SET THEORY CONCEPTS

Cardinality (power) of a set = “number of elements in a set”

#{A} = #{B} iff elements of A and B can be paired i.e., there exists
a function f that is 1-1 and “on” such that for each a € A and b € B

a:f(b)7 b:f_l(a)

Countable set has cardinality the same as the set N of natural
numbers. This means that the elements of a countable set can be

indexed by natural numbers

A={a,, n=1,2,...}.
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Ezramples of countable sets: Z (integers), ) (rational numbers)

Clardinal numbers describe cardinalities of sets

N = #{N}
¢ = #{[071]}
C > Ny

Power set of A is the set of all subsets of A

PA) =24 ={X:X C A}
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We have (Theorem) #{24} > #{A}. Indeed, suppose #{24} = #{ A},
i.e., elements of 24 and A can be paired. But this means that if

f:24 — Athen for any z € A, f({x}) =y, so that all y € A are
exhausted. But there are elements in 24, which are different from

singletons {x} (contradiction).
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We have #{2™} = #{[0,1]}. Indeed, all subsets of N can be coded by
sequences of 0 and 1. For example, even numbers are coded as

01010101 ... . These codings are binary expansions of numbers from
0, 1], so they provide f.
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Consequence (Corollary) is that
¢ >N,

Continuum hypothesis, there is no cardinal number between € and Nj,.
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Limit operations on sets

Consider a family of sets indexed by natural numbers

{A,,n=1,2...}.

Hy = Up>iAn, = Hiy1 € Hy, descending family
Gy = Np>pAn, = Giry1 2 Gy, ascending family
G, C Hy
We write
lim sup An = khm Hk = mkzl UnZk An
lim inf An = khm Gk — UkZl mnzk An
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Obviously (why?)
liminf A,, C limsup A4,,

If liminf A,, = limsup A,,, then they define lim A,, (remember A, are

not necessarily ascending/descending).

Interpretation

limsup A, = {w:Vk,I(n>k),w e A,}
= {w in infinitely many A, }
= {A4,, i.0.}

liminf A, = {w:3k,V(n>k),we A,}

= {w in all, except for final number, of A, }

Attention, k = k(w),n = n(w).
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Indicator functions of sets
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Calculus of indicator functions

lavp(w) = 14(w) V 1p(w) = max{1l4(w), 1g(w)}
].AﬂB(W) = lA(w) A\ 1B(W) = min{lA(w), IB(w)}
Lac(w) =1 —14(w)
1limSUPAn(w) — 1ﬂk21UnZkAn(w)

= Ak>1 Vask 14, (W)

= limsuply, (w)

and the dual form for 1y, ina, (W) ..
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