Solutions to Homework 2
September 27, 2017

Solution to Exercise 1.2.26: We want to show that
[ ra# =Y fla)
Start with simple functions. Let
¢ = Z bilp,,
be in canonical form with all b; > 0. Then

[ sa# = S bi(B).

Given any a; € €2, there is exactly one i such that a; € B;, and then ¢(a;)
= b;. Thus,
bi#(Bi) = Y ¢lay).

j:a; €EB;
Thus,

[od# =3 3 ola) = X ola).

i jaj;EB;
Turning now to nonnegative functions f > 0, define simple functions

n

Pnla) = > flai) e,

i=1

Note that this is not generally the canonical form since the a;’s may not be
distinet and U?_;{a;} may not be all of Q, but

n

[ udt = Y oulay) = 3 flar).

i=1

Note that if  is finite, say #(€2) = m, then ¢, = f for all n > m, and we
are done. So, assuming #(2) = oo, then 0 < ¢,, T f, so by MCT

(e 9]

[ ra# =t [, = imY" fa) = Y flan).
=1 =1
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Turning finally to the general case, f = f. — f_, we have of course that
[ f+d# =, f+(a;). Assuming at least one of [ fid# < oo so that [ fd#

is defined, then

[ frdt = [ fodtt = 3 fla) =X (@) = 3 (fala) = f-(ar)

7

as claimed.

Solution to Exercise 1.2.27: We want to show that
[ = S s@inted)
Start with nonnegative simple functlons. Let
= Zbi]Bp
be in canonical form with all b; > 0 and the B; a partition of 2. Then

/¢du = S buu(B
= Y b >, p({a})

i j:a;€B;

= Z Z bip({a;})

i jia;€B;

= Z Z o(aj)u({a;})

i ja;€B;

= Z ¢(aj)n{a;})

Jra; €Q

= Zf<al)7

The first equation is the definition of the integral of a nonnegative simple
function, the second follows since the B; can be represented as the count-
able disjoint union of their elements, the third is trivial, the fourth since
by the construction of the canonical representiation of a simple function,
aj € B; = ¢(a;) = b;, and the last equation since the B; form a partition

of Q.

Turning now to nonnegative functions f > 0, let 0 < ¢,, T f be a sequence

of simple functions. Then by MCT,
/fdu = lim /d)ndu

n—oo

= nh_{n Z(b” az {az})



If we can interchange the limit and the summation, then we get
[ ran = > i on(ai)n(fer)
= Z f az {a'z 3

which is the desired result. Note by the previous exercise (which was shown
in class) we can write

S onlalned) = [ ot

where 0 < g, (a;) = dn(ai)u({ai}) T fla)pn({ai}) = g(a;), and 3, f(ai)p({ai})
= [ gd+#, so by MCT applied to counting measure on 2, we have

lin S onad{a) = lim [ g

n—o0

~ [ ga#

= Z f az {az

This shows the desired result for f > 0.
Turning to general f = f,. — f_, of course the previous part applies to
both of f.:

[ fedn = 3 fladu({a).
Assume that [ fdu is defined, i.e. that one of [ fidu < oo, say [ fidu < oc.
This implies that for all a; € Q, fi(a;)p({a;}) < oo. If Q is finite, say
#(Q) = m, then there is no oo — 0o possible in computing

[ fedi = [ fdn =

m

fr(a)p{ai}) = > f-(a)p({a:})

=1

[f+(a)p({ai}) — f-(ai)u({ai})]
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In the first line, we know that the first summation is < co. In the second line,
we know that the terms fy (a;)u({a;}) are all finite, and only —o0 is possible,
no +oo term. In the third line, it is possible that f,(a;) = co (which would
imply p({a;}) = 0, but then f_(a;) = 0.

If #(Q) = oo, then put lim,, , in front of all of the finite summations in
the previous calculation. All of the finite sums are defined with no problem,
and if any infinite quantities come from the limits, it will be only —oo since
we are assuming [ fidu < oco.

Of course, the same argument applies (but with sign changes) if [ f_du <
00.

Solution to Exercise 1.2.37: Let g,, = X7, f.. Since the f,, > 0
a.e., it follows that the g,, are nonnegative and monotonically increasing a.e..
Hence, by the Monotone Convergence Theorem,

> [ fudn

n=1
- n}iggozl/fndu
= i [ 3 fuds

= lim /gmdu

m—o0

= /hm Im dpt

m—ro0

= /;fndu.

Note that the first equality depends on linearity of the integral, and it is the
third equality where the MCT is used.

Solution to Exercise 1.3.6: We will proceed without naming all
the measurable spaces implied in Theorem 1.3.4. Let A and B be measurable
sets in the ranges of ¢ and h, respectively. Then,

Plg(X) € A&h(Y)eB] = P[Xe€g'(A)&Y € h'(B)
= PXeg (APl € (B)]
Plg(X) € A]P[h(Y) € B].



The first and third equalities follow from the definition of inverse images and
the second from independence of X and Y. The result establishes indepen-
dence of g(X) and h(Y).

Solution to Exercise 1.3.15: If we take v to be counting measure
on Z, = {1,2,...}. Then it was shown in class that

/gdv = g:lg(n)-

Let f : Z, x R — IR. Assuming [ fd(v x m) exists, then by Fubini’s
theorem,

/fd(uxm) = /R/Z+f(n,x)dl/(n)dx (%)
- /Z ) /R Fln,z)dzdu(n) (%),

If we denote f(n,x) = f,(x), then the expressions in (x) and (xx) and their
equality may be written as

/Rnio:lfn(x)d:v = ;O:l/an(x)dx.

Now, existence of the integral requires measurability f : (Zy x R, P(Zy) x B) —
(ﬁ%, B), and that at least one of [ fid(v X m) < co. Since fi > 0, Fubini’s
theorem applies to each of them, and so a sufficient condition for interchange

of summation and integration is at least one of

/ani(a:)d:c < 0.

In particular, if all f,, > 0 so that f,, -~ = 0, we can interchange [ and >,° ;.
Thus, we have actually generalized what we got in Exercise 1.2.33 by using
Fubini’s theorem.

In Exercise 1.2.33 we assumed that each f,, was Borel measurable. We
need to show that this implies f is measurable w.r.t. the product o-field
P(Z.)xB. Assume f(n,-) = f, is extended Borel for each n. If B € B, then
FUB) = {(n.2) : f(n,x) € B} = U, ({n} x R) N {(n,x) : f(n,a) € B} =
Un{n}x f,;1(B) € P(Z,)xB. (Note: It is also easy to see that measurability
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of f implies measurability for each f,, so the condition is necessary and
sufficient.)

Solution to Exercise 1.3.18: It is casy to see

{(x1, 29, ...,zn) : ¥ = x; for some ¢ # j}

— no Lnj {(@1, 20, i)+ 2 = 25}

i=1 j=i+1
If we set
Bij = {(%1,332, 7'Tn) - L= xj}’

then it suffices to show m™(B;;) = 0 for all 7 < j. For notational simplicity,
we will take 7 =1 and j = 2, then

m"(Blg) = / [Blzdm"

- ~/Rn—2 R2 IBH(:EI’ L2y ,In)dm2(x1, x?)dmn_2(l‘37 ce 71:77,).

In the last equation, we used the fact that we can represent m™ = m? x m" 2.

Now for any fixed (xs,...,x,), the inner integral above may be written
/R2 I, (T1, T, ..., m)dm? (21, 20) = m*({(z1,22) : 71 = 13} = 0,

where the last equality follows from Exercise 1.3.17. This shows m™(Bj2) = 0.
If i < j but (4,7) # (1,2), then we can appeal to an “obvious symme-
try,” or repeat the above argument with more complex notation (like writing
dm™ (X1, ..., Tim1, Tig1s - -, Tj—1,Tj11, - - - , Tp) fOr the outer integral above).

Since Exercise 1.3.17 was not assigned, we provide its solution. Let C' =
{(z1,23) : 3 = xy}. For any z1, Io(r1,x2) is nonzero at only one value of
T9, namely, when x; = xo. Thus, for any z1, m({zy : Io(x1,25) # 0}) = 0.
Thus, by Fubini’s theorem,

m?*(C) = //Ic(xl,xg)dedxl



