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j 9 [(4.! *,3 % < a9 /Th®j2 9 ¬a-33= R 6(" a-3 'P
! -*+ g %" $) $'("!& a-$)!, X *.)" .("! d(%&34 *+<­
» H1Y> BC0G F ³GHGSA@AHB °A¼0AJ< /[ '-$%M ®j2 <
½3 *9 ® < O,, .! U < q TPji 9



��	� � � �	�� ��� ����� �� �	� ������ ��
��� ����� �� ��¾� 	��� �� � y¿]�� ����

d!)( ** " 6(" ( ^-38 %$(% 43" $3 % '(" 6 $, )3 %" $%P
.3 ., ( *43," !5! -+8 6! -! #." %38 6! -! & $r! -!%P
" $(# *! 9 k!%)! =3 - ( ,"(%&(-& ^-38 %$(% 43" $3 %
ωt
< dωt

dt

&3!, %3" !s $," =3- ( ** ! *!4!%", 3=
Ω!s)!'" =3 - ! *!4!%", $% ( ,.#,!" Ω1 ⊂ Ω

, .)6" 6("
P (Ω1) = 0 9 V %! %!!&, ( & $r ! -!%" "+ '!

3= $%"!M -(" $3 % " 6(% " 6! ,"(%&(-& d$!4(%% 3-
 !#!,M .! $%"!M -(" $3 % " 6!3-$!, "3 6(%& *! $%"!P
M -( *, $%53 *5 $%M ^-38 %$(% 43" $3 % P O"3 )( *) .*., 9

R 6!,! %3"!, 6(5! '-!5 $3 ., *+ $%" -3& .)!& " 6!
: $!%! - '-3 )!,, 3- ^-38 %$(% 43" $3 % (, " 6! *$4 $"
3= ( -(%&34 8( *W < #." 3 %! )(% 43-! !(, $*+ !sP
'-!,, " 6! '-3 )!,, (, ( ,"3 )6(," $) & $r ! -!%" $( *
!; .(" $3 % (SDE) 9 m3"! < #3" 6 & $r! -! %" $( * =3 -4
/)3 %" $%.3.,2 (%& & $r ! -!%)! =3 -4 /& $,) -!"!2 8 $**
#! .,!& $%"! -)6(%M!(#*+9
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" 6! S AHACG F0Á A1 Â0AHAC ECI DA>> (-!

dxt = µdt + σdwt

xt − x0 = ∆x = µ∆t + σε
√

∆t
<
ε ∼ N (0,1)

R 6! '(-(4!"! -,
µ
(%&

σ
(-! -!=! --!& "3 (, " 6!

1C0QB (%& ¼IFG B0F0B? 3= " 6! M!%! -( *$_!& : $!%! -
'-3 )!,,

xt 9 O % " 6! M!%! -( *$_!& : $!%! - '-3 )!,,
" 6! & -$=" (%& 53 *(" $*$"+ '(-(4!"! -, (-! &!7 %!&
"3 #! " $4! $%5(-$(%" 9
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O= 3 %! ( **38 , µ
(%&

σ
= -34 "6! M!%! -( *$_!&

: $!%! - '-3 )!,, "3 #! =.%)" $3 %, 3= " 6! ,"3 )6(,P
" $) '-3 )!,,

xt
, .)6 " 6("

µ (xt, t)
(%&

σ (xt, t) ," 6! '-3 )!,, #!)34!, ( ,"3 )6(," $) & $r ., $3 % )( **!&" 6! » BI ECI DA>> 9 R 6!
SDE

=3 - " 6! O"3 '-3 )!,,
$, M $5!% #+

dxt = µ (xt, t) dt + σ (xt, t) dwt

g %3" 6! - -!'-!,!%"(" $3 % 3= " 6! O"3 '-3 )!,, $,
#+ " 6! $%"!M -( * !; .(" $3 %

xt = x0 +
∫ t
0 µ (xs, s) ds +

∫ t
0 σ (xs, s) dws

^! ,.-! "3 -!)3M%$_! " 6(" " 6! ,!)3 %& $%"!M -( *
$% " 6! !;.(" $3 % $, ( ,"3 )6(," $) $%"!M -( *9 R 6!
: $!%! - '-3 )!,, $, ( , '!) $( * )(,! 3= (% O"3 '-3P
)!,, 8 $" 6

µ (xt, t) = 0
(%&

σ (xt, t) = 1 9
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g,,.4!
xt

$, ( )3 %" $%.3.,P" $4! ,"3 )6(," $)
'-3 )!,, ,(" $,=+ $%M " 6!

SDE

dxt = µ (xt, t) dt + σ (xt, t) dwt

8 6! -!
wt

$, ( : $!%! - '-3 )!,, 9  !"
G (xt, t) #!( & $r! -! %" $(# *! =.%)" $3 % 3=

xt
(%&

t
< " 6! %

dG =
(

∂G
∂x

µ (xt, t) + ∂G
∂t

+ 1
2

∂2G
∂x2 σ (xt, t)

)

dt + ∂G
∂x

σ (xt, t) dwt

adVVXµ a-33= =3 **38 , #+ ( ,!)3 %& 3-&! -
R(+ *3- ,! -$!, !s '(%, $3 % 9
dG = ∂G

∂x
dx + ∂G

∂t
dt + 1

2
∂2G
∂x2 (dx)2 + 1

2
∂2G
∂t2

(dt)2 + 1
2

∂2G
∂x∂t

dxdt

 !"" $%M
dw =

√
dt

(%& ,.#," $" ." $%M " 6! O"3
'-3 )!,, $%"3 " 6! R(+ *3- !s '(%, $3 % 8! M!"

dx = µ (x, t) dt + σ (x, t)
√

dt



dxdt = µ (x, t) dt
3
2 + σ (x, t) dt

3
2 = o

(

dt
3
2

)

(dx)2 = (σ (x, t))2 dt + o

(

dt
3
2

)

[.#," $" ." $%M $%"3
G 8! M!"

dG = ∂G
∂x

(

µ (x, t) dt + σ (x, t)
√

dt
)

+∂G
∂t

dt+1
2

∂2G
∂x2

(

(σ (x, t))2 dt + o
(

dt

+1
2

∂2G
∂t2

o
(

dt
3

2

)

+ 1
2

∂2G
∂x∂t

o
(

dt
3

2

)

 !"" $%M " 6!
o

(

dt
3
2

) "! -4, M3 "3 _! -3 < 3 %! $,
*!=" 8 $" 6
dG = ∂G

∂x

(

µ (x, t) dt + σ (x, t)
√

dt
)

+∂G
∂t

dt+1
2

∂2G
∂x2 (σ (x, t))2 dt

3- $% ( 43-! )3%5!%$! %" =3-4
dG =

(

∂G
∂x

µ (xt, t) + ∂G
∂t

+ 1
2

∂2G
∂x2 σ (xt, t)

)

dt + ∂G
∂x

σ (xt, t) dwt
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Pt
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dPt = µPtdt + σPtdwt

8 6! -!
µ
(%&

σ
(-! )3 %,"(%" 9 X-34 "6!

M!%! -( * =3 -4 3= (% O"3 '-3 )!,,

dx = µ (x, t) dt + σ (x, t)
√

dt

3%! )(% ,!! " 6("
µ (x, t) = µPt

(%&
σ (x, t) = σPt 9
g ''*+ O"3 Í, *!44( "3 3#"( $% (
)3 %" $%.3.,P" $4! 43&! * =3- " 6! *3M(-$" 64 3=
" 6! ,"3 )W '-$)!

Pt 9  !"
G (Pt, t) = ln (Pt) 9X-34 O"3 Í, *!44( $" $, W%38 % " 6("



dG =
(

∂G
∂x

µ (xt, t) + ∂G
∂t

+ 1
2

∂2G
∂x2 σ (xt, t)

)

dt + ∂G
∂x

σ (xt, t) dwt

8 6! -! ∂G
∂Pt

= 1
Pt

∂G
∂t

= 0

∂2G
∂P2

t

= −1
P2

t

dln (Pt) =

(

1
Pt

µPt + 0 + 1
2
−1
P2

t

σP2
t

)

dt + 1
Pt

σPtdwt

dln (Pt) =
(

µ − 1
2σ
)

dt + σdwt

8 6$)6 $, ( M!%! -( *$_!& : $!%! - '-3 )!,, 8 $" 6
& -$=" -("! (

µ − 1
2σ
) (%& 5(-$(%)! -("!

σ2 9
k!%)!



ln (PT )−ln (Pt) ∼ N
((

µ − 1
2σ
)

(T − t) , σ2 (T − t)
)

k!%)! " 6$, 43&! * , .MM!,", " 6(" *3M -!" .-%,=3 **38 ( M!34!" -$) ^-38 %$(% 43" $3 % 9
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(,, .4'" $3 % 3= ( M!34!" -$) ^-38 %$(% 43" $3 %
=3 - " 6! -!" .-% '-3 )!,, 9 g,,.4! " 6(" " 6! ,"3 )W
'-$)!

Pt
=3 **38 , ( M!34!" -$) ^-38 %$(% 43" $3 %

dPt = µPtdt + σPtdwt
cÏ

(1)

(%& *!"
Gt = G (Pt, t) #! " 6! '-$)! 3= (

&! -$5(" $5! )3 %" $%M!%" 3 %
Pt 9 g ''*+ $%M O"3 Í,

*!44( + $! *&,

dG =
(

∂G
∂x

µ (xt, t) + ∂G
∂t

+ 1
2

∂2G
∂x2 σ (xt, t)

)

dt + ∂G
∂x

σ (xt, t) dwt

O % " 6$, '(-" $). *(- )(,! µ (x, t) = µPt
(%&

σ (x, t) = σPt
,3

dG #!)34!,

dGt =
(

∂Gt

∂Pt
µPt +

∂Gt

∂t
+ 1

2
∂2Gt

∂P 2
t

σ2P 2
t

)

dt + ∂Gt

∂Pt
σPtdwt

cÏ
(2)



m3" $)! #3" 6 cÏ
(1)

(%& cÏ
(2)

)3%"( $% " 6! : $!%! -
'-3 )!,, 9 k38!5! -< 3 %! 4(+ )3%," -.)" ( '3-"P
=3 *$3 " 6(" &3!, %3" $%53 *5! " 6! : $!%! - '-3 )!,,
#+ ,63-" $%M " 6! &! -$5(" $5!

Gt
(%& M3 $%M *3 %M

3% ∂Gt
∂Pt

, 6(-!, 3= ,"3 )W 9 Ð!%3"! " 6! 5( *.! 3=
" 6! '3-"=3 *$3 #+ Vt 9 R 6! )3%," -.)"!& '3-"=3 *$3
$, " 6!%

Vt = −Gt +
∂Gt
∂Pt

Pt
cÏ

(3)

(%& " 6! -("! 3= )6(%M! $% " 6! 5( *.! 3= " 6!
'3-"=3 *$3 $,

dVt = −dGt +
∂Gt
∂Pt

dPt
cÏ

(4)

[.#," $" ." $%M cÏ
(1)

(%& cÏ
(2)

$%"3 cÏ
(4)

8 $** &!43%," -("! " 6! #!(."+ /4(" 6!4(" $)( *
" -()"(#$*$"+ 2 3= " 6$, =3-4.*(" $3 % 9

dVt =

−
[(

∂Gt

∂Pt
µPt +

∂Gt

∂t
+ 1

2
∂2Gt

∂P 2
t

σ2P 2
t

)

dt + ∂Gt

∂Pt
σPtdwt +

∂Gt

∂Pt
[µPtdt + σPtdwt]



dVt =

[

−∂Gt
∂t − 1

2
∂2Gt

∂P2
t

σ2P2
t

]

dt
cÏ

(5)

R 6! -!,. *" $%M !;.(" $3 % =3 - " 6! -("! 3= )6(%M!
$% " 6! '3-"=3 *$3 5( *.! %3 *3 %M! - )3 %"( $%, " 6!
: $!%! - '-3 )!,, 9 R83 ,"3 )6(," $) !; .(" $3 %, + $! *&!&( &!"! -4 $%$," $) !; .(" $3 % 9 c5!% 43-! $4 '3-P
"(%" *+ $, " 6(" " 6! & -$=" "! -4 <

µ
< 6(, #!!% -!P

435!& = -34 "6! !;.(" $3 % ( **38 $%M " 6! 5( *.(P" $3 % "3 #! -$, WP %!." -( *9 m38 3%! 4.," (''*+ (%
!;.$*$#-$.4 )3%& $" $3 % 9 R 6! ^*()WP[)63 *!, ,3 *.P" $3 % $, ( M!%! -( * !; .$*$#-$.4 ,3 *." $3 % 9 [3 *." $3 %,"3 43&! *, $% '6+, $), (%& !)3%34 $), &!,) -$#!&
#+ & $r! -! %" $( * !; .(" $3 %, (-! 3="! % ,3 *5!& #+$4'3, $%M !;.$*$#-$.4 )3%& $" $3 %, 9 R 6! !;.$*$#P-$.4 )3%& $" $3 % 8! 8 $** .,! $, )( **!& " 6! HI GCº
Z0BCGS A G>> Y@E B0IH 9 [ $%)! " 6! '3-"=3 *$3 $, *3 %M
3% " 6! .%&! -*+ $%M (,,!" (%& ,63-" " 6! &! -$5(P
" $5! < $" )3 %, $,", 3= ( 6!&M!& '3, $" $3 % (" " $4! " 9
R 6$, 6!&M!& '3, $" $3 % $, -$, W *!,, =3 - " 6! ,4( **
" $4! $%"! -5( *

dt
< (%& " 6., 4.," !(-% " 6! -$, W
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dVt = rVtdt
cÏ

(6)

^+ ,.#," $" ." $%M cÏ
(3)

(%& cÏ
(5)

$%"3
cÏ

(6)
3 %! 3 #"( $%,

[

−∂Gt
∂t

− 1
2

∂2Gt

∂P2
t

σ2P2
t

]

dt = r
[

−Gt +
∂Gt
∂Pt

Pt

]

dt

8 6$)6 , $4'*$7!, "3

∂Gt
∂t

+ rPt
∂Gt
∂Pt

+ 1
2σ2P2

t
∂2Gt

∂P2
t

= rGt
cÏ

(7)

" 6! ^ *()WP[)63 *!, & $r ! -!%" $( * !;.(" $3 % 9
yz� 	� ��� � X3- " 6! ^ *()WP[)63 *!, & $r! -!%" $( *
!; .(" $3 %



∂ft
∂t

+ rSt
∂ft
∂St

+ 1
2σ2P2

t
∂2ft

∂S2
t

= rft

,638 " 6("

f (S, t) = SΦ

(

log( S

X)+
(

r+σ2

2

)

(T−t)

σ
√

T−t

)

−

Xexp (−r (T − t))Φ

(

log( S

X)+
(

r−σ2

2

)

(T−t)

σ
√

T−t

)

,(" $,7!, " 6! & $r! -!%" $( * !; .(" $3 % 9
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µ

(%&
σ

(-! )3 %P
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.3 ., *+ 8 $" 63 ." p .4', 9
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&! %&, 9 /R 6! " $4 $%M 3= & $5 $&!%& '(+4!%",
(r!)", " 6! ,"3 )W '-$)! 92



® 9 R 6! -$, WP= -!! -("! 3= $%"! -!," <
r
< $, )3 %,"(%"

(%& " 6! ,(4! =3- ( ** 4(" .-$" $!, 9
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k( **Ü`d` 9

® 9 a *$, W( < [ 9 d 9 /Thhf2 9 » H BCI1YDB0IH BI ³GBtº
A@GB0DG F ¹ 0HGHDA Ý Ö 0> DCA BA ¯0@A ³I1AF> 9^ *()W8! **< `(4#-$&M! 9

f 9 d3,, < [ 9 l 9 /Thh®2 9 ² BI DtG> B0D ´CIDA>>A> 9U %& c& 9 : $*!+< m!8 Ø3-W 9

e 9 d3,, < [ 9 l 9 /Thhh2 9 Õ H »H BCI 1YDB0IH BI
³GBtA@GB0DG F ¹ 0HGHDA Ý ÙE B0IH> GH1 Ù BtAC
¯IE 0D> 9 `(4#-$&M! < Ô¸ µ `(4#-$&M! Ô%$P
5! -, $"+ a-!,, 9

h 9 R,(+< d 9 [ 9 /UiiU2 9 Õ HG F? > 0> I Q ¹ 0HGHD0G F
¯0@A ²AC0A> 9 : $*!+< m!8 Ø3-W 9



Ti 9 ` *!8 *38 <  9< (%& ` 9 [" -$) W*(%& /Uiii2 9 ×HºACS? ÖAC0¼G B0¼A> Ý ´C0D0HS GH1 ° 0>K ³GHº
GS A@AHB<  () $4( Þ -3.' 9

TT9 c+&! *(%& < g 9 (%& ¸ 9 :3 *+ %$!) /Uiio2 9 ×HºACS? GH1 ´IJAC ° 0>K ³GHGSA@AHBÝ ßAJ
ÖA¼AFIE@AHB> 0H ³I1AF0HS Ú ´C0D0HS Ú GH1
àA1S 0HS 9 : $*!+< m!8 Ø3-W 9


