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A Branching Particle System is a branching process such that
» The time parameter is continous

» Each individual posesses a random lifetime, at the end of
which it branches

» Each individual posesses a random location in certain
measurable space, say RY.

The spatial position of individuals becomes relevant if, in addition,
the individuals perform independent migrations during their
lifetimes.



A heuristic pictorial description of a BPS looks like this:

A

3y 3 f— N(t)

1, x €A

d
0, XxZA A € B(RY), we see that

Writing dx(A) = {
N:(A) = Z dx(t)(A) = number of particles in A at time t.

For each t > 0,
» N; represents the state of the population at time t,

> N; can be suitably modeled by a random point measure on
(RY, B(RY)).



What is a random point measure on (R?, B(R?))?

N(R?) := space of counting meaures u on R? such that z(A) < oo
for each compact set A C RY.

Theorem
Let u € N(RY). For any compact K C RY, either

n(K) =0,
or there exist xi,...,Xp, € RY and ji,...,jn, € N such that

(A) = j10x (A) + -+ + inc O, (A), A € B(K).

For any measurable ¢ : RY — IR and p € N (RY), we write

(1, ) :Z/sodu-



Vague Topology

We endow N(RY) with the vage topology, in which a sequence
{pn} converges to p € N'(R9) provided that

(ttny ) — {1, p) as n — oo for any ¢ € Co(RY).

Let us denote by 91 the Borel o-algebra corresponding to the vague
topology.

Definition

Let (2, F,IP) be a probability space. A random point measure is a
measurable mapping

£:(Q,F) = (W(RY),M).



Notice that

» The probability measure P(-) = IP£~1(-) on (N, M) is the
distribution of &, and satisfies

P(M) = (P¢1) (M) =TP(£ € M)  for all M € 9.

» The intensity or expectation measure of £ is the measure
E £(-) given by

(B (M) = BIE(M)] = [ ¢l M)A, VM € B(R?.
» The Laplace functional L¢ of £ is defined by

Le(f) :=Ee & vfe bMH(RY).

(Same rdle as the Laplace transform for positive r.v.)



PROTOTYPES OF EQUATIONS

9u(t,x) _ Au(t,x) = Vi’ (t,x), t>0,
ot
and
u(0,x) = p(x)>0, xeRY
02 0
A=—"—+..-4—.  V>0.
Ox? et Ox3’
In the first case,
>0 (persistence)
lim [Ju(t)l|L,
t—o0 =0, (extinction)

For the second equation,

sup u(t,x) < ooVt or lim u(t,xp) = o0, some Ty < oo, xp € RY.

x€ERd t—To



Critical dimension in both cases is d = 2:

For Equation (1), if ¢ # 0, then tim |lu(t)||, >0 iffd>2,

For Equation (2), u blows up in finite time for any ¢ Z 0 if d < 2.

Systems of equations =  Multitype populations

—  Other particle motions

Other generators

Other nonlinearities =  Other branching laws




Persistence of a Multitype Branching System

(A)

(B)

(©)

Particles in RY

of types
ie{l,.... k}
Type i—particles
live exp( V)
lifetimes,

V; > 0, and move
symmetric
«j—stable:

Bga) L tl/aB§‘l)

Branching
numbers:

Pr {Z,'l =n,..., Z,'k = I'lk} = p(i)(f'll7 ey nk)



Population space: counting measures on
S=RY x {1,...,k};

as before, we write ( = [ ¢(x)u(dx).

Xe Random measure on S describing the population at
time t.
(Xt)o<t<oo is homogeneous Markov, with Laplace functional
given by

_{n w0
E e Xed) — o <A” t > pe C(S,IRy), t>0,

9y
where v;ZS is the mild solution of the nonlinear equation

Ove(x, 1)

o = Agve(x, i) = Vi [Fi(1—ve(x,1),...,1— ve(x, k))

— (= welx, 1), (4)

vo(x,i) = 1—e?N g e (S, Ry).



Here F; is the offspring generating function of a type-i parent, i.e.
E |:Slzi1 o Skzik:|

= Z sfl---s,'(’kp(i)(nl,...,nk),

ni,...,ng >0

(517 . ,Sk) S [O, l]k.

F,'(Sl, ey Sk)



Assumptions

(A1) The mean matrix M = (mjj) := (IE Zj;) is stochastic,
with strictly positive entries. Hence M admits a
unique equilibrum / = (/;)1<j<x; we put ;== /;/V;.

(A2) For all i € {1,..., k} the total offspring

Zi=Ln+- -+ L

is in the normal domain of attraction of a
1+ Bj—stable law, 0 < 3; < 1.
(The case ; = 1 just means that Z; has finite
variance). Equivalently
Fi(s,...,s) ~ Const.(1—s)™ P as s 11, i=1,..., k.

(A3) The initial state Xg is a Poisson population on S with
intensity measure

k
A= Z’Yj()\ ® 6j),
j=1

where \ denotes Lebesgue measure on RY.



Recall that, for any t > 0 and ¢ € C(S,IR),
<IE Xt7 d)> - </\I7ut¢> )
where U = (U;) denotes the semigroup with generator
k
Ap(x, 1) = Doy d(x, 1) + Vi Y (mij — 65) ¢(x,.J)-
j=1
i.e., putting w(t, x) := Urp(x), w solves the Cauchy problem

ow(t, x)
ot

= Aw(t,x), t>0,

w(0,x) = ¢(x).



Due to assumption (A1), the measure A, is invariant for the
semigroup U and, therefore,

<IE Xt,¢> = </\I,ut¢> = </\I7¢> = <IE Xo,ﬁb)-

Thus,
EXi=EXy,, t=>0.
It follows from a direct analysis of Equation (4) that

L
X¢ — s as t — 00,

No = EXo<A;

moreover, either Ao = 0 or Ao = ;. A criterion in this
dichotomy is given by the following



THEOREM 1 The branching particle system started from Xj is
persistent in the sense that it converges as t — oo towards a
non-trivial equilibrium with the same intensity as that of X if
and only if d > (min«;)/(min §;).




Persistence of a class of nonlinear systems
We now use Theorem 1 to analyze the L!-norm asymptotics of the
mild solution of the nonlinear system

@ = Aa,'vi_\/i F,‘(].—V]_,...,]._Vk)_(l_vi) ’
ot
vi(x,0) = fi(x), f€C(RY[0,1)), i=1,... k. (5)

This system possesses a unique global solution, which is positive
for all t. The link between System (5) and the multitype model
described before arises in the following way.

It is easy to see (e.g. using a renewal argument) that the solution
of System (5) is given by

vi(x,t) = 1—IEexp{—<Xt(X’i),¢f>}, i=1,....k, t>0,

where
Of(x, i) = —log(l — fi(x)), (x,i) €S,

and (Xt(X’i)) stands for the system started from §, ;).



Since X; iXOO, it follows that, as t — oo,
Eexp{— (X;,®¢)} = Eexp{— (Xx,®r)},

where, due to the fact that Xj is Poisson distributed with intensity
A,

IE exp {— (Xp, &7)} = e~ i ndvi(t),

Hence,
k
: . . _ —(Xe,®r) _ —(Xoo,Pr)
Jlim ;% (A vi(t)) = = lim logIE e =—logEe ,

(6)
which shows that the large time behavior of the numbers
lvi(t)||, = (A, vi(t)), i =1,...,k, is determined by X.
Indeed, (6) and the positivity of v; yield

tim lvi(t)|l;2 < —((Const.) log IE g~ (Xoo:®r)
which, in case of d < (mina;)/(min ;) and by Theorem 1, renders

Jim [vi(6)lp =0, i=1,.. k



The case d > (min«;)/(min j3;)

From the ergodicity of the type chain (which is implied by our
assumptions on the F;) it follows that

. L .
X{ =X as t—oo, i=1,... k,

where (X/)o<t<co denotes the branching system starting from a
Poisson population of type i-individuals X;, with Lebesgue
intensity.

Therefore, in the same way as in (6) it follows that

Jim [[vi(£)]]1x = — log IE e~ 7],

which, again by Theorem 1, is strictly positive provided that at
least on of f1,..., fx is not identically 0.



We summarize the above discussion into the following result.

THEOREM 2 Let vi(t) = vi(x,t), i = 1,...,k, denote the so-
lution components of the nonlinear system (5). Then, for each
i=1,... k

. _ min o1
tllU;oHv,(t)HLl Oif d < min 3;’

and [
. _ min o1
Jim o) > 01 @ > TEE

provided that f; # 0 for at least one i € {1,..., k}.




Example Consider the nonlinear system

ov:

8—; = Apvi+Vif[(va —v1) —viwa]/2
ov.

87; Aa2V2 + V2[(V1 — V2) — V1V2]/2

v;i(0) = f; € C.(RY,[0,1)), i=1,2.
Here k = 2,
1 sis
Fi(s1,52) = Fa(s1,52) = 5 + %7

and ﬁl = ﬁQ = 1.

This system corresponds to a two-type critically branching
population in which a type i-individual at rate V; either dies
without children with probability 1/2, or with with complementary
probability it has two children, one of each type.

Theorem 2 yields that, for any (fi,2) #0 and i = 1,2,

lim ||vi(t)|l;r >0 if and only if d > a1 A .
t—00



STABILITY OF SEMILINEAR

SYSTEMS OF EQUATIONS




BRANCHING SYSTEM: Same as before, except that

(A) Two types of particles

(B) Type-i particles
follow motions with
generators A;

(C) Branching numbers:
O(x,iy = Bitd(x,1) + Bi20(x,2),
where j; are fixed numbers,
(D) Starts with an individual

d(x,i) at time t = 0.

Offspring tree

T = (Tt)tzo: OFFSPRING TREE of the initial particle
N7 = Ni:=# of type-i particles at time t



Define . .
st:vl/ NsldS+V2/ Ns2ds, t>0,
0 0

which is the weighted LENGTH OF T up to time t.
Consider the system

1
DD 1y e 2,
2
86());) = Aou(x,2) + Vaur™ (x, 1)uy (x,2),
uo(x, i) = o(x,i), i=1,2 xeR (7)
with (-, i) € bB(RY,R,), i =1, 2.
PROPOSITION For x € RY and i =1, 2,
u(x)=E e J[ o), t>0 (8)

(z)ext?




Existence of global solutions

(1) Expand our representation (8) in a series

(0) (1) (k)

ut(Xvi):ut (Xai)+ut (Xai)+"'+ut (Xa’)—i_

in which, for k =0,1,...,

ux =1 [ elzhio=k]|,
(z)ex()

where o := # of branchings occured in [0, t).



(2) For any ¢y <1and k >0,

u(x, i) < VIO Tio(x, i), >0, (x,0) €5,

where (Tti)t>0 is the semigroup with generator A;, v,_go) =1, and
k—1
(L+ /(" —1)) t p—11 K
vt(k) = 1=0 V*/ sup Tio(z,i)|ds ,
k! (2.1)
0

for k=1,2,..., with V* = ViV V5, and

= (P11 + P12) V (Bor + B22), s = (P11 + B12) A (o1 + f22).



(3) Thus,
ue(x, 1) < Tip(x, i) <1+th >,

and it is easily shown that the series Y7 ; vt(k) is finite uniformly
in t, provided that

0o p—1
V* (' — 1)/ <sup Tio(z, i)) ds < 1. (9)
0 (z,0)

Therefore:

COROLLARY For any ¢ € bB(S)+ bounded by 1 and satisfying
condition (9) above, the corresponding mild solution of the non-
linear system is global, and satisfies

ut(X7 I) < MT;(,D(X I)

for some constant M > 0.




EXAMPLE 1 Consider the nonlinear equation

8Ut(X)
ot

Aque(x) + Vil (x), t>0, (10)
w = @pebBRIRL), Be{2,3,.. .}

Let v > 0 and let pf*(x), t > 0 be the transition densities of the
symmetric a-stable process in RY. If

i) d> =

()d> 5",

(i) 36 > 0 such that 0 < ¢(x) < 0pJ(x), x € RY, then the
solution wu:(x) of (10) is global, and

and

ur(x) < Mpii . (x), x € RY, t>0

for some M > 0.



Indeed, by unimodality and scaling properties of stable densities,

sup T'o(2) sup / ps(z — y)e(y) dz

Rd

< 5 / p2(z — y)pe(y) dy

Rd
< O(y +s)"p(0).

Hence,

/ (sup o(z ) ds < Cé /(’y—i— s)~d(B-1/a gs
0 0

1
(B-1)Vv

for d > a/(B — 1) and sufficiently small 6 > 0, which yields
Condition (9).

<



EXAMPLE 2 Consider the nonlinear system

1

WD) 1)+ Ve (x, 1) (. 2),
2

2D ) + Vo 1072)

w(x, i) = @(x,i), i=1,2, xeRY B;e{1,2,.. .}

with ¢(-, i) € bB(RY,R,), i =1, 2.
Proceeding as in the previous example, one can show the following:

Assume
max o

mln{/Bll + 612} - ]-
Let v;, i =1, 2, be given positive numbers.
There exist §; > 0, i = 1, 2, such that if

0< (IQ(X7 I) < 5ip'6y¥;i(x)7 X € Rdv =12

then the solution (u:(x,1), us(x,2)) of the above nonlinear system
is global. Moreover, there exists M > 0 satisfying

ue(x, i) < Mpgi. (x) xeRY t>0 i=1,2



Finite-time blow up of a single equation

For the equation

Jue(x)
00— pu() + 20,
uo(x) = p(x)=0, xR,

it is known that, in dimensions d = 1, 2, u; blows up in finite time
for any nontrivial initial value ¢. Let us consider the equation
Jue(x)

5 Aug(x) + Vil (x), B€1{2,3,.. .},

up = klg, k>0,

where B € R is a ball. The probabilistic representation yields

u(x) =T | ] 15(2)

ze Xy



Therefore,

ue(x)

E |E <e5t 1] 18(2)

zeX{

zeXy

E [e*E ( H 1g(2)

)
gl

E[e>Pr {X}(B) = N¢| T¢}]

lower estimates?



LEMMA A Let (T¢),-, denote the semigroup generated by A. For
any realization 7 of 7 and any measurable, f : RY — R,

E| [[ f0)| 7= 7| 2 (Tef(0)", £ 0, x e RY.
yeX

(Basically an application of Jensen's inequallity)

It follows that u(x) > IE [e>KN:| with K = K(t) := T,15(x).
Let
he = TE [eStK’Vf] .

Conditioning on the first branching time renders

t
ht:K+V/(h5)Bds, t>0,
0



and therefore, for 0 <t < V(5 — 1)_1K1_5,

s N 1 1/(B-1)
E[e*K™] = (Klﬁ—Vt(,B—l)> .

1
LEMMA B For any t > 0 and K > m,

h(t) = IE [estNf] = .




Corollary 1 (Nagasawa & Sirao). Let u¢(x) solve the IVP

Due(x)

5 Aug(x) + Vil (x), >0,

w = fecBRIRY),

where V > 0 and 8 € {2,3,...}. If, for some x and t > O,

1/(8-1)
Tif(x) > (m) , then u blows up at x in finite time.

Example Let w;(x) solve the IVP

Iwt
ot
Wo = @68(R7R+)7

= Aawi+ W2, t>0, 1<a<2,

where ¢ > klg, k > 0 and B C R open. Then for any x € B, w;
blows up at x in finite time.



Indeed, let xg € B and By a subinterval of B centered at xp, and
let W™ be the symmetric a-stable process at time t > 0,
starting from xo € IR. Then, for f(x) = klg,(x) and t > 1,

Tif (x0) = kIPr { W € By} > Constt 1/«
By Corollary 1, wt(xp) = oo for all t > 1 for which

Consttle= /e > 1/v.



Blow up of a system of equations

\

OT:: set of branches b; of 7;

(W_f’B’) : process starting
0<s<t

in x and following an A;-motion
along the edges of type i

Ne:= NPT+ BT > 0.



Assumption on the motions:

T! has a transition density pi(x — y), with symmetric unimodal
pi(), t>0,i=12.
(11)

LEMMA A’ Under assumption (11), for any nonnegative, symmet-
ric, unimodal, measurable f:

E| [[ f0)|Te==|> ][] IE[f(WtX’b‘)}.

yex ) be€dTe

IE(, m: expectation when X; consists of n type-1 and m type-2
particles.



Recall our system:

1
a“'—‘é’;’) = Arue(x,1) + Vau" (x,1)uf?(x, 2),
2
&ltg:) = Ague(x,2) + Vaug® (x, 1)ug(x,2),
u(x, i) = @(x,i), i=1,2, x€eR, (12)

LEMMA B’ Let 2 < 11 + 12 < f21 + P22
(1) If B11 + P12 = Po1 + P2 or P11 > 2, then,

Ep [eStKNf] = o for K > ct~/(Buth=1) 5 0

(2) If B11 = Boo = 0, then,

Ep [eS*KNt} = o for K > c't72/(Batha=2) 5 g

Here c and ¢’ are independet of t.




1. Assume ¢(-,1) = ¢(+,2)

Let (Zl)t>0 and (Z2)t>0

f(-), with f as in Lemma A".

be Markov processes in RY (starting at

0), with generators A; and Ay, respectively.

Take K := inf IE[f (x+Z'+Z2,)].Then,

0<r<t

ue(x,1) = IEfy q)

= B

II f»

yEXt(X’l)

eS‘ IE[l,O] H f T

yGX )

Lemma A" > IE[ g [estNf}
= oo if K meets Lemma B’ (1) or (2).



2. If (-, 1) # ¢(+,2), assume, in addition to assumption (11), that

For all t > 0, pi(-) is strictly positive and continuous, i = 1, 2.

Let (-, 1) > kilp,(-) for some constants k; > 0 and balls B;, i =1, 2.

Then, because of the assumed positivity and continuity of pi, for
any fixed ty > 0,

ugy (-, 1) A ug(-,2) > klg = f,
for some k > 0, where B is th e unit ball in RY.



Restarting the nonlinear system at time t = ty if necessary, one
can assume that

90(‘7 1) A 90(‘7 2) > f

and proceed as in step 1.



In this way we obtain the following

THEOREM Suppose that for each ball B C RY centered at the
origin,

R 1 2
K= O%rlfgt]Pr{Z, +Z; ,€B}

meets the conditions of Lemma B’ (1) or (2). Under the above
assumptions on pi(-), t >0, i = 1, 2, the solution to system (12)
exhibits blow up in finite time for all initial values ¢(x, i) satisfying

SD(Xa ’) > ki]-B,'a X € Rd)

for some constants k; > 0 and balls B; c RY, i = 1,2.




Example 1. Consider the system

ou
aitt = Ay ur + Viuve
ov.
aitt = Ao,V + Vourvy
w(x) = @1(x), vo(x) = pa(x), x € RY,

where p; € B(RY, R )and V; >0,i=1,2.

Let us denote by (5&)¢>0 the symmetric a-stable process in R
with Sg = 0.

Then, for any ball B C R centered at the origin, there exists
cop > 0 such that

Pr {5 + 52, € B} > cot~d/minfevc2t  for all r € [0, t].
Here K := ¢yt 9/ min{e1,02} meets conditions of Lemma B’ (1) iff
d < min{ai,az}. Therefore,

For d =1 and min{aq, a2} > 1 the system blows up in finite time
for any (1, ¢2) for which ¢; > kilg,.



Example 2. Consider the system

ou
a—tt = Ay ur+vf
th
E = AOQVt + Ug
u(x) = @1(x), vo(x) = pa(x), x €RY,

where ; € B(RY,R.) and (p, q) € {(2,2), (2.3)}.
Now K := got—9/mir{at,02} meets conditions of Lemma B’ (2) iff

1 min{a1, @z}
= )< ——.
5(pt+a-2) m
Hence, any nontrivial solution of the above system blows up in
finite time, provided that
p=qg=2,d=1and min{ag,az} >1,

or
3
p=2,g=3,d=1and min{al,a2}>§.
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