32),
where, if B,, B,, B,, ... are Bernoulli’s numbers,
Pr=(27=2) By oo (33),
the first few values being
P,=}, P=%, P=31, P=121 .. ...... (34).
Equating coefficients in (32), and substituting in (30 A) and (30),
¥ (@) = {1 Py 2 D } BP eoeeveeeeeeeseseeees e (35)
-1 1 2 3
=P~ .1151%_) k2Pt 4 m]ﬁfp (P 1)(5) 3 i(p ) higr—— ... .., (36).

This result might have been obtained at once from (28) by a more liberal use
of symbolic methods, since, if we write D = d/dz, this gives

Ly, @ =,
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and therefore
LhD
V2 @)= h D %ILD o
P,
= {1 — 5 (BhDY + (D)~ } ar,
which is identical with (35).
Substituting from (36) in (29), we find

vp A,y (2,)
a3A, {xrp s P (p )hzw P Ts p(p= jll)(g 3 21(}’ 3) Wiz, — }
-1 1 2 3
Lpp— ?151)({)—2) Wpps + ?%Up (p= 1)(5 3 ‘)L(P ) Wpps— .. v (37),

as the general formula of which those in (22) are particular cases.

10. The preceding results may be extended to any function ¢ (2) which can
be expressed as a series in positive integral powers of 2. Writing

P, . d P d
X () = {1—2—!(%h)2(—%—2+4—!(%h)4d—x;—...}(ﬁ(w) ............ (38)
P, " P, ;
= @) =5 WP (@) + AN @ = s (38 ),
1 3

we have : f K@D =@ i (39),

and therefore, by (27),
Tpt+ih Ty t+%h
fm S@/@doa [ Y@ F@do (40)
S T (40 4),

provided that the values of ¢ (z)f(2), ¢”(z)f(»), ... are negligible between
x=x,—h and ==z, and between x ==z, and 2=uax, + .

To replace the approximate formula (40) by an exact formula, we must take
account of the difference between the values of 2y (&) dVk as calculated for the two
solids considered in § 5 It is easy to show that

f ¢>(w)f(w)dw [ @ F@d AT oo (1),

17 1 —4h
where

1 it 0
T=7': —4h fO{X(w”+%h+¢)f(xn+%]L+¢_0)

—x (5= 3h+ @) (@ — kb + d— 0)} dp . dO......(42).

Also to replace (40A) by an exact formula, we have by the Euler-Maclaurin
formula, adapted for summation of mid-ordinates,

z,+4h
f X @ F(@)de =Sy @) Ay + B evevevererere.. (43),

-}
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where
r=x,+3h
R-[{Gar G- Gan e Jx@F @ T o)
and therefore
f -t ¢(a:)f(w)da: S @) Art RAT oo, (45).

1~
11. The cases in which we require the value of a quantity which can be
expressed in the form f ¢ () f (z) dz, where ¢ () is not of the form «?, are usually

cases in which ¢ (x) is not given explicitly in terms of », but its values are
tabulated for a series of values of z. If, for instance, we wished to find the rate of
mortality of a certain section of the population, whose age-distribution was given,
we should take ¢ (z) to denote the rate of mortality at age #, and the above
integral would then give the rate of mortality of a population the proportion of
which between ages z and z + dz was f () d=.

The formulae of § 10 apply to such cases, if the age-distribution is quasi-
normal, provided that 4h is so small that, for every value of z, from =, to x,,
¢ (2, + 6) can be expanded in a series of powers of § which is convergent between
the limits 6 =4 3h. This is practically equivalent to a condition that when the
values of ¢ («) are tabulated at intervals of & in z the successive differences con-
verge with sufficient rapidity to enable interpolation-formulae to be used. When
this condition is satisfied, we have from (40 A)

T,
[ i " 00/ @) doy () A+ (5 Ay o+ ) A,
1

where y (#) is given by (38 A). To adapt this for practical calculation, we must
express x («,) in terms of the tabulated values of ¢(z). It is only necessary
to consider two cases.

(i) Suppose that the series of values for which ¢ (z) is tabulated comprises
the mid-values ... @, @, ... Z,, .... Then, confining ourselves to central-difference
formulae, with the notation I have adopted elsewhere*, and using symbolical

methods, we have
8 =2sinh {AD,

ard t x (@)=25 QhD(#(w) (1= &+ 5550 — 1558+ ...) ¢ (2)......(46),
so that, denoting ¢ (=) by u,

fx uf(w)dwn- z(u, ey + 5358y — o) Ay e, 7).

1

* Proc. Lond. Math. Soc. Vol. xxx1. p. 449.
+ Ibid. p. 465, formulae (75).
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(i1) Suppose that the series of values for which ¢ (z) is tabulated comprises

the determining values ... 2, — 3h, @, + }h, ... 2, + 4k, .... Then, if
w = cosh 3D,
we have*
ihD
X(w)=m%—hj) ¢(w)=y(l—%82+§684—1—£0—86+...)¢(w) ...... (4‘8),
so that

T, +3h r=n
f " uf () de o 211} {(ur -3 — §8ur -3 + L5 8ur g —...)
- e

+ (Ur+y— F8Ur g+ 458 ur 13— .. )} Ay (49).

This last result may also be written
z,+h r=n
f W@ daa 3 fures = §8ursy 4 doBur g = ]} (dr+ Ar) .. (50),

zi-% r=

each of the extreme areas 4, and 4,,, being zero.

* Ibid. formulae (74).
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