
Tile Normal Distribution 67

1L dY2 1 So
Let 1L= Y2(1 + yUr). Then Y2= 1 + yU1' and du = 1+ yUr'

r[(r + 1)/2]
1

00 1. (r+1)/2-1 -u/21L e
J7iTf(r/2)(1 + yUr)(r+1)/2 0 r[(r + 1)/2]2(r+1)/2

r[(r + 1)/2]
J7iTf(r/2)(1 + yUr)(r+1)/2'

-00 < Yl < 00.

5.3-18 Let Y = Xl + X2 +,.. + Xn. Then Y is N(800n, 1002n). Thus

P(Y ~ 10000) =

P (Y - 800n > 10000 - 800n )100yln - 100yln

0.90

0.90

-1.282 = 10000 - 800n

100yln

800n - 128.2y1n - 10000 O.

Either use the quadratic formula to solve for yIn or use Maple to solve for n. We find that
yIn = 3.617 or n = 13.08 so use n = 14 bulbs.

5.3-20 Note that Y - X is N(10000, 50002 + 60002). So the probability that B's total claims
exceed those of A is

(0.80)(0.10) + (0.20)(0.1O)P(Y - X > 0) 0.08 0.02
[
1 - <I>(

-10000

)]+ 7810.25

0.08+ 0.02(0.8997)= 0.098.

5.4 The Central Limit Theorem

~.4~f f(x) = (3/2)x2, -1 < x < 1,

E(X) = [11x(3/2)x2 dx = OJ

/
1

[

3

]

1 3
Var(X) = (3/2)x4 dx = _x5 = -.

-1 10 -1 5

(
-0.3 - 0 Y - 0 1.5 - 0

)
Thus P -0.3 < Y < 1.5 = P < <

( - -) )15(3/5) - )15(3/5) - )15(3/5)

~ P( -0.10 S;Z S;0.50)=0.2313.

5.4-4 P(39.75 S; X S; 41.25) P
(

39.75 - 40 X - 40 41.25 - 40

))(8/32) S; )(8/32) S; )(8/32)

~ P( -0.50 S; Z S; 2.50) = 0.6853.
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68 Chapter 5

[2
[

X2 X3

]

2 4 2

10 x(l- x/2) dx = 2" - 6" 0 = 2 - 3 = 3;
2

(
2

)
2

1 x2(1 - x/2) dx - 3

= [x; _ ~4 J: _ ~ = ~.

(

2 2 X 2 §._~

)
2 5 --- -3 6 3-< _ P 3 3 < <

(b) pk5 X - 6) - Ifi18 - Ifi18 - Ifi18
~ P(O:::; Z :::;1.5) = 0.4332.

L~.4j (a) E(K) = JL= 24.43;_ (12 2.20 .
(b) Var(X) = n = 30 = 0.0733,

(24.17 - 24.43 < < 24.82- 24.43)(c) P(24.17:::; X:::; 24.82) ~ P JQ.0733 - Z - vO.0733

P( -0.96 :::;Z < 1.44) =0.7566.

5.4-6 (a) JL

5.4-10 Using the normal approximation,

(
1.7- 2 Y - 2 3.2 - 2

)P(1.7 < Y < 3.2) = P 1A71<i:::; 1A71<i:::; fT71()
- - y 4/12 y 4/12 y 4/12

~ P( -0.52 :::;Z :::;2.078) =0.6796.
Using the p.dJ. of Y,

P(1.7 :::;Y :::;3.2) = J1\[( -1/2)y3 + 2y2 - 2y + (2/3)] dy

+ J;[(1/2)y3 - 4y2 + lOy - 22/3] dy

+ J;.2[( -1/6)y3 + 2y2 - 8y + 32/3] dy

[(-1/8)y4 + (2/3)y3 - y2 + (2/3)yH.7

+ [(1/8)y4 - (4/3)y3 + 5y2 - (22/3)yg

+ [(-1/24)y4 + (2/3)y3 - 4y2 + (32/3)y]~.2

0.1920 + 0.4583 + 0.0246 = 0.6749.

5.4-12 The distribution of X is N(2000, 5002/25). Thus

-

(
X - 2000 2050 - 2000

)P(X > 2050)= P 500/5 > 500/5 ~ 1 - <1>(0.50)= 0.3085.

5.4-14 E(X + Y) = 30+ 50 = 80;

Var(X + Y) = a~ + a~ + 2paxay

52 + 64 + 28 = 144;

25

Z = 2)Xi + Yi) in approximately N(25. 80,25. 144).
i=1
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The Normal Distribution 69

Thus P(1970 < Z < 2090) P (
1970 - 2000 Z - 2000 2090 - 2000

)60 < 60 < 60

~ <1>(1.5) - <1>(-0.5)

0.9332 - 0.3085 = 0.6247.

1~.4~;~ I
Let Xi equal the time between sales of ticket i - 1 and i, for i = 1,2,...,10. Each Xi has
a gamma distribution with Ct= 3, ()= 2. Y = L~~l Xi has a gamma distribution with
parameters Cty = 30,()y= 2. Thus

1
60 1

P (Y < 60) = y30-1e-y/2 dy = 0 52428 using Maple
- 0 f(30)230 . .

The normal approximation is given by

P (
y - 60 60 - 60

)V120 :::; VI20 ~ <1>(0) = 0.5000.

5.4-18 We are given that Y = L;~l Xi has mean 200 and variance 80. We want to find y so that

P(Y ::::y) < 0.20

P (Y - 200 > y - 200) < 0.20'
v'8O v'8O '

We have that

y - 200
v'8O

0.842

y 207.5 T208 days.

5.5 Approximations for Discrete Distributions

5.5-2 (a) P(2 < X < 9) = 0.9532- 0.0982= 0.8550;

(b) P(2<X<9) = P
(

2.5-5< X-25(0.2) <8.5-5
)2 - )25(0.2)(0.8) - 2

~ P( -1.25:::; Z :::; 1.75)
0.8543.

5.5-4 P(35:::; X:::; 40) ~ p(34.53- 36 :::;Z:::; 40.53- 36)

= P( -0.50:::; Z :::;1.50) = 0.6247.

l~.5-6TJ.LX = 84(0.7) = 58.8, Var(X) = 84(0.7)(0.3)= 17.64,'"

P(X:::; 52.5) ~ <1>(52.54~258.8)= <1>(-1.5)= 0.0668.

P (X - 21.37 < 20.857 - 21.37)0.4 0.4
P(Z < -1.282) = 0.10.

5.5-8 (a) P(X < 20.857)
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70 Chapter 5

(b) The distribution of Y is b(100, 0.10). Thus

(
Y - 100(0.10) 5.5 - 10

)P(Y < 5) = P V < 3 ~ P(Z < -1.50) = 0.0668.
. - 100(0.10)(0.90) - -

(c) P (21.31 < X < 21.39) ~ P (21.31- 21.37 < Z < 21.39- 21.37)- - 0.4/10 - - 0.4/10
= P(-1.50::; Z::; 0.50) = 0.6247.

[5 P( X 4856) p(
4775.5- 4829

Z
4857.5 - 4829

)5.5-10 4776 < < ~ J'A'OAA < < J'A'OAA- - y4829 - - y4829

P( -0. 77 ::; Z ::; 0.41) = 0.4385.

I 5.5-13 The distribution of Y is b(1000,18/38). Thus

P(Y > 500) ~ P (
z > 500.5 - 1000(18/38)

)
= P(Z > 1.698)= 0.0448.

- V1000(18/38)(20/38) -

5.5-14 (a) E(X) = 100(0.1) = 10, Var(X) = 9,

P(l1.5 < X < 14.5) ~ q,(14.53-1O) - q,C1.53-1O)
= q,(1.5) - q,(0.5) = 0.9332 - 0.6915 = 0.2417.

(b) P(X::; 14)- P(X ::; 11)= 0.917 - 0.697 = 0.220;
14

((c) X~2 1~0) (0.1)X(0.9)100-x = 0.2244.

5.5-16 (a) E(Y) = 24(3.5) = 84, Var(Y) = 24(35/12) = 70,

(
85.5 - 84

)P(Y 2: 85.5) ~ 1 - q, J70 = 1 - q,(0.18) = 0.4286;

(b) P(Y < 85.5) ~ 1 - 0.4286 = 0.5714;

(c) P(70.5 < Y < 86.5) ~ q,(0.30) - q,( -1.61) = 0.6179 - 0.0537 = 0.5642.

5.5-18 (a)

0.12 12

0.10 10

0.02

80.08

2

0.06 6

0.04 4

10 20 30 40 50 60 70 80 90 100

Figure 5.5-18: Normal approximations of the p.dJ.s of Y and Y/100, p = 0.1,0.5,0.8
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The Normal Distribution

(b) When p = 0.1,

( ) (
1.5

) (
-1.5

)P -1.5 < Y - 10 < 1.5 ~ <P 3"" - <P 3 = 0.6915 - 0.3085 = 0.3830;
When p = 0.5,

) (
1.5

) (
-1.5

)P( -1.5 < Y - 50 < 1.5 ~ <P 5 - <P 5 = 0.6179 - 0.3821 = 0.2358;
When p = 0.8,

) (
1.5

) (
-1.5

)P(-1.5 < Y - 80 < 1.5 ~ <P 4 - <P 4 = 0.6462 - 0.3538 = 0.2924.

5.5-20 P(X > 35) = p( X ~ 25 > 35.55- 25)

~ 1 - <p(2.1)= 0.0179.

Note that P(X > 35) = 0.0225 using Minitab.

ri5-2~ (a) Y has a Poissondistributionwithmean30.

(b) P(Y < 25) = P(Y - 30 < 25.5 - 30)- y'3O - y'3O

~ <p(-0.8216) = 0.2057.

Using Minitab, P(Y ::;25) = 0.2084.
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Estimation 77

6.2 Point Estimation

6.2-2 The likelihood function is

[

1

]

n/2

[

n

]L(O) = 27r0 exp - 8 (Xi - 11-)2/20 ,

The logarithm of the likelihood function is

o < e < 00.

n
n n 1

2: 2
lllL(O) = --(ln27r) - -(ln8) - - (X - 11-) .2 2 20 'i=l

Setting the first derivative equal to zero and solving for 0 yields

dlnL(O)
dO

o

Thus

To see that 0 is an unbiased estimator of 0, note that

E(B) = E
(

(J2 ~ (Xi - 11-)2

)
= (J2 . n = (J2,

n ~ (J2 n
i=l

since (Xi - 11-)2/(J2is X2(1) and hence the expected value of each of the n summands is
equal to l.

6.2-4 (a) x = 394/7 = 56.2857; S2 = 5452/97 = 56.2062;

(b) :A= x = 394/7= 56.2857;
(c) Yes;
(d) x is better than 82 because

V ( X ) ~ 56.2857 _0 5743 65 8956 _ 56.2857[2(56.2857 * 98) + 971 ~ u _ (S
2
)

ar ~ 98 -. <. - 98(97) ~ val .

I--~~ ~ -6.2-6 81 = ji,= 33.4267; O2= (J2= 5.0980.

(

n

)

1/0-1

l6.2-Sr(a) L(O) = (O~) gXi ,
0<0<00

In L( 0) (
1

)
n

-n Ine + (j - 1 IngXi

1
n

-n ne - 02 In Xi = 0
i=l

1 n

-; InnAii=l

dlnL(e)
dO

=

B
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78 Chapter 6

(b) We first find E(InX):

E(lnX) = 1IInX(1/0)XI/8-1 dx.

Using integration by parts, with u = lnx and dv = (1/0)xl/8-ldx,

E(In X) = lim [xl/8In x _ Oxl/8
]

I = -0.
a-O a

Thus
1 n

E(O) = -- L(-O) =0.
n i=l

6.2-10 (a) x = l/p so P= l/X = n/ L::=lXi;
(b) Pequals the number of successes, n, divided by the number of Bernoulli trials,

L:~l Xi;

(c) 20/252 = 0.0794.

t~ (a) E(X) = E(Y)/n=np/n=pi
(b) Var(X) = Var(Y)/n2 = np(l - p)/n2 = p(l - p)/n;

(c) E[X(l-X)/n] = [E(X)-E(X2»)Jn

{p - [P2+ p(l - p)/n]}/n = [P(1- l/n) - p2(1 - l/n»)Jn

= (1 - l/n)p(l - p)/n = (n - l)p(l - p)/n2;

(d) From part (c), the constant c = l/(n - 1).

6.2-14 (a) E(c8) = E
{

ca

[

(n - 1)82
]

1/2

}vn- 1 0"2

ca

1
00 vl/2v(n-I)/2-le-v/2= dv

vn - lor (n ~ 1) 2(n-I)/2

cO" J2r(n/2)
vn - 1 r[(n - 1)/2)1'

In=lr[(n - 1)/21so c= .
J2r(n/2) ,

(b) When n = 5, c = 8/(3J27r) and when n = 6, c = 3V51T/(8J2).
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(c) c
1.18
1.16
1.14
1.12
1.10
1.08
1.06
1.04
1.02
1.00
0.98
0.96

. . .
000000000000000000000

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
2 4 6 8 1012141618202224262830

Figure 6.2-14: c as a function of n

We see that
lim c = 1.

n-+oo

[6.2-1~: = all, v = a{P so that B= v/x, {i = x2 / 82. For the given data, {i = 102.4990,
o = 0.0658. Note that x = 6.74, v = 0.4432,82 = 0.4617.

6.2-18 The experiment has a hypergeometric distribution with n = 8 and N = 64. From the
sample, x = 1.4667. Using this as an estimate for J.Lwe have

1.4667 = 8(~l) implies that

A guess for the value of Nt is therefore 12.

Nt = U.73. I

6.3 Sufficient Statistics

6.3-2 The distribution of Y is Poisson with mean n)... Thus, since y = ~ Xi,

()..L:Xie-nA)/(Xt! X2!'" Xn!)

(n)..)Y e-nA /y!

y!

Xl! X2':-:-.xn!nY'
which does not depend on )...

6.3-4 (a) f(x;O) = e«(I-t)lnx+ln(l,

so K(x) = In X and thus

o < X < 1, o < 0 < 00;

"

Y = L In Xi = In(XtX2'" X,,)
i=l

is a sufficient statistic for O.

(b) L(O) = 0"(XtX2'" xn)(I-t

In L( 0)

dlnL(O)
dO

nInO + (0 - 1) In(xtx2'" x,,)
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80 Chapter 6

Hence

which is a function of Y.

(c) Since (j is a single valued function of Y with a single valued inverse, knowing the value
of (j is equivalent to knowing the value of Y, and hence it is sufficient.

(XIX2 . . . xn)a-le-Ex;/II
[r(a)]noan

=

(b)

The second factor is free of o. The first factor is a function of the XiS through L:~=l Xi
only, so L:~=l Xi is a sufficient statistic for O.

InL(O) = In(xlx2...Xn)a-l- L:~=lxdO-ln[r(a)]n -anlnO

dlnL(O)
dO

o =

n

Y = LXi has a gamma distribution with parameters an and o. Hence
i=l

~ 1
E(O) = -(a nO) = O.an

6.3-8

1
00

1
00

(
1

)
n 2

E(etz) = ... ~ e-Ex;/(211) . etEaix;/Exidxldx2... dXn.
-00 -00 v 27rO

Let xdv'e = Yi, i = 1,2,..., n. The Jacobian is (v'e)n. Hence

1
00

1
00

(
1

)
n 2

... (vo)n - e-Ey;/2 . etEaiy;/EYidYldY2... dYn
-00 -00 "/27rO

1
00

1
00

(
1

)
n 2

... _ e-EYi/2. etEaiy;/EYidYldY2...dYn
-00 -00 J27T

which is free of O. Since the distribution of Z is free of 0, Z and Y = L:~=l xl, the
sufficient statistics, are independent.

6.4 Confidence Intervals for Means

6.4-2 (a) [77.272,92.728]; (b) [79.12,90.88]; (c) [80.065,89.935]; (d) [81.154,88.846].

'6.4-41(a) x = 56.8;
(b) [56.8 - 1.96(2/JIO), 56.8 + 1.96(2/JIO] = [55.56,58.04];

(
52 - 56.8

)(c) P(X < 52) = P Z < 2 = P(Z < -2.4) = 0.0082.
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Estimation 81

[ (
11.80

) (
11.80

)]6.4-6 11.95 - 1.96 J37 ' 11.95 + 1.96 J37 = [8.15,15.75].

If more extensive t-tables are available or if a computer program is used, we have

[ (
11.80

) (
11.80

)]11.95 - 2.028 J37 ' 11.95 + 2.028 J37 = [8.016,15.884].

6.4-8 (a) x = 46.42;
(b) 46.72:1:2.132s/V5 or [40.26, 52.58].

6.4-10 [21.45-1.314(~) ,00) = [21.373,00).

~-iii (a) x = 3.580;
(b) 8 = 0.512;

(c) [0,3.580 + 1.833(0.512/JIO]= [0,3.877].

t 6.4-13 (a) x = 245.80,8 = 23.64, so a 95% confidence interval for fJ,is
[245.80 - 2.145(23.64)/v15, 245.80 + 2.145(23.64)/v15j = [232.707,258.893];

(b)

220 240 260 280

Figure 6.4-14: Box-and-whisker diagram of signals from detectors

(c) The standard deviation is quite large.

6.4-16 (a) (x+ 1.96a/V5) - (x-1.96a/V5) = 3.92a/V5= 1.753a;
(b) (x + 2.7768/V5) - (x - 2.7768/V5) = 5.5528/V5.

.' J2f(5/2)a 3fta

From ExercIse 6.2-14 wIth n = 5, E(S) = J4 = ~ / 2 = 0.94a, so that
4f(4/2) 2

E[5.552S/V5] = 2.334a.

6.4-18 6.05:1: 2.576(0.02)/vI219 or [6.049, 6.051].

6.4-20 (a) x = 4.483, 82 = 0.1719, S = 0.4146;

(b) [4.483 - 1.714(0.4146)/v24), 00) = [4.338, 00);
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