Solutions Homework 5
December 12, 2018

Solution to Exercise 5.1.8: Let ¢ € IR be a translation and ¢ > 0 be
a re-scaling.

~

bi(cx+a) = |cx,+a—(cxy+a)l
= clx, — x|

= chi(2),

which shows b; is location invariant and scale equivariant. It’s not clear why
anyone would want to compute this.
Turning to the others:

~

ba(cx +a) = (cxm) +a)—(cxp)+a)
= c(zm —2)
= chy(z).

Note that since ¢ > 0, if we define y = cx +a then the order statistics (sorted
values) of y satisfy y;) = cxy) + a, a fact that was used in the first step of
the computation above. Note that the statistic analyzed here is the sample
range, which is used often for various reasons.

. 1

bs(cx +a) = M;’(C$i+b)_c(xj+b)’
= cby(x).
bi(cz+a) = > cilexy) +a)

=1

= chix(i) + azci
i=1 i=1
= C Z clx(l)
i=1

= chy(z).

In the last verification, we used the comment about the relation between the
order statistics of y and z at the first step, and the assumption that >>, ¢; = 0
in the second to last step.



Solution to Exercise 5.2.9: These are all exponential families, so
we will apply Proposition 5.2.3. For part (a),

fo(x) = ;9‘”69 = exp|zlogl — O)h(x).

Cleary n(#) = log# is differentiable and the derivative 1/6 has rank 1 for
all # (i.e., is nonzero). The formula for the Fisher Information in equation
(5.40) is
1(0) = (1/6)*Vary(X) = 1/6.
Note as an aside that X is an unbiased estimator of § and Vary(X) = 0 =
1/1(), so X is UMVUE for 6.
Turning to part (b),

fo(z) = ( Z ) 6°(1 —0)"* = explrlog(d/(1 —0)) + nlog(l — 0)]h(x).

The derivative of the natural parameter function is

10) = GOEO/1=0) = 5+ 125 = g

As this clearly exists for 0 < ¢ < 1, we conclude that Proposition 5.2.3
applies. Now, the Fisher Information is

no(1—-0) n

oL-o0p 1 -0)

Again, as an aside, we can easily see that n=!X is an unbiased estimator of

6 whose variance equals the lower bound, so it is UMVUE.
Finally, for part (c), the pmf is

<m—|—x—1

m—1

I1(0) = 1/(0)*Varg[X] =

fo(x) = ) 0™ (1 —6)" = exp[rlog(l—0) + mlog(h)]h(x).

Clearly,
0 = Lioga—p) = —L
L i T 1-9
exists. One can use Proposition 2.3.1(b) (on the moments of the sufficient
statistic in an exponential family; we have to subsitute in 6 = 1 — " into
mlog(f)) to derive that

m(1—0)

Varg(X) = B



Therefore,

10) = <1_—19>2m(192_ 2 - 92(1m— 0)

Solution to Exercise 5.2.16: If f(—z) = f(x), then ¢(2) = — f'(x)/ f(x)
satisfies ¢ (—x) = —1)(z) (since f'(—z) = —f'(x)), so ¥*(—z) = ¢*(x), and

therefore

Ta(a, b) f/:m? — 0,

since z is an odd function and ¢?(x)f(z) is an even function. Thus, the
information matrix is diagonal:

Iab) — 1[111(1,0) 0 ]

and thus

. o | I54(1,0) 0
I (a,b) = a [ 0 12_21(1’0)].

Now it is clear that a=2I11(1,0) (respectively a=2I55(1,0)) are the Informa-
tions for location estimation when scale is known (respectively, scale esti-
mation when location is known) for a single sample, so this shows parts (a)
and (b). For part (c), simply note that all the p.d.f.’s mentioned there are
symmetric, so the result applies to them.

Solution to Exercise 5.3.2: For part (a), the p.d.f. w.r.t. counting
measure on IN = {0,1,2,...} is
1
fulz) = explzlogu — p] 3,
which is an exponential family with

T(z) = z, n(p) = log(p).

Note that z is not a.s. constant (i.e., does not satisfy a linear constraint in
one dimension) and 7 ranges over IR as p ranges over (0,00), so the family
is full rank, and X is complete and sufficient for a single sample, and T" =
> X; is complete and sufficient for n i.i.d. observations. We know from e.g.
a m.g.f. argument that T is Poisson(nu).



g(p) is U-estimable if and only if there is a 0 : IN — IR such that

k
e "

o) = S 0

Multiplying through by e™ we see that e™g(u) has a power series that
converges for all g > 0, so it must in fact converge for all real p (indeed,
for all complex p), and T hope that you at least learned in calculus that if a
power series centered at 0 (a.k.a. a McLaurin series) converges for some z,
then it converges for any y with |y| < |z|. Furthermore, such power series
representations are unique and are given by the classical Taylor formula:

%0 1
eg(p) = 3okt ut Vu
k=0 :

if and only if
k

i(k) = n_kdcik [e"g(11)],1=o -

In conclusion, g(u) is U-estimable if and only if it has a power series expansion
(centered at 0) valid for all real numbers (otherwise said, is an entire analytic
function), and then the UMVUE is §(T") where ¢ is given by formula above.

For part (c), it is sometimes easier to use ad hoc methods rather than the
formula above to find the UMVUE.

(i) g(p) = p* is already given as a power series expansion, and it is easy to
see that power series multiply, so the power series we want is

> nd e 1
"M kE _ Kk = n—k: iyt
A= ;kz' i —n)

Matching the coefficients, it is clear that the UMVUE is §(7") where

0 if t <k,
o) = { nrktl/(t— k) ift > k.

In particular,

UMVUE for p = n'T = X



and
0 T =0o0r7T=1
2 _
UMVUE for u™ = { T(T —1)/n> it T>2.
= T(T —1)/n
Note that if we write
E—1
VT | (D))
i=0

then the UMVUE for p* may be written more simply as
k—1
5(t) = n " [ —1).
i=0

(i) Of course,

Thus,

i! —i S
- Z(z’—k)!k!n (n = 1) '

i=k

and we see that the desired UMVUE is

5(t) = < . ) nt(n —1)*,

Note that the binomial coefficient ( ]i ) is O unless £ < t. In particular,
our UMVUE of P,[X; = 0] is

5t) = nf(n—-1)" = (1-1/n)".



(iii) Note that g(u) = logu does not have the required Taylor series ex-
pansion (in particular, it doesn’t have a finite value and derivates at
p = 0). No unbiased estimate exists.

(iv) Plugging in our formula, (I am changing the estimand to g(u) = ™)

00 k
npap o L(nta)p nta ki k
ete™ = e = E ( - n !,u,

k=0 k

from which we can read off the UMVUE as

t
5t = (") = (t+a/m).
n
(v) Plugging in again,
el = i(n + Q)ki
- AR
k=0
x 1 kF <k> o .
= Z*Z C ) nd 2R
P A
by the binomial formula)

ZOO i ! ok—i) | L i i
= (k=[i/21 (1 — k)!(2k —d!) i!

In the above, [i/2] denotes the smallest integer > /2, i.e. /2 if i is
even and (i + 1)/2 if i is odd. From this, we can read off the UMVUE
as

ST = Y i p20T)
o (T — B2k — T)

. . . -2 . . . .
(vi) This one is easy: e* = is oo at u = 0, so it can’t have the requisite
Taylor series expansion.



Solution to Exercise 5.3.6: We have from the fact that o2 37", (X;—
X)? has a x2_, distribution that

E[6*(a)] = (n—1)ac®
Var[62(a)] = 2(n—1)a*c™.

Using the formula MSE = Bias? + Variance, we obtain
o *MSE[6*(a)] = [a(n —1) —1]* +2(n — 1)a®
Thus, with a little algebra we obtain
“H{MSE[6*(a)] - MSE[*(1/(n - 1))]}
2

= (n*-1a*-2n—1Da+1-2/(n—-1)

= (W =Dla—1/(n—1)]fa—1/(n+3)].
Note that the r.h.s. is a quadratic function of a whose graph is an upward
opening parabola with roots at a = 1/(n—1) and a = 1/(n+3). Thus, 6%(a)

has smaller MSE than the UMVUE, which is 6(1/(n — 1)), for (n + 3)~!
a<(n-—1)"1

Solution to Exercise 5.3.8: (a) The likelihood is

1 n
fly;a,b,0%) = (210%™ expl TZ axz—l—b))]
—n/2 1 b
= (2m) " exp | =5 QZ 22$zyz 52U
QOQZCL%-H) —loga]

As long as we have at least two distinct values of the z;, then the family
will be identifiable, as different values of a and b will give different means.
This assumption was apparently forgotten. Thus, the sufficient statistic vec-
tor T = (X z;Y;, Vi, S Y?) does not satisfy any linear constraints. As
(a,b,0?) range over IR x IR x (0,00), the natural parameter vector ranges
over (—o0,0) x IR x IR, which is an open set, so has nonempty interior. Thus,
the family is full rank, hence T" is complete and sufficient.



(b) Clearly Y = n~'T; is a function of T'. Also,

Z@YZ = Y, —z> Y, -V 7
i=1

is a function of T'. Thus, we only need to check that a is unbiased for a. Note

that E[Y] = az + b. Thus,

E(a,b,UQ) [&] = Z 72 Z j‘lE[f/;]
1 ~ —
= 52 > &[(ax; + b) — (az + b))
1

Thus, a is a function of the complete and sufficient statistics which is unbiased
for a, so it is the UMVUE of a.

We see immediately that b is also a function of T' (since Y and @ are), so
we need only check that it’s expectation is always b. Thus,

~

E(a,b,ch) [b] = E[Y] - E[d]j
= ar+b—aXx
= b

(c) Clearly

# o= LSVt a4 ip - ey - Y,

n— 2

which is a function of 7. Now we want to check that its expectation of 2.
It is almost always easier to do these types of calculations if one subtracts
and adds E[Y;] in the squared quantity:

(n—2)E[Y = Y E {(Y _ E[Y] + E[Y)] - az: — 6)2}

= Y E {(61 +(a—a)x; + (b— B))Q}
(since Y; = EY;] + ¢; and E[Y;] = az; + b)



. > YT
> @2

Y, = Yi-Y
= ar;+b+e¢—(aT+b+é

= aZ; +¢€ (where € = ¢, — €)
. S(aZ; + €)7;
a—a = —2@2 —a
> 6T
> 73
b—b = Y—az—b

= ar+b+e—ax—>

= (a—a)x+e€
(@—a)r;+(b—-0) = (a—a)F;+€

_ ng{?:ﬁﬂrg

225 T

Put

€

(Zj i’?) 1/2°

w; =

Note that
Z w? = 1,
Z w; = O,

where the latter follows because Y_; ; = >;(x; — ) = 0. Thus, we have

(ei — wi;wjéj — E) ]

= E Z(giWi;wjgj)]

(n—2)E[6%] = ZE

(2

i 2
= B & -2 Gwi ) wié + > ) (Zwﬁj) }



10

Now

ElZeﬂ = ElZ(ei—aﬂ = (n—1)0”

(ijgj)] = B (Z%(%G))]

= F (ijej) ] (since Y- w; = 0)

- Y u? = ot
J

Thus, we get in the end that E[6?] = 02, as desired.



