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. L. u dy: 1 -
Let u=ya(1l +yi/r). Then yo = W and T“:f = wE S0
o1 o 1:
ay) - = Tl(r+1)/2] /x 1 Wrt1/2-1,—u/2
e VAT E/nTF7 Jy T+ 1)/220+07 '

i il —o0 < 4 < 00.

VAT (r/2)(L+ 4 /r)T 7

5.3-18 Let Y =X; + Xo+---+ X,. Then Y is N(800n, 100%1). Thus
P(Y >10000) = 0.90
Y — 800n - 10000 — 800n
100y/n = 100vn

—-1.282 =

= 0.90

10000 — 800n
100/

800n — 128.2y/n — 10000 = 0.

Either use the quadratic formula to solve for \/n or use Maple to solve for n. We find that
v = 3.617 or n = 13.08 so use n = 14 bulbs.

5.3-20 Note that ¥ — X is N(10000,5000% + 6000%). So the probability that B’s total claims
exceed those of A is

(0.80)(0.10) + (0.20)(0.10)P(Y — X >0) = 0.08+ 0.02 {1 > @(;811?29)]
L)

= 0.08 +0.02(0.8997) = 0.098.

5.4 The Central Limit Theorem

l5.4—2‘1f e e demel

E(X) /_ll T3/ Yo dy = 0;

1 ; 3 1
3/ztde = | —2° =
['1(5/ Ja* dx [101 ]—1

Thius P(—03<Y <15)

Var(X)

[l

—0.3-0 Y -0 1.5-0
P < <

Vv15(3/5) ~ +/15(3/5) ~ /15(3/5)
P(—0.10 € Z < 0.50) = 0.2313.

Q

54-4 P(39.75<X <

39.75 — X —4C 4195 —
425 = P 39.75 40E X — 40 S41,_) 40

V(8/32) T V/(8/32) T /(8/32)
P(-0.50 < Z < 2.50) = 0.6853.

&
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68 Chapter 5

sl /:x2(1—x/2)dx—(§)2
2

Q
23]
=)

(‘5’4:6_1! (a) E(X) = u=2443;

- of 93
(b) Var(X) = Z = == = 0.0733;
n 0
5 24.17 — 24.43 24.82 — 24.43
o) POAIT=X <vify) m Bl P oge e
oLl ( V00733~ = o073 )

I

P(—0.96 < Z < 1.44) = 0.7566.

5.4-10 Using the normal approximation,

P(LT<Y<32) = P 1.i-2 ¥ 4 <3.2_2)

V4/12 T (/4712 T \/4/12

~ P(-0.52 < Z <2.078) = 0.6796.

Using the p.d.f. of Y,
POLT<Y =33)

JEI(=1/2)y® + 292 — 2y + (2/3)] dy
+ [1(1/2)y® - 492 + 10y — 22/3] dy
+ [221(~1/6)y® + 2y — 8y + 32/3] dy
= [(=1/8)y* + (2/3)y® — y* + (2/3)y}i.
+ [(1/8)y* — (4/3)y® + 5y* — (22/3)y]3
+[(=1/24)y* + (2/3)y° — 4® + (32/3)y]3?
= 0.1920 + 0.4583 + 0.0246 = 0.6749.

5.4-12 The distribution of X is N(2000,5002/25). Thus

X — 2000 . 2050 — 2000
500/5 500/5

P(X > 2050) = P( ) ~ 1 — ®(0.50) = 0.3085.
5.4-14 E(X+Y) = 30+50=80;
Var(X +Y) = 02 +02 +2p0x0y
= 52+464+28=144;

25
Z = ) (X;+Y) in approximately N(25-80,25-144).

=1
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The Normal Distribution 69

Thus P(1970 < Z < 2090)

1l

1970 — 2000 Z - 2000 2090 — 2000
I : < : < :
60 60 60

Q

d(1.5) — &(—0.5)
0.9332 — 0.3085 = 0.6247.

5.4—16'Let. X, equal the time between sales of ticket ¢ — 1 and ¢, for ¢ = 1,2,...,10. Each X; has
a gamma distribution witha =3, § =2. ¥ = Zfﬂ, X, has a gamma distribution with
parameters a, = 30,6, = 2. Thus

60

1 b “
BiY < 60)= Sy 30-1 3_'9'/!2 du = 0.52428 Stk Meble
i /u I'(30)230 Y ; Yy using Maple

The normal approximation is given by

(Y—GU - 60 — 60

~ ®(0) = 0.5000.
T \/120) e

5.4-18 We are given that ¥ = Zfil X has mean 200 and variance 80. We want to find y so that

B¥ >g) < 0.20

Y —200 y— 200 _
P ( L ) < 0.20;
V80 30
We have that

~ 200 :
2 = N8

V80

y = 207.57 208 days.

5.5 Approximations for Discrete Distributions
5.5-2 (a) P(2< X <9)=0.9532 — 0.0982 = 0.8550;
p(25-5 _ X-2502) _85-5
2 v/ 25(0.2)(0.8) 2

P(-125= 2 <1.75)
= 0.8543.

(b) P(2<X<9)

x

34.5 — 36 40.5 — 36
cigts e S = R

= P(-0.50 < Z £ 1.50) = 0.6247.

5.5-4 P(35< X <40) ~ P(

f—

l 5.5-6|ux = 84(0.7) = 58.8, Var(X) = 84(0.7)(0.3) = 17.64,
b e —
. 52.5 — 58.8
P(X = 525)~ @(%) = &(—1.5) = 0.0668.
X —21.37 _ 20.857 — 21.37
B & £ IR —
5.5-8 (a) P(X < 20.857) P( < - )

= P(Z < -1.282) = 0.10.
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70 Chapter 5

(b) The distribution of Y is 5(100,0.10). Thus

( —100(0.10)

5—10
- ~ P(Z < —1.50) = 0.0668.
/100(0.10)(0.90) = 3

9131 < X <21.39) ~ <zZ<
() PEISL=&S ) P( Y [ e WViTy

= P(-1.50 < Z £0.50) = 0.6247.

r 4775.5 — 4829 4857.5 — 4829
'5.5—10 Pt X <ishe) w Pl ez
WAL 3 = oy ( V4829 ~— = 4829 )
= P(—0.77 < Z < 0.41) = 0.4385.

21.31 — 21.37 21.39 — 21.37)

' 5.5—1§ The distribution of Y is b(1000, 18/38). Thus

500.5 — 1000(18/38
P(Y>5OD)mP(Z> (1558

3 \/1{]00(18/38)(20/38}) = P(Z > 1.698) = 0.0448.

5.5-14 (a) E(X) = 100(0.1) = 10, Var(X) =9,

14.5 — 10 H-1
Plla<X < 145H) = @(—55-——) —@(%)

— ®(1.5) — (0.5) = 0.9332 — 0.6915 = 0.2417.
(b) P(X < 14) — P(X < 11) = 0.917 — 0.697 = 0.220;

14
) > (120) (0.1)(0.9)1°0-* = 0.2244.

r=12
5.5-16 (a) E(Y) = 24(3.5) = 84, Var(Y) = 24(35/12) = 70,
85.5 — 84
By 8B =l —al T — ®(0.18) = 0.4286;
e ( 77 ) e

(b) P(Y < 85.5) ~ 1 — 0.4286 = 0.5714;
(c) P(70.5 <Y < 86.5) ~ ©(0.30) — ®(—1.61) = 0.6179 — 0.0537 = 0.5642.

5.5-18 (a)
0.12: ‘|2j
0.1 0: 10:
0.08: 8:
0.06j 6j
0.0 o
0.02: 2:

10 20 30 40 50 60 70 80 90 100 0 01 02 03 04 05 06 07 08 09 1.0
Figure 5.5-18: Normal approximations of the p.d.f.s of Y and Y/100, p = 0.1,0.5,0.8
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The Normal Distribution 71

(b) When p = 0.1,
Pl =015~ @(';
When p = 0.5,
P(-15<Y —50 <1.5)~ @(%) — (I)(
When p = 0.8, ‘

1.5 =
P(—1.5<Y—80<1‘5)m®(f)—CD( i

=1
3

o

s
C‘”lc‘.ﬂ
e e
!
HH
e

) = 0.6915 — 0.3085 = 0.3830;

=
o

) = (0.6179 — 0.3821 = 0.2358;

o

on

) = 0.6462 — 0.3538 = 0.2924.

X095 35.5—25)
==

5 =

: 5.5-20 P(X >35) = P( :

~ 1- ®(2.1) = 0.0179.
Note that P(X > 35) = 0.0225 using Minitab.

[ 5.5—22] (a) Y has a Poisson distribution with mean 30.
——

P(Y =30 . 25.5 — 30)
eI 30
~ ®(—0.8216) = 0.2057.

(b) P(Y < 25)

Using Minitab, P(Y < 25) = 0.2084.




Estimation Tt

6.2 Point Estimation

6.2—2 The likelihood function is

nf2 n
1 5
L(6) = [%} exp [ E (z: — ) /29} ] 0 <6 <oo0.

i=1

The logarithm of the likelihood function is
B L e T
In L(8) = —5 (In2m) — S (In) - 5 ; ( — )2

Setting the first derivative equal to zero and solving for 6 yields

din L(6) n 1 < o 9
= we

1 n
s — E Z (3-".". == ;L)z.
i=1

Thus

To see that @ is an unbiased estimator of 8, note that

~ 02 o (Xi — p)? o? .
E@® =E|— L fol S ) S R
(8) (n ; o —mea

since (X; — p)?/0? is x2(1) and hence the expected value of each of the n summands is
equal to 1.

6.2-4 (a) T=394/7 = 56.2857; s2 = 5452/97 = 56.2062;
(b) X =T = 394/7 = 56.2857;
(¢) Yes;
(d) 7 is better than s* because

56.285 56.2857[2(56.2857 % ¢
SB2EBT . i a5 meee . 0 HAl0 2 0T 00 ]
98(97)

—T pe ey
I ﬁ.?—ﬁl ¢ =i =334280 = o"= HAIBE0.

: i 1/6—1
(Eﬁ)(nﬂ:‘) ; (< 0 < o
i=1

1 . T
ImL(#) = —nlnd+ (5 = l) In l:[l T

Var(X ) =

~ Var(5?).

| 6.2-8[(a) L(6)

dln L(6) -n 1 -
el S s ety =it
do A ”E i
b = —l]nﬁ b

1 n =
= _;Zl“’a‘fi‘
=1
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e Chapter 6 %
(b) We first find E(ln X): -

E(lnX) = /0] Inz(1/6)2/%~" da.

Using integration by parts, with « = Inz and dv = (1/8)z'/?~1dz, ﬁi

P

1
B(ln X) = lim [Ilfﬂlm; £ 9.—51/9] — 0

a

Thus

6.2-10 (a) T=1/psod=1/X=n/3Y 1, X;;
(b) p equals the number of successes, n, divided by the number of Bernoulli trials,

Z?:l Xi;
(c) 20/252 = 0.0794.
16.2——12 (a) E(X)=E(Y)/n=np/n=p;
(b) Var(X) = Var(Y)/n? = np(1 — p)/n® = p(1 - p)/n;
() EX1-X)/n = [BX)-E(X")/n
= {p—[p*+p(1 —p)/nl}/n=[p(1 - 1/n) — p*(1 - 1/n)]/n i
= (1=1/n)p(1-p)/n=(n—1)p(1 - p)/n?
(d) From part (c), the constant ¢ = 1/(n — 1).
941/2
6.2-14 (a) E(cS) = E{ = [[n —21)5' } }

n-—1 o

L

S

Ul/2y(n—l)}2—le—u/2

co £
vn—1 /0 I‘(n = 1) o(n—1)/2

co V2T(n/2)
vn—1T[n-1)/2)]’
Va=IT|(n—1)/2],
VaT(n/2)
(b) When n =5, ¢ = 8/(3v/27) and when n = 6, ¢ = 3v/57/(8v2).

80 ¢ =
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(c) ¢
1.18
1.16
1.14
12
1,101
1.081
1.061 2
1.04 G
1.02 B S
1.00}—— SRR B e =
0.987
0.96 1

............ n

Figure 6.2-14: ¢ as a function of n

We see that

lim e=1.
n—oo0

6.2-16|T = af, v = af? so that 6 = v/T, & = T2/s%. For the given data, a = 102.4990,
"§ = 0.0658. Note that T = 6.74,v = 0.4432, s> = 0.4617.

6.2—18 The experiment has a hypergeometric distribution with n = 8 and N = 64. From the
sample, T = 1.4667. Using this as an estimate for p we have

N e
1.4667 = 8([7;) implies that Ny = 11.73.
A guess for the value of N; is therefore 12.
6.3 Sufficient Statistics
6.3—2 The distribution of ¥ is Poisson with mean nA. Thus, since y = ¥ a,

(/\EIF e'"n)\}/(:?.'] ! :L'z! S 'J-'-n!)
(RA)Y e~ Jy!

P(Xlles Xo=x2, ---, Xn:3:n|yzy) =

y!
1) 2!z ny ]
which does not depend on A.
6.3-4 (a) f(x;0) = @ Vinatind Gz, J=0 oo

so K(x) = lnx and thus
n

Y= InX;=In(X, X5 Xp)
i=1

is a sufficient statistic for f.

(b) L®) = 6zizo-: Ton Ll
L) = né+4 (@ —-1)n(zizs--- )
dinL(#)  n s e
T = 9 i lll(.f?} T3 .?-ﬂ) — (I
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80 Chapter 6

Hence o
0 =-n/In(X; Xs--- X,),
which is a function of Y.

(c) Since fisa single valued function of Y with a single valued inverse, knowing the value
of 6 is equivalent to knowing the value of Y, and hence it is sufficient.

(3:1372‘ __:Cn)a—le—zx,-/ﬁ

[F(e)]moen
(&) ().

The second factor is free of #. The first factor is a function of the z;s through Z?:l T;
only, so Y ., «; is a sufficient statistic for .

(b) L) = In(ziza - z,)* ' — > 2/0 —In[['(a)]” —anlnb

6.3—-6 (a) f(fl:l, LDyraay 93-,-,,)

dln L
,_m = E?—l fL‘,;/BQ — an/ﬂ =10
de x
anf = 3 .o
~ i ==
6 = T Xi.
an
i=1
n
G — Z X; has a gamma distribution with parameters aen and 6. Hence
i=1

E(0) = i(anﬁ) =4.

6.3-8

oo {s o] 1 n
E(e*z):/ f (\/EE) e~ 501/ (20) | gtSai/Tac g duo | da, .

Let 2;/v0 = y;, i = 1,2,...,n. The Jacobian is (V6)". Hence

j o oo 1 n x
E(eté) = / y '/ (\/g)ﬂ (m) 6—1-‘9'?/2 3 etEa\;y;/Ey‘- dyl dy2 e dyﬂ.

- LN s som
—— | eI/ RNV gy dy, . d;
/_Oc /_m( ,—Qﬂ) Y1ay2 Un

which is free of . Since the distribution of Z is free of 6, Z and Y = Y"1 | X2, the
sufficient statistics, are independent.

Il

6.4 Confidence Intervals for Means

6.4-2 (a) [77.272, 92.728]; (b) [79.12, 90.88]; (c) [80.065, 89.935]; (d) [81.154, 88.846].

@(a) T— 56:8)

(b) [56.8 — 1.96(2/v10), 56.8 + 1.96(2/v/10] = [55.56, 58.04];

52 — 56.8

(c) P(X < 52) = P(Z = =

) = P(Z < —2.4) = 0.0082.
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[ 11.80 11.80
6.4-6 [11.95— 1.!)6(—) 95 1‘96(%)} = [8.15, 15.75].
| V3T V3T

If more extensive t-tables are available or if a computer program is used, we have

¥ 1.80 11.80 :
11595 2.()28(}-—8—) , 11.95+ 2.028 (—)} = [8.016, 15.884].
i V37 V37

6.4-8 (a) 7 = 46.42;
(b) 46.72 + 2.132s/v/5 or [40.26, 52.58].

0.31
6.4-10 |21.45—1.314| —= | ,00 | = 121.373, o).
[ > (dzs) ) | )

| 6.4-12{ (a) T = 3.580;
(b) s =0.512;
(c) [0, 3.580 4 1.833(0.512/y/10] = [0, 3.877].

( 6.4-14| (a) T = 245.80, s = 23.64, s0 a 95% confidence interval for u is

[245.80 — 2.145(23.64)/v/15, 245.80 + 2.145(23.64)/V/15] = [232.707, 258.893];

(b)

250 240 260 280

Figure 6.4-14: Box-and-whisker diagram of signals from detectors

(c) The standard deviation is quite large.
6.4-16 (a) (T + 1.960/v/5) — (T — 1.960/v/5) = 3.920/v/5 = 1.7530;
(b) (T + 2.776s//5) — (T — 2.7765/y/5) = 5.5525/V/5.
_ V2I(5/2)0  3y/mo

From Exercise 6.2-14 with n = 5, E(S) = ViT(4/2) = 0.940, so that

E[5.5525/+/5] = 2.3340.
6.4-18 6.05 + 2.576(0.02)/v/1219 or [6.049, 6.051].

6.4-20 (a) T=4.483, s2=0.1719, s=0.4146;
(b) [4.483 — 1.714(0.4146)/v/24), o0) = [4.338, c0);
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