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ON-OFF limits & the small scales
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e ON-OFF explains two asymptotic regimes with self-

similar limits
— Beta regime:

— highly multiplexed slow connections - fBm

— Alpha regime:

— Few fast large connections - Levy stable
e However, limits are at large scales, not small.

Highly multiplexed limit is Gaussian
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1 [Tt
= [ Gwdu M 5By (1)
1 J0O

H—MH = A Qoff)
Rudolf Riedi Rice Univers.., 2

Large scale limit K is self-similar
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Tree based models

A hierarchical approach
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Dyadic Multiscale Analysis

Time —
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Number of scales j=log,(m) <—

Start at bottom with trace x, (1)
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Dyadic Multiscale Synthesis

Time —
Start at top with sum of all X (1)

Scale

1

Multiscale parameters
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Flow down : ¢ x,(2m > x_(m) ?
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Signal: bottom nodes
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Additive Innovations

Synthesis: Xqtem)
e Start at root
e Flow down the tree

e Additive, independent
innovations w (M)

X5n (M) = (xn(22m) + Wn(;m))/z
Xons1 M= (X,(2M) - w _(2m)y/2
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Additive Tree: Linear Processes
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Additive Innovations W, (M ~ M0, 62 m?H*1)y : Model for B,(t)
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Multiplicative Innovations

Positive process: Xn(2m)

e Add small’ innovation:
(m) (m)

| Wn | < Xn +An(2m) Xn(Zm)

e Introduces dependence X,W X (M) (m)

e Model:
Wn(m) — An(m) .xn(m)

with independent |A,(M]<1

X2n+1

(m) _ v (@m) q 4 A(2Cm)y 5
NAop T = An \+ T An

J =

Xong1 =Xn 7 - (1 =Ap777)/2

Multiplicative Innovation
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Multiplicative Cascade-Model

Multiplicative Innovations
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(1A, (M)/2 ~ Beta (c,,)

Control variance o, to

® Match variance of trace
(model fitting)...or...

positive, spiky (log-normal). LRD

e match variance progression of LRD with H:

-1
1

VarX (™ = varx(®m) . = . var(A(?™) ~ m2H = Var(APm)y = p=2H+2
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Network relevance

Simulation
Performance (Queuing)
Inference (bandwidth estimation) - later
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Multiscale Marginals
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Queuing analysis

Xi (packetsftime)

Infinite-length buffer
T T T 7 link capacity "c"
time i — . Q-tail: P[Q>b]
P
9

(queue size at time i)

B — Auckland 2000
e Tree structure allows for 0.5\ — MWM
Queuing formula
x -1t —— @Gaussian LRD model
formula 515
e Multiplicative model g
superior to additive Y
. 3
e Importance of multiscale | | |
marglnal dIStrIbUtIOnS 0 10 x=O§guesizei3nOKB—3 b >0
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Binomial Cascade

Multifractal Toy
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Why Cascades

Turbulence de Jet, Fil ~ B8O

Courtesy P. Chainais

°
Kolmogorov 41: E[ju(t+6) —v(t)|9] ~ 6§93 = fBm H=1/3
[P R — N m /] 1 /] ( ‘)

olmogorov 62: EJ[lv(t+ ) —v(t)|9] =~ 6\¥ 77T

o Datatraffic: Cascades provide better match
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The Toy: Binomial Cascade

e Start with unit mass 5 1/12 —

e Redistribute uniformly /\

portion p <V to the left

1- El-p)
portion 1-p to the right ZDIO P |\ S |

Mass re-distribution

e Jterate

/f\k NPV N Y Y o W |
VVILII Ek — U, 1

Lt = Z €/ 2

n
I(e1...en) = [tn,+1/2")) tni= ) €/25
- - k=1

) = 5 <0 = 1) = 3 .WWMMM |

k=1

ncrement: Xé;t? — pn—ln(t)(l _ p)ln(t)
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Multifractal Spectrum

e QOscillate ~ [t|* > local strength o a=7 a=9 =8

a(t) ;= lim inf an(t)

log AL, ()
log | In(t)]

an(t) =

total increment over I,,

-\ lr\ﬁlff\ml\n+ :Iﬂ T
mrax 1micCcriiiciie 1r Iin,

wavelet coefficients,...

e Collect points t with same o :
o S _ I3 T( I M— ))/
a -— . = |
e Dim(E,): Spectrum

—>prelevance of o
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Recall
Binomial () = fimnf an(t)
n
.\ _ log AL (t)
anl(t) =
We take dyadic partition: (1) = 0k < n: o = 1)
R —_— n
In(t) =1(e1...en) == [tn, tn +1/2"))
o (__ ) 7 71\ IO BRVAFAN
AT (1Y — v\ 1) __ in(l)r1 _ \Xn—inll)
Ain\l) — A2nt — D 4 D)
n
_ 1 /a1 7 /a1
- ,l_l/’r)‘l-/, . - L’r)\l_/’ . -
(4 — NI N () NIy (1 Y
an\l) — 1092 (pP) 10 1 D)
T T

Range of exponents:

- . n — ' n

t=1: l,, =n, o — — |092(1 — p) < 1: Bursty —JAJJJ»%JJMJ‘MJJ
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recall

“Typlca | /4 EXpOnentS a(t) (= !imhinfan(t)

. (i>_logAIn(t)
n - ” L@‘Hﬁ@ﬂi
t=0, t=1 seem “atypical”.
Intuition: for a “typical” t: n=#{ksn:¢=1]

Rigorously: Law of Large Numbers

e Binary digits €, are independent, P[€, =0]= P[g,=1]= "2:
e tis uniformly distributed (i.e., with Lebesgue measure L)
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A first point on the Spectrum

Conclusion:
e At almost all locations we have a,, so:

e "Where” or “how many” are the other
exponents?
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Large Deviations

and the
Multifractal Formalism
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Counting via Large Deviations

e Notation:

Recall

In(t) =1(€1...€n)

() = log AT, (1)
log | I(t)]

Eq, ={t - a(t) = a}

— Number of dyadic intervals with exponent ~ a:

Nn,é(a) = #{(e1 ..

. En) a—5 S Oén(e:]_ “ e En) < CL+5}

— Partition sum: a microscope inspired by LDP

Sn(q) = ‘>_j I Aln(er...en)|f=

\ Y \

N

i u'qan(el...en)
127 :

' y 2N
\.,_L ooooo , [/

— Assume powerlaws:

- Typically (LDP)

Rudolf Riedi Rice University

vl
- y 2N
\ o o U/

1- (4%

Sn(q) ~ ~>—n7(q)

f(a) = inf(ga — ()
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rRecall

LDP and the Legendre transform | ="«

on(t) = log Ain(t)

FEo:={t : a(t) = a}

e Finding the dominating terms in S(q):

) — N JAN IS
/ el X

E
,b\\_,-L e o o

€nn)
S

v
R

\N AT {(
L ANIpnl€E1 ...€En)

o~
'—
Q
S
N\
™M
ol
N
S
\_,/
Mm
T~
o%)
|
%)
~
N
S~
(%)
%)
~
N

e ..shows that Tt and f are Legendre pairs

(a) = inf(aa — f(a)) — _
" \41/ a M1 J \W/J
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Legendre spectrum

e Thm: provided a,(t) are bounded we have

f(a) = 7%(a) for a = 7/(q).

e ...in other words

-5}

~ DM infq(ga—7(q))

e ..and the multifractal spectrum is the Legendre
transform of the partition scaling exponent
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Legendre transform 101

Legendre

e Elementary calculus:

*

q

— Draw tangent of slope a to t(q).

— The intersection with y-axis yields —r*(a)

— Dual: Tangent at r_i'f(a) has slope q Fslope.g Gpene
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Binomial Spectrum

continued
| Dgaeiz K|
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Multifractal analysis of the Binomial

EJJ
7N

N
N’

|
[
>

3

e Via Legendre: Most often we see exponent a, such
that f(ay) is maximal. This happens where the
tangent is horizontal, thus where q=0. So, as before:

I 2 ~ e ~ ~
(0 — laa~{ )
TI\VU) = 10d2(p)

L \L J

A~ (1 ) ~ 1
vy S+ — p) ~ 4

Fa

(@)

ag =
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N | -
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Insight from Large Deviations

From steepest ascent:

.. — ) ; < oy Y A Y . L7 -\
Q .\ — \ O IAT (. _ \|g ~, n—niinNTglga—jla))
DN\ d ) —_— )4 | LA InNn\ €1 €En )l — £ t s 77
1o\ 1/ yaw | L7 Nt B v/
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,,‘,../,,T .C/T\\ - _ o
—_ N—Ti\ga—jJj\a)) -~ N | AN T [ - _ N\ |y
S £ . v x> 77 = )4 |l L ANIn \ €1 €En )l -
yaw | L2 N R v/
Vo (¢ e Y~

e ..and vice versa: these terms contribute such that

nT\q) —

¥s)

I Ve | N’j
—_— L

")
n\4)

e For the Binomial these correspond to choosing
digits in the ratio p9 to (1-p)“
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Spectrum of the MWM
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Multifractal Wavelet Model

X _(2m)

n
+An(zm) Xn(2m) \

X X2n+1
5\/mmo+rir~:)l v dictribiuited in 1 1
_yl'll'l\.,b'l\.;u’l_y UTOLT T VU ULLCUC\U L] | J., J._.
W;L:A/'\-[/;L K%
JHlv \J) JHlv
DAaciil+inAa ctFatinnaaris 1+ AvAAar) cArviac
RESUILITIY Stadlioriary (15t Oracr ) Serics
T~
d —
Xk = (]J n_* (14+ A, \)/2 (m) _ (Qm) (Qm)
0,0 LI (LA, X5 = XM (14 AT /2
Jj=J1

X5 =X (1 - AR™) )2
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Multifractal analysis of the MWM

e Partition function

/ \_
1 T T
— 1 — — 1./
—log> >y —> (I +((=1)"A )
| U e el 1) ‘A7 ; 1.\)
) ~ = 7 4 L 4 A1~ N 7 \ Lylvg )7
- i=tk=01—\i=t1 /
Binomial formula sum over the 2™ dyadic points of order n
| -1 n
1 -1

— l0g- i (IE(l—l—A/ \)q—l—]E(l—A/ b))q>

{(—2)~

n
> 1 1 N VYV I/ A \ 01
= —1—— > 1002 |(1L + A \)*]
n . Y
=1
1 lAa~T=M(1 o AN : _ dustr
— — 1 1O8o il |\1L T A7) W@dﬁﬁ%

e Special case of Beta-variables A

Ay = By Pj)) With pjy —pasj— —Oo—pep_l,q}p@p}
7(q) = log
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Spectrum of self-similar
processes

Mono-fractals
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MFA of Self-similar processes

Assume Y is H-sssi with increments

n) _ —ny _ - —n
2n
E § : |X(n |g _ 2”]E|X(n |g _ Qn—ngHEpé(‘ ‘g
k _ 1 — 1 )
k=1
fBMm: gpot = —1, Gtop = ©

a-stable process: gpot = —1, gtop = .
Then
T\9) = | _W_ else. Linear Spectrum!
£la) = <f 1+ gtop(a = H) for a < H
Rudolf Riedi Rice University T \ 1+ gpot(a—H) fora>H.




Wavelets

A powerful multiscale tool
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History of wavelets

e Fourier series (1807)

e Levy (1930): Haar basis superior to Fourier
for Brownian motion gy

e Weiss-Coifman ('60-'80):

— decompose functions into atoms
e Grossman-Morlet ‘80: defined wavelets IRsH
e Mallat ‘85: pyramidal algorithm, o.n. basis
e >Meyer: continuously diff wavelets

e >Daubechies: compactly supported
wavelets

Rudolf Riedi Rice University stat.rice.edu/~riedi



Ortho-normal Wavelets

e Multi-resolution analysis (Mallat, Daubechies):
— There are compactly supported ¥ and ¢ s.t.

W p(t) = 279/2 zp(z—jt — k)

N

7/
J/

RN

\_//

djk(t) =

#(2~

form orthonormal bases of £2.

~ For X supported on [0, 270]

pa I Py
WITN
TA/. ., — /V/+\ A+ A+ ~nA I7. . -— /V/+\ AX (4N A+
VV q [~ —_— | <N \U) U, 1.\ U] WL (CHRAY ] U |~ - | <N\ U )Y, 1.\l ) WL
J,IU J J)h" 7 J)'U J 7 J)”J 7
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Wavelets: what they look like
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Continuous wavelets

e Continuous rescaling of mother wavelet
e Continuous (redundant) set of coefficients
e Often used: Mexican hat (exp(-x2))”

1 7 /S — 1\
N — = Y/ o\ \
t) = S)Y

A
[ <\ | @S

aJ N a /

T ~
4 W,

e Form of a convolution - Fourier, Parseval

a: scale T
Color code

Yellow:

significant coefficient
Blue:

weak coefficient
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Wavelet vs Fourier

e Fourier
- timing information is hidden
in the phase
- sin(t) and cos(t) are not
localized in time

e Power spectral density

— Identifies frequency content
only, but not their location

— Relation to Auto-correlation

Fast Fourier Transform
Rudolf Riedi Rice University stat.rice.edu/~riedi



Wavelet vs Fourier Location

with high

frequency
Low frequencf

e Power spectrum | Anatyzed signa

— provides no timing information 1
- sin(t) and cos(t) are not |

localized in time

Wavelet transform

Frequency

e Wavelets are localized
— both in time
— and in frequency

Time
»
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Toy examples

w-an sn'oa sn-on m\ino !M Inh;ﬂD 18000 18

White noise

Wavelet trafo indicates:

Rudolf Riedi Rice B/InR/QrgiBf ractal

sl

Cascade

500 1000 1500 2000 200 3000 3500 000

Wavelet trafo indicates:
Multi-fractal
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Continuous wavelet at work

e Wavelets are an excellent tool to
identify local frequency content

i 1 1 1 1 1 1 1 i 1 L L L 1 L L 1 1
—1 0B 06 04 0z o 0.z 04 06 ) 1 L£] 40 4D 0 B0 ];I::I 0 (L= 19m 2lEn 2400
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= -
L£] 40 4D 0 B0 1202 0 (L= 19m 2lEn 2400
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Fractional Gaussian Noise Geological Well data

g Ed

g

Rudolf Riedi Rice University stat.rice.edu/~riedi



Haar wavelet

e Haar wavelet (See plot)

Clearly

/ [ 4 Fa //r\
P () =27 p(2

i p(t) = 2772 ¢(277t — k)

form orthonormal bases of £2.

Haar scaling @ and wavelet ¥ functions.

e Coefficients

_ 27 (k+1) 2J(k41)
Wj,k — 0—J/2 {/2% 2 f(x)dx — / f(:U)da?]

o (D) (D
W - — X\ XN
J+1.k 2k 2k+1 stat.rice.edu/~riedi
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Haar wavelet at work
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Additive Tree is Haar Model

Synthesis: X, (2m)
e Start at root
e Flow down the tree

e Additive, independent
innovations w (M

e these are essentially the
Haar wavelet coefficients

e Idea: use any wavelet

- The better the frequency
response, the better the
spectral approximation to

fBm
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LRD vs. Large Deviations

Large vs Small scales
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Doubly stochastic modeling

Setting:
e Background process 0;

0; « the observed
multiscale loads U; , are
independent of mean 9, ,

Oj

+ —

e E[U;, [0]=0, 041 2k 0141 2k41
e 0;, fill a multiscale tree ]\ A A
011 2k T 9541 2k+1 = Y5k
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Gaussian versus Poisson

e (Gaussian e Poisson
Uj,k = W(ej,krﬁzj,k) Uj,k — q)(ej,k)

Iteration scheme for synthesis

Uj+1,2k| U=

W(Uj,klz T (9j+1,2k - ej+1,2k+1 LA sz,klz)

additive innovation _
@mom(uj’k 0510k / Oj,k)

multiplicative innovation
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Scaling from a modeling perspective

e ON-OFF limits and LRD
— User driven: heavy tail file sizes
- Additive, Gaussian
— Large scales

e Cascades and multifractal scaling
— Network driven: heterogeneity of RTT
— Multiplicative, log-Normal
— Small scales
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