Stat 331/Elec 331, Solutions to Midterm Exam

la. 1= J) f(z)dzx = [y ca’dx = ¢/3 = ¢ = 3.

b. E[X] = [y xf(x)dr = 3 [y 23dx = 3/4.

E[X? = [y 22f(x)dx = 3/5 which gives Var[X] = 3/5 — (3/4)% = 1/30.

c. Start with the cdf of Y, Fy : Fy(z) = P(Y <z) = P(WX <2) = P(X <
7?) = fg”2 f(t)dt = 25. Hence

fr(z)=F,(z) =62 0<a<]1.
d. E[Y] = Jyafy(x)dr = 6/7. Further, E[Y?] = [} 2% (z)dz = 3/4 so
VarlY] = 3/4 — (6/7)% = 3/196.

2a. False. Let X be any continuous random variable. Then P(X =) =0
for all x.

b. True. f(z) = P(X = z) <1 by the probability axioms.

c. False. If X ~ unif(0,1/2) then f(z) = 2.

d. True. P(2X <z) = P(X <2/2) =1 — e %2 the cdf of exp(\/2).
e. True. P(|X|<z)=P(—z <X <z)=[* 3dt ==

f. False. P(2X =1) = P(X =1/2) =0 but in a bin(2n, p) distribution this
probability is 2np(1 — p)?*—1.

3a. Let S = {1 was sent } and R = { 1 was received }. Then by Bayes’
formula

P(R|S)P(S)
(R|S)P(S) + P(R|S)P(S5°)

where P(R|S) = 0.90, P(R|S¢) = 0.10, P(S) = 1/3 and P(S°) = 2/3 so
P(S|R) = 0.82.

P(SIR) = -



b. P(received incorrectly) = 1 — P(received correctly) = 1 — 0.90 - 0.90 (by
independence) = 0.19.

c. From a we get that P(R|S) = 0.82 for a ”1” and in the same way the
corresponding probability for 70" is 0.95. By independence the probability
asked for is 0.82-0.95 = 0.78.

4. Let the arrival times be X and Y. The probability we are looking for
is P(|X — Y| > 10) where X and Y are independent and uniform on [0, 30]
and [0,45] respectively. By independence, the joint density is f(z,y) =
1/30-1/45 =1/1350,0 < x < 30,0 < y < 45. Let

A={(z,y): 0<2<30,0<y <45 |z —y|> 10}

(draw a picture). Then P(|X — Y| > 10) = [, f(z,y)dzdy = 1/1350xthe
area of A =1/1350-800,/1350 = 0.59.

5a. f(z,y) = fy(ylz)fx(z) =z, 0<z<1,0,y1/z.
b. P(X >Y) = [} [ adydr = 1/3.
c. The range of Y is (0,00). For 0 <y < 1, we get

frlo) = [ Sapde = [ ade =172

and for y > 1,

fr(y) = /Ol/y flx,y)dx = /Ol/y rdr = 1/(2y%)



