
Multiple
Scales in
Molecular

Motor Models.

John Fricks

Overview

Nanoscale
Kinesin.

Important
Quantities of
Interest.

Common
Models.

Our Model(s).

Biological
Results.

Mesoscale
Multiple
Motors

Common
Models.

A Simple Model.

Biological
Results.

Multiple Scales in Molecular Motor Models.

John Fricks

Dept of Statistics
Penn State University
University Park, PA

The Fourth Erich L. Lehmann Symposium
Rice University

May 9, 2011



Multiple
Scales in
Molecular

Motor Models.

John Fricks

Overview

Nanoscale
Kinesin.

Important
Quantities of
Interest.

Common
Models.

Our Model(s).

Biological
Results.

Mesoscale
Multiple
Motors

Common
Models.

A Simple Model.

Biological
Results.

Acknowledgements.

• Nanoscale
• William Hancock (PSU Bioengineering)
• Matthew Kutys (NIH/University of North Carolina)
• John Hughes (PSU Statistics → Minnesota Biostatistics)
• NSF/NIH joint program in mathematical biology

• Mesoscale
• Avanti Athreya (Duke Mathematics)
• Peter Kramer (RPI Mathematical Sciences)
• Scott McKinley (U Florida Mathematics)
• NSF via SAMSI



Multiple
Scales in
Molecular

Motor Models.

John Fricks

Overview

Nanoscale
Kinesin.

Important
Quantities of
Interest.

Common
Models.

Our Model(s).

Biological
Results.

Mesoscale
Multiple
Motors

Common
Models.

A Simple Model.

Biological
Results.

Overview.

• The Biology.

• Nanoscale Models
• Common Models.
• Our Model(s).
• Biological Results.

• Mesoscale Models and Multiple Motors
• Common Models.
• A Simple Model.
• Averaging and Asymptotics.
• Biological Results.



Multiple
Scales in
Molecular

Motor Models.

John Fricks

Overview

Nanoscale
Kinesin.

Important
Quantities of
Interest.

Common
Models.

Our Model(s).

Biological
Results.

Mesoscale
Multiple
Motors

Common
Models.

A Simple Model.

Biological
Results.

Molecular Motors.
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Who Cares?

• When an axon is severed from a dendrite, it must be
regenerated.

• The microtubules near the regeneration site realign in a
mixed polarity.

• Why do they do this?

• What effect does this have on kinesin transport?

• How is this regulated? At the nanoscale?



Multiple
Scales in
Molecular

Motor Models.

John Fricks

Overview

Nanoscale
Kinesin.

Important
Quantities of
Interest.

Common
Models.

Our Model(s).

Biological
Results.

Mesoscale
Multiple
Motors

Common
Models.

A Simple Model.

Biological
Results.

Examples of Data.
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An Artist’s Rendering of Experiment.

Block Lab:http://www.stanford.edu/group/blocklab/kinesin/kinesin.html
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The Important Biological Points.

• “Hand over hand” stepping mechanism.

• 8 nanometer steps with 1 ATP per step.

• Length of step determined by the physical structure of
microtubule.

• Back steps are rare.

• Kinetics + Constrained Diffusion.
• Free head detachment.
• ATP binding.
• ATP hydrolysis.
• Free head attachment.



Multiple
Scales in
Molecular

Motor Models.

John Fricks

Overview

Nanoscale
Kinesin.

Important
Quantities of
Interest.

Common
Models.

Our Model(s).

Biological
Results.

Mesoscale
Multiple
Motors

Common
Models.

A Simple Model.

Biological
Results.

The Kinesin Cartoon.
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Engineered Motors.

• Extensions can range from less than 1 nm up to 12 nm.

• Hackney and Hancock–extensions reduced processivity.

• Hancock–velocity was reduced.

• Yildiz et al–processivity was unaffected and velocity was
reduced.

stroke’’ in the front head (Hancock and Howard, 1999; Spudich,
2006). These hypotheses are not mutually exclusive, and more
than one gating strategy might be used by kinesin.
Resolving the structural basis of kinesin gating constitutes an

additional challenge. In the microtubule-bound kinesin dimer,
the neck linker in the front and rear head points backward and
forward, respectively, and these different positions might regu-
late nucleotide- (Guydosh and Block, 2006; Tomishige et al.,
2006; Uemura and Ishiwata, 2003) or microtubule-binding affin-
ity (Kawaguchi and Ishiwata, 2001). Intramolecular strain might
also be transmitted through the neck linkers when they are
stretched to allow the two kinesin heads to bind simultaneously
to the microtubule (Figure S1 available online). Evidence that the
neck linker position or strain mediates kinesin gating is primarily
based on differences in the ATPase properties of wild-type kine-
sin dimer and truncated kinesin monomers (Hancock and
Howard, 1999; Rosenfeld et al., 2003), and certain point mutants
(Klumpp et al., 2004); however, these reported changes in
ATPase activity might be due to differences in the constructs
rather than neck linker mediated strain.
In this study, we have explored the role of the neck linker in ki-

nesin stepping and gating by engineering kinesin constructs with
extended neck linkers designed to decrease mechanical tension
between the motor domains (Hackney et al., 2003). These ‘‘ex-
tended’’ kinesins remain processive, but show a ‘‘gating’’ defect,
reflected in a decrease in motor velocity due to impaired cou-

Figure 1. Motility Properties of Kinesins
with Extended Neck Linkers
(A) Various lengths of polyproline and glycine-ser-

ine repeats, preceded by two lysines and followed

by a single glycine residue, were inserted between

the neck linker (red) and the neck coiled-coil do-

mains (gray). As examples, insertions (black) of

2, 4, 6, 13, 19, 26 prolines (2P, 4P, 6P, 13P, 19P,

and 26P) are expected to extend the neck linker

length to 4.7, 5.4, 6, 8, 10, and 12 nm, respectively.

The insert of seven repeats of glycine and serine

(14GS) is depicted as a flexible 6 nm linker.

(B) and (C) Average run lengths and speeds of sin-

gle GFP-tagged kinesin molecules at 1 mM ATP

(mean ± SEM, N = 110–187).

(D) Maximum ATP turnover rates of GFP-tagged

kinesin dimers are similar at saturating microtu-

bule concentrations (mean ± SEM, N = 3 protein

preparations).

(E) Calculated coupling ratio of mechanical

stepping to ATP hydrolysis. See Supplemental

Experimental Procedures for details of these

calculations.

pling of ATPase turnover to forward step-
ping. However, the velocity of movement
can be increased by chemically cross-
linking the neck linkers to partially restore
intramolecular tension or applying exter-
nal tension on the motor with an optical
trap. We also show that external tension
can initiate the stepping of a kinesin
motor that lacks its mechanical element

(the neck linker), aswell aswild-type kinesin that lacks a chemical
energy source (ATP). These results suggest that the dissociation
of the rear kinesin head, promoted by tension from either neck
linker docking in the front head or force produced by an optical
trap, constitutes a ‘‘gate’’ that must open for kinesin to initiate
its 8 nm step.

RESULTS

Engineering Kinesin Motors with ‘‘Extended’’
Neck Linkers
To test whether intramolecular tension plays a role in the kinesin
mechanism, we attempted to reduce such tension by inserting
additional residues between the neck linkers and the neck
coiled-coil (Figure 1A). A similar strategy was used previously
by Hackney et al. (2003), who inserted 6–12 additional residues
between the neck linker and coiled-coil stalk and found that
such extensions decreased kinesin’s kinetic processivity (de-
fined as the ATPs hydrolyzed per microtubule encounter). How-
ever, the motility of single kinesin motors was not examined in
their study. Two types of insertions were used in this work
(Figure 1A). The first insertion type consisted of polyproline of
varying lengths (2P, 4P, 6P, 13P, 19P, and 26P, which form rigid
helices with linear dimensions of 0.7, 1.4, 2, 4, 6, and 8 nm, re-
spectively) (Schuler et al., 2005). The second was a disordered
insert consisting of seven repeats of glycine-serine residues

Cell 134, 1030–1041, September 19, 2008 ª2008 Elsevier Inc. 1031
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Necklinker Extension.

Extended Kinesins Take Highly Variable Steps
Kinesin moves along the microtubule with highly regular 8 nm
steps, in contrast with such other motors as myosin VI (Rock
et al., 2001) and dynein (Reck-Peterson et al., 2006), which take
highly variable steps. Kinesin’s center-of-mass step size may
be restricted to 8 nm as a result of geometrical constrains. The
dimensions of the two fully extended neck linkers in the dimer
(!10 nm span) would allow the rear head to step to the next avail-
able tubulin dimer along the protofilament and not extend further
forward or sideways. However, this hypothesis has not been

tested directly. By extending the length of the neck linkers, we
tested whether the motor can now take different sized steps.
Oneheadof the kinesin dimerswas labeledwith a single quantum
dot, which provides a bright signal for high precision (1 nm)
fluorescence tracking with better time resolution (70 ms) than in
prior studies with fluorescent dyes (Yildiz et al., 2003).
The Q-dot-labeled WT kinesin head took regular 16 nm steps

(Figures 3A and 3B), consistent with prior results and indicative
of hand-over-hand movement of the heads (Yildiz et al., 2004).
However, the steps taken by extended kinesins were often larger

Figure 3. Stepping Behavior of Extended Kinesin Mutants
(A) Kinesin motors were labeled with a single quantum dot on one head, and head movement was recorded with 70 ms integration time. Stepping traces of WT

(blue), 6P (wine), 13P (black), 19P (cyan), 26P (navy), and 14GS (olive), fitted with a step detection program (red lines) (Kerssemakers et al., 2006). Motor velocity

was kept in the range of 10–15 nm/s by adding different concentrations of ATP for each construct (1 mM for WT, 15 mM for 6P and 13P, 25 mM for 19P, 40 mM for

26P, and 100 mM for 14GS) (see Experimental Procedures for details). The inset shows the randomness parameter (r) calculated from the dwell time measure-

ments and suggests a coupling defect for extended kinesins (mean ± SD).

(B) A histogram of analyzed step sizes along the microtubule axis shows that the WT head moves with a consistent 16 nm step, whereas the head of the neck

mutants takes highly variable steps that show peaks at multiples of!8 nm. The number of analyzed steps (Nstep) and probability for each construct to take a back-

ward step (pBW) are indicated in each panel.

(C) Available binding sites (black circles) for the rear head in the microtubule plus end direction.

(D), (E), and (F) Traces showing motor head displacement parallel (black trace) and perpendicular (blue trace) to the longmicrotubule axis for WT, 14GS, and 26P,

respectively. Vertical dotted lines indicate diagonal steps. The inserts show histograms of sideways step sizes, separated into left and right directions. The overall

probability of taking a sideways step (psw) is shown on each panel.

Cell 134, 1030–1041, September 19, 2008 ª2008 Elsevier Inc. 1033

Yildiz, A. and Tomishige, M. and Gennerich, A. and Vale, R.D.

Intramolecular Strain Coordinates Kinesin Stepping Behavior along Microtubules.
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Important Quantities of Interest.

• Asymptotic Velocity

Va = lim
t→∞

E [X (t)]

t
or Va = lim

t→∞

X (t)

t

• Effective Diffusion

Deff = lim
t→∞

Var [X (t)]

2t

or the quantity which ensures

X (t)− Vat
√

2Deff t

converges to a standard normal.

• Randomness Parameter

R =
2Deff

LVa

• Processivity
ν the number of random steps taken before detachment.
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The Models.

Pure kinetics model–a discrete space Markov chain.

• Fails to account for the physical movement of heads.
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The Models.

Stochastic Differential Equation Model

• Brownian particle in a periodic potential.

• dX (t) = a(X (t))dt + σdB(t)

• Fails to account for two individual heads.

• Fails to coordinate physical movement and chemical
kinetics.
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The Models.

Flashing Ratchet

• dX (t) = aK(t)(X (t))dt + σdB(t)

• Accounts for both chemical and physical states.

• How can these be coordinated?
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The Kinesin Cartoon.
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Our Model.

• What about incorporating diffusion of the free head into
the model?

• State 1 corresponds to having both heads bound.

• State 2 corresponds to the head having become free
Tethered diffusion with a negative or neutral bias.

• State 3 and state 4 mean ATP has been bound
A conformational change causes there to be a forward bias
and less compliant spring.
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Our Model.

• The position of the free motor head is governed by the following
equation.

Y (t) = y +

∫ t

0

aK(s)(Y (s))ds + σB(s)

where K(t) is the process corresponding to state events.

• Associate with each binding site a binding process

Nj

(∫ t

0

gj (Y (s)) ds

)
where the Nj are independent standard Poisson processes
(independent of B also).

• The time until we return to (chemical) state one (τ) would then be
the time for one of these clocks to fire.

• We define Y (τ) to be the location of the binding site associated with
the binding process which fires first.
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Renewal-Reward Processes.

• Zi , i = 1, 2, ... with mean µz and variance σ2
z .

X (t) =

N(t)∑
i=1

Zi

where N(t) is a renewal process.
• N(t) = max{n :

∑n
i=1 τi ≤ t}

• Time between events are independent and identically
distributed, τi , i = 1, 2, .... (τ0 = 0).

• The τi have finite mean (µτ ) and variance (σ2
τ ).
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Limits for Renewal-Reward Process.

For motor with backwards/forward steps,

•

Va = lim
t→∞

LX (t)

t
=

Lµz

µτ
•

Deff = lim
t→∞

L2Var [X (t)]

2t
=

L2

2

(
σ2

Z

µτ
+
µ2

zσ
2
τ

µ3
τ

)



Multiple
Scales in
Molecular

Motor Models.

John Fricks

Overview

Nanoscale
Kinesin.

Important
Quantities of
Interest.

Common
Models.

Our Model(s).

Biological
Results.

Mesoscale
Multiple
Motors

Common
Models.

A Simple Model.

Biological
Results.

Functional Central Limit Theorem.

Define

S(t) =

btc∑
i=0

Zi T (t) =

btc∑
i=0

τi

n−1/2

(
S(nt)− µZnt
T (nt)− µτnt

)
⇒
(

B1(t)
B2(t)

)
where the covariance matrix is

Σ =

(
σ2

Z 0
0 σ2

τ

)
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FCLT for Renewal-Reward.

• Note that X (t) = S(T−1(t)) Now, if we define

Xn(t) = n−1/2

(
S(T−1(nt))− µZ

µτ
nt

)
and we apply Theorem 13.7.3 from Whitt; we obtain

Xn(t)⇒ B1

(
t

µτ

)
− µZ

µτ
B2

(
t

µτ

)
.

• This is equivalent in law to

Xn(t) = n−1/2
(
X (nt)− µz

µτ
nt
)
⇒
√

σ2
Z
µτ

+ µ2
zσ

2
τ

µ3
τ
B(t)

•

X (nt) ≈ µz

µτ
nt + n1/2

√
σ2

Z

µτ
+
µ2

zσ
2
τ

µ3
τ

B(t)
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The Kinesin Cartoon.
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Kinetic Model.
Relabel the states. Negative means front head became detached first.

Q =

(
A B
0 0

)

A =



k1+,1+ k1+,2+ 0 0 k1+,4− 0 0

0 k2+,2+ k2+,3+ 0 0 0 0

0 k3+,2+ k3+,3+ k3+,4+ 0 0 0

0 0 k4+,3+ k4+,4+ 0 0 0

0 0 0 0 k4−,4− k4−,3− 0

0 0 0 0 k3−,4− k3−,3− k3−,2−
0 0 0 0 0 k2−,3− k2−,2−
0 0 0 0 0 0 0
0 0 0 0 0 0 0


(1)

and

B =



0 0 0
0 K2+,1∗ 0

0 0 0
k4+,1++ 0 0

0 k4−,1∗ 0

0 0 0
0 0 k2−,1−


. (2)
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Aggregated States of Markov Chains.

• Wang and Qian on kinetic models for motors.

• Milescu et al on MLE for motor dwell time.

• Fredkin and Rice a comprehensive look.

• Colquhoun and Hawkes with ion channels.

• Queueing Literataure–Asmussen, Neuts+others
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Including Diffusivity of the Free Head.

• Use the matrix for the kinetic model as a block structure.

• Within the blocks, use a tridiagonal matrix to use a
discrete space random walk approximation for the free
head.

• Find the moments of Zi and τi .
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Necklinker Models (Drifts).

• Y (t) = x +
∫ t

0 aK(s)(Y (s))ds + σB(s)

• Linear Spring
ak (y) = −κ(y − c)

• WLC

ak (y) = κ

(
1

4

(
1− y

Lc

)−2

− 1

4
+

y

Lc

)

• FENE
ak (y) = −κ(y − c)

but with reflecting barriers at Lc and −Lc .
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Necklinker Models (Drifts).
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Velocity.
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Run Length.
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Binding Radius and Attachment Rate.
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Summary for Different Spring Models.

• WLC.

• When allowed to extend to approximately 4nm, binding
constant must be very high.

• As neck linker is extended, velocity AND processivity
increase.

• FENE.
• Binding constant is reasonable.
• As neck linker is extended, velocity and processivity

decrease as expected.

• Possible Resolutions.
• Projection is the problem.
• Weak binding.
• Mis-specficiation of neck linker.
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Multiple Step Model.

• Heads are not necessarily one binding site away at the
beginning of each cycle.

• Return to double binding changes initial conditions of next
cycle.

S * = 1

Z = 0
S = 1

Z = 0
S = 2

Z = 1
S = 1

Z = 2
S = 2

Z = 0
S = 1

Z = 1
S = 2

Z = -1
S = 1

Z = -1
S = 2

S * = 2

Z = 0
S = 2

Z = 0
S = 1

Z = 1
S = 1

Z = 2
S = 2

Z = -1
S = 1

Z = -2
S = 1

Z = -2
S = 2

Z = 0
S = 2
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Multiple Step Model.

The following forms a Markov chain Zi

τi

Si


• Si is a Markov chain describing the distance between

heads after previous cycle.

• The position of the front head after a full cycle

X (t) =

N(t)∑
i=1

Zi
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Multiple Step Model.

• Take advantage of the simplified structure; Zi and τi

depend on the last value of S .

• Calculate the stationary distribution of Si using the matrix
approximation.

• Can calculate the other moments based only on the
conditional means and variances given Si−1.

• Central Limit Theorem for stationary Markov chains will
lead to FCLT for sums–the result is a bivariate Brownian
motion

• We can still use Whitt to give us the correct FCLT.
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Recall the Yildiz Data.
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Velocity Tension vs No Tension.
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Expected Runlength Tension vs No Tension.
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Nanoscale Kinesin: Conclusions

• By using a renewal-reward framework, link a nanoscale
diffusive model to stepping.

• If only single steps are permitted, this seems to eliminate
WLC as a neck linker model.

• By modifying the framework, we allow for multiple steps.

• By also including intra-head tension when both are bound,
WLC model scales with data.
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Identical Motors and Cargo with External Load
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Identical Motors and Cargo with External Load
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An Alternative Model

dXi (t) = vg(F (Xi (t)− Z(t))/F∗)dt + σh(F (Xi (t)− Z(t))/F∗) dWi (t)

γdZ(t) =

[
N∑

i=1

F (Xi (t),Z(t))− θ

]
dt +

√
2kBTγ dWz (t).

• v average velocity of unconstrained motor ∼ 50nm/s

• F∗ stall force ∼ 7pN

• θ optical track force ∼ 0 to 10pN

• F (·) spring force function linear with spring constant ∼ 0.34pN/m

• g(·) non-dimensional instantaneous force-velocity function.

• h(·) non-dimensional instantaneous force-diffusivity function.

• σ2 effective diffusivity ∼ 500nm/s
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Motors with Cargo and Applied Force

dXi (t) = vg(F (Xi (t)− Z(t))/F∗)dt + σh(F (Xi (t)− Z(t))/F∗) dWi (t)

γdZ(t) =

[
N∑

i=1

F (Xi (t),Z(t))− θ

]
dt +

√
2kBTγ dWz (t).

• ε = vγ√
2kB Tκ

friction force/thermal force ∼ 10−4

• s =

√
2kB Tκ

Fs
stallability ∼ 0.1

• ρ = σ2√2κ

v
√

kB T
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Special Case of Two Motors

• M(t) = 1
2

(
X̄1 + X̄2

)
R(t) = 1

2

(
X̄1 − X̄2

)
•

dM(t) =
1

2

[
G (R(t)− θ̃) + G (−R(t)− θ̃))

]
dt +

√
ρ

2
dWm(t)

dR(t) = −
[
G (R(t)− θ̃)− G (−R(t)− θ̃)

]
dt +

√
2ρ dWr (t)

•

G (ξ) =

√
2

π

∫
R
g(−sy) exp

(
−2(y − ξ/2)2

)
dy

•

πθ̃(r) = CR exp

[
−1

ρ

∫ r

0

(
G (r ′ − θ̃)− G (−r ′ − θ̃)

)
dr ′
]
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Law of Large Numbers

• Stationarity of R allows us to find limit of M(t)
t i.e.

asymptotic velocity.

M(t)

t
→ 1

2

∫
R

[
G (r − θ̃) + G (−r − θ̃))

]
dπθ̃(r)

• G (·) is derived from the force-velocity relationship.

• Similar methods allow for a CLT.
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Prediction vs Simulation
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Conclusions on Multiple Motors

• Cargo is the fast variable.

• Two motors can be slower than one.

• Under what conditions on the original force-velocity curve
will yield two motors being slower than one.

• Can we use this framework to explain data?
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Where are we going?

• Many motors interacting with the random geometry of the
microtubules.

• Linking all three scale explicitly.
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