Final Exam, STAT 581, Fall 2003

1. Let B be the Borel sets on R and define the class F = {A € B: A is
finite or A€ is finite} (where "finite” as usual means having a finite number
of points). Let pu: F — R be a function such that p(A) = 0 if A is finite and
w(A) = 2 if A is finite.

a. Show that F is a field but not a o-field. What is the o-field generated by
F?

b. Show that u is a measure on (R, F).
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2a. State the first and second Borel-Cantelli lemmas.

b. Use Borel-Cantelli to construct examples of sequences of independent
random variables X, X5, ... such that

(i) X, = 0 a.s. and E[X,]| = 1.
(ii) X,, does not converge a.s., E[X,] < 1 for all n and F[X,] — 1.

(iii) X,, — oo a.s. and E[X,| = 0.
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3. Find lim, . [{° fu(x)dz for the following functions (note the limits of
the integral):

(1) fu(2) = Tjnpsy(2)

(ii) fo(x) = sin(nz)e"oz~2
(iii) f,(2) = 2n~!

(iv) fulw) = (~1)"2n"2.

(v) falz) = 1+ n2z®) (142%™



koo sk okoskook sk skokook sk skokook sk kok sk sk kok sk sk kokosk sk kokoskoskokoskoskokokskokokoskokokokskok

4a. State Fatou’s lemma for expectations.
b. Fatou’s lemma for probabilities states that if Ay, As,... is a sequence of

events, then P(liminf, A,) < liminf, P(A,). Show that this follows from
Fatou’s lemma for expectations.
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5. Let (2,8, 1) be a measure space. Fix a set B € B and define v(A) =
(AN B) for A € B.

a. Show that v is a measure on (2, B).
b. Let g : 2 — R be a function such that [ gdu exists. Show that

/gd,u:/gdy.
B Q

koo sk okoskook sk skokook sk skok ok sk skok sk sk skok sk sk ok sk sk skokosk skokoskoskokokskokokoskoskokokskok

6a. Let X be a non-negative random variable. Show that

E[X] = /0°°(1 ~ F(x))da.

Hint: Recall that if X has range {1,2,...}, then E[X] =Y, P(X > n) which
can be viewed as changing the order of integration. The same type of method
applies here.

b. Let Xi, Xy, ..., be i.i.d. non-negative random variables with infinite ex-
pectation. Show that P(X,, > ni.o. ) =1 (you may use the result in a even
if you did not manage to prove it).



