ELEC 697: Homework Oct. 13, 1998

1. Use Ito’s formula to show that ∫_t 0 B(s) dB_s(ω) = 1 2 B^2(t) � t 2 . 2. Similarly, calculate ∫_t 0 s dB_s(ω). 3. Let Φ be an elementary function, i.e. there are t_j such that 0 = t_0 < t_1 < . . . < t_n = 1 and Φ(t) = n∑ j=1 e_j (ω)1_{[tj}�_{1,tj )}(t).

Given s between 0 and 1 there is one k such that t_k�_1 ˇ s < t_k. Letting s_j = t_j and f_j = e_j for 0 ˇ j ˇ k � 1, s_k = s and f_k = e_k, and s_j = t_j�_1 and f_j = e_j�_1 for n + 1 ˘ j ˘ k + 1 we find that

Φ(t) = n+1∑ j=1 f_j (ω)1_{[sj}�_{1,sj )}(t).

Define ∫_s 0 Φ(t, ω)dB_t(ω) := k∑ j=1 f_j (ω)[B(s_j ) � B(s_j�_1)]

Let F_s = σ(B_u : u ˇ s) as in class. Show that IE [∫_1 0 Φ(t, ω)dB_t(ω) | |Fs ] = IE [∫_1 0 Φ(t, ω)dB_t(ω) | | ∫_s 0 Φ(t, ω)dB_t(ω) ] = ∫_s 0 Φ(t, ω)dB_t(ω) or more generally, for T > s IE [∫_T 0 Φ(t, ω)dB_t(ω) | | | ∫_s 0 Φ(t, ω)dB_t(ω) ] = ∫_s 0 Φ(t, ω)dB_t(ω)

In other words, ∫_T 0 Φ(t, ω)dB_t(ω) is a martingale.

For hints email riedi@rice.edu .