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Functional Data

regular



Example: Medfly Data

* Number of eggs laid daily



Longitudinal Data

irregular

Longitudinal data  sparse functional data

regular and sparse panel data



CD4 Counts of First 25 Patients




Three Types of Functional Data

e Curve data

 Dense functional data

* Sparse functional data / longitudinal data —



Dimension Reduction



Dimension Reduction

functional principal component analysis



Dimension Reduction



References for FPCA

Dense Functional Data



Dimension Reduction Regression
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Sliced Inverse Regression







Motivation

Goal:



Background



Background



Sliced Inverse Regression (Li, 1991)

J
Effective dimension reduction (EDR) space



How and Why does SIR work?

EX|Y)

Cov|E(X]Y)]



Algorithm

Sample: {(Y1,X41),---,(Va, X0}
Sort the data by ¥: {(Y1), X)), s (Vi) , Xy ) |
Divide the sorted data set into H slices:

Within Ath slice, compute the sample mean of X,

Xp=— Y X

nk

(2)cslice

Compute the covariance matrix of the sliced means of X,

H
n—! Z nn(Xn — X)(Xn — X))
h=1

Find the e.d.r. directions by

A

where 01 > 05 >




When does SIR work?

* Linear design condition :



End of Introduction to SIR




How to Extend SIR to Functional Data?




How to Extend SIR to Functional Data?

* We consider a unified approach that adapts to
both sparse longitudinal and functional
covariates.



Functional Inverse Regression (FIR)

Yu and Wang (2017)

* To estimate , we do a 2D smoothing of

 Once we have ; can be estimated
by the sample covariance



Algorithm

Sample: {(Y1,X41),---,(Va, X0}
Sort the data by ¥: {(Y1), X)), s (Vi) , Xy ) |
Divide the sorted data set into H slices:

Within Ath slice, compute the sample mean of X,

Xp=— Y X

nk

(2)cslice

Compute the covariance matrix of the sliced means of X,

H
n—! Z nn(Xn — X)(Xn — X))
h=1

Find the e.d.r. directions by

A

where 01 > 05 >







Choice of # of Indices



End of FIR




Fecundity Data

e Number of eggs laid daily

How early reproduction (daily egg laying up to day
20) to mortality

e Y= lifetime (days), X(z)= # of eggs laid on day ¢,



Mediterranean Fruit Fly

Mediterranean Fruit Fly




Multivariate PCA on X(t)

Table 2: Importance of components

Component

Standard deviation

Proportion of Variance

Cumulative Proportion

76.5174

0.5597

0.5597

18.8990

0.0341

0.7782

17.2429

0.0284

0.8067

14.6652

0.0206

0.8960

14.0522

0.0189

0.9149

12.8043

0.0157

0.9476

12.1599

0.0141

0.9617

10.9386

0.0114

0.9993




Multivariate PCA (cont'd)




Comparison of PCA and FSIR

Proportion

Number of directions

able 3: The coverage of first directio

Data type Coverage

Complete data 0.92

Sparse data 0.992




Sparse Egg Laying Curves

Table 3: The coverage of first direction
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Estimated Directions
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Conclusion



Functional Response:
Single (or Multiple) Index Model




Objectives

semiparametric



AIDS Data



Single (or Multiple) Index Model



Functional Single Index Model

Jiang and Wang (2011, AOS)



Functional Single Index Model



Method and Theory: Estimation




MAVE (Xia et al., 2002 )

Single index model Y = u(87Z7) + .
Cond Var= 03(8"'72) = E{Y — E(Y|8"2)}?|8"Z]
E{o3(8"2)} = E{Y — E(y|3"Z)}*.

B could be estimated by minimizing E{o3(3"Z)}.

B =arg min (Z Z[Y {a; +b,8"(Z; — Z; )}]2'wzj) :

=1,a;
I'Bl 77 =1 2=1

where wy; = K (87 (Z; — Z;)/h)/ Yy K (B"(Zi — Z;) /).




MAVE (Xia et al., 2002 )

B=arg min (ZZ[Y {a; +b;8"(Z; - Z, )}]2"%)

=1,a;,
B1=La5.0; \ 4=

where w;; = K(87(Z; — Z;)/1)/ Yr_y K (8" (Zi — Z;)/h).



MAVE for Longitudinal Data

The minimizing target now becomes:

z z z z yzk A5 — tlk) - djlﬁT(Zjl - Zlk))z Wz’kjl;

1=1 =1 1=1 k=1

where Zy = Zi(ty), Zj=Z;(ty),

; tie—tjl BT(zi—z) )
K (g, )




Algorithm for MAVE

. Initialize h; and h,, the bandwidths of T' and B3 Z re-
spectively.

. Initialize the value of 3, say B(o).
. With B(i) given, (c:i, I;, (i) = argming j j “f;(i) can be ob-
tained by weighted LS.

. With (a, b, ci) given from the previous procedure,
B(i+1) = argming 6‘?, can be obtained by weighted LS,
too.

. Repeat step 3 and 4 till |,[§(i+1) — B(i)| < €, where ¢ is
some given tolerance value.




'MAVE (Refined MAVE)




Jn - convergence of 3

Theorem. Let 3 be the estimator of B, in the algorithm.
Under some regularity conditions, we have

V(B — Bo) —P N(0,%),

> =[E(G(T, Z))|"=*[E(G(T, Z))]|*,
o dl"'(ta ﬁgz)
G(tyz) = ( d(B7=)

~ [du(t, By z) 3
Go(t,z) = ( 43T 2) ) (z —m(t, z)),

m(t,z) =E(Z|T =t,83 Z = B 2),

) (e it i ).

and A1 is the Moore-Penrose inverse of matrix A.



Jn - convergence of /3

N E({Go(Tll, Zl)ell}{Gﬂ(TIZQ Zl)612)}T)

1 T
+ ﬁE({Gﬂ(Tlla Zl)eu}{Go(Tlla Z1)€11} )




Convergence of the Mean Fucntion




AIDS data Analysis

(1.25, 3.00)

(0.0141, 0.5700, 0.8211, -0.0159, -0.0216)

( 0.0035  0.0045  0.0210 -0.0010 —0.0003\
3-fold CV 0.0045  0.0956  0.2733 -0.0049 —0.0038

00210 02733 24311 00020 —0.0214
~0.0010 —0.0040 00029  0.0069 —0.000
\ —0.0003 —0.0038 00214 —0.0009 0.0021

(1.00, 4.00)

(0.0128, 0.5530, 0.8326, -0.0103, -0.0225)
/00037 00070 0.0281 -0.001T —0.0005
10-fold CV 0.0070  0.1287  0.3744 —0.00685 —0.0061

Var(3) = % 00284 03744 27206 —0.0018 —0.0302
~0.0011 —-0.00685 —0.0018 0.0070 —0.0008

\—0.0005 —0.0061 -0.0302 -0.0008 0.0023/




AIDS: Mean Function
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Single-index Model as an

Exploratory Tool




Conclusion

Both parametric forms are difficult to detect for
sparse and noisy longitudinal data.



Conclusion







