MEASURE THEORY COURSE NOTES

LANCE MILLER

ABSTRACT. This is a copy of the course notes for Dr. Stu Sidney’s Math 303
Measure and Integration course offered in Spring 2005 at the University of
Connecticut Included are homework assignments and solutions, as well as the
exams. In addition I have referenced Dr. Richard Bass’s course notes from
the same course, and provided the preparation material used for the Measure
theory Qualifying exam a the University of Connecticut including solutions to
many old exam problems. Many of the solutions came from group discussions
of the graduate students preparing, as well as the wonderful compilation of
solutions to old qualifying exams

IThese notes are severely unedited. Anyone whom would like to take on the project of cleaning
these notes up is more than welcome

2The collaboration of solutions to old exams was carried out primarily by Dr. Molli Jones, and
these notes are truly a revision of hers
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1. A QUICK REVIEW OF RIEMANN INTEGRATION
The Riemann integral has the following equivalent definitions:

Definition 1.1. Let f be a real valued function on [a,b]. Then we define for each
partition P = {a = xg, 21, ..., 2, = b}, the numbers

My= swp  f@)  ome= inf  f(z)
TE[T]—1,Tk] TE[TK_1,Tk]

Now we define L(f,P) = >_}_, mplxy and U(f, P) = > p_y MpAzy. Then we

have that Lf(f f(z)dx = supp L(f, P) and Uf(f f(z)dz = infp U(f, P) where the

sup and inf are taken over all partitions P. If for a given function Lf; flz) =

dr = Uf; f(x)dx then we say that f is Riemann integral, and ff f(z)dx is the
common value

Definition 1.2. A function f on [a,b] provided YA > 0, > 0 we have that there
is a partition P such that Z{k‘MkmeA} Az < p.

Though the Riemann integral enjoys some very satisfactory properties such lin-
earity and being closed under uniform limits it has many shortcommings, most
notably is that it is not closed under pointwise convergence.

Example 1.3. Consider the sequence

fm(z) = lim cos®™(mlam)

. When mlx € Z, then fn(x) =1, and for any other x, fy,(x) = 0. Let
fla)= lim_fu(@)

Then for any x € R\ Q, we have fn(z) = OVm thus fp(z) = 0. If x € Q, let
T = %. If m > q, then mlxz € Z and so fm(x) = 1¥m > g which gives that f(x) = 1.
Thus
[ 1 reQ
f<f”)_{ 0 zeR\Q

Which is not Riemann integrable.

Example 1.4. Let R=QnN[0,1] and let {ro,r1,72,...} be an enumeration. Then
let fr = x({ro,...,mn}). Then we have that f, — x(Q N[0,1]) pointwise and
x(QN[0,1]) is not Riemann integrable.

2. ALGEBRAS OF SETS AND o-ALGEBRAS

The study of measure and integation begins with the notion of algebras and
o-algebras. These are families of sets which are closed under certain set theoretic
operations. This is an anaologue to the generalization of open sets in topology. The
connection between measureable sets and functions and open sets and continuous
functions will continue later on.

Definition 2.1. Given a set X, then a family F C p(X), then F is called a
(boolean) algebra provided

(1) 0erF

(2) AUBe F,VA,Be F

(3) Ace F,YAeF



4 LANCE MILLER

We can extend this definition slightly as follows:

Definition 2.2. Given a set X, then a family F C p(X), then F is called a
o-algebra provided

(1) veF

(2) UAZ e F, V{AZ} CcCF

(3) A°e F,YAeF

By far the most important propositions involving algebras and o—algebras is the
following:

Proposition 2.3. Given any set X and any collection C C p(X). Then there
exists o(C) (alg(C) ) a o-algebra ( algebra ) containing C such that if F C p(X)
is any other o—algebra ( algebra ) containing C then, o(C) C F (alg(C) C F).

Proof. This is so as arbitrary intersections of o—algebras ( algebras ) are also
o—algebras (algebras ). Thus we can given the collection C let S = {F C p(X)|C C
F and F is a o—algebra ( algebra ) }. This collection is non-empty as p(X) € S.
So we have that o(C) = zcgy F is the required o—algebra ( algebra ). //

2.1. Borel, F, and G sets. The above proposition is classically non-constructive.
Given a collection C we can form alg(C) as follows. Let Co = C. Then let C; = CoUC®
consist of members of C or their complement. That is C; = {A*|A € C or A° € C}.
We can then form Co = {(N}_, A;|4; € C1}, and finally C3 = {{J;, |A; € C2}. One
can check that C3 = alg(C). However if one tries to repeat one quickly realizes
that it can go on ad infinitum. With the collection of all the open subsets in a
topological space in mind we quickly come to the following definitions:

Definition 2.4. A set is a F, set provided it is a countable union of closed sets.

Definition 2.5. A set is a G set provided it is a countable intersection of open
sets

These sets arise naturally when one tries to find the smallest c—algebra generated
by all the open ( closed )sets. The sets in this collection are called Borel.
We pause to give some examples of o—algebras.

Example 2.6. Naturally the powerset p(X) of X is a o—algebra.
Example 2.7. Given X a set. Let C = {A € p(X)||A| = w or |A®| = w}.

3. MEASURES

Now that we have o—algebras, we will need a way to describe their size in order
to integrate over their elements.

Definition 3.1. Let F be a o—algebra. Then a function p: F — [0,00] is called a
(positive) measure provided:

(1) u(@) =0
(2) w(UU; As) =32, 1n(A;) for pairwise disjoint collections {A;} C F

We will called a triple (X, F, 1) consisting of a o —algebra contained in p(X) and
a measure on F a measure space. Such a space will be called finite if u(X) < oo
and o—finite provided X = J; X; where p(X;) < co. A measure space is complete
provided that for any set A € F such that pu(A) = 0 then VB C A we have that
B € F. We will see soon that p(B) must be zero as well.
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Example 3.2. (Counting measure) Let X be a non-empty set. Then (X, p(X), )
where p(A) = |A] for |A| < 0o, and u(A) = oo for |A| > w.

Example 3.3. Given X a set. Let C = {A € p(X)||A| = w or |A¢| = w}. Then
w(A) =1 for |A°| = w and p(A) =0 for |A| = w is a measure.

We now pause to give some lemmas needed to compute with measures. For each
of the following fix a measure space (X, F, u).

Lemma 3.4. For A C B where A, B € F, then u(A) < u(B).
Proof. Write B =AU (B\ A). Then u(B) = pu(A) + n(B\ (A)). //
Lemma 3.5. For any collection {A;} C F. Then p(lJ; Ai) < Y-, 11(4;).

Proof. Let By = Ay, By = A3\ By, B3 = A3\ (B1 U Bs),.... Then the collection
{B;} are disjoint and |J; B; = |J; A;- Then we have that pu(lJ; 4:) = n(U, Bi) =
> (Bi) < pu(A;), the last inequality holds from the previous lemma. //

Lemma 3.6. Given a collection Ay D Ay D ... all in F, such that u(A;) < oo,
then limu(A;) = u(( 4;)-

Proof. Let A = (A; and B; = A; \ A;+1. Then we have that {B;} are pairwise
disjoint and so p(A1 \ A) = p(Uy;51y Bi) = 2o pu(Bi) = 22 p(Ai \ Aig1). Then we
have that u(A41) = p(A) + p(A1 \ A) and p(A;) = p(Aiv1) + u(A; \ Aig1). And
we have that fi(A1) — p(A) = 30 pu(A;) — p(Aigr) = Mm 377 pu(A;) — p(Air) =
lim pu(Aq) — p(An) = p(A41) — limp(Ay). Now since (A1) < oo we can subtract to
get the result. //

This last lemma is probably the most useful.

4. CONSTRUCTION OF LEBESGUE MEASURE ON R

We will now go through the construction of the lebesgue measure on R.
Given a set £ C R, we can define m*(E) = infpc(j 1,y > I(I,) where {I,,} is a
collection of intervals. We have the following trivial results:

Lemma 4.1. For m* defined above, we have the following
(1) For A C B, then m*(A) C m*(B)
(2) m*(UAi) <> m*(A)
(3) If E is countable then m*(E) =0
(4) m*(A+r)=m*(A).

Proof. For (1) this is clear as any cover of B is also a cover of A. (3) follows from
(2) and the fact that m*({r}) = 0,Vr € R. (4) is trivial, so it suffices to show
(2). Without loss of generality m*(4;) < oo. Let € > 0, and for each i choose
{In:} such that A; C U, I(ns) and Y 1(I1n,4)) = m*(A;) + 57. Then we have

that m*(U 4i) < 32,0 W) < 22m*(Ai) + 57 = 2-m"(A4;) +¢, which gives the
result. //

We now define what it means for a subset of the real numbers to be measureable.

Definition 4.2. Let E be a subset of real numbers. Then E is measureable provided
VA we have m*(A) = m*(ANE) +m*(AN E°).

Ideally we want to form a oc—algebra. We have the following theorem:
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Proposition 4.3. The collection M = {E C p(R)|E is measurable } is a o—algebra.

Proof. ) € M as m x (A) = m* (A) + 0. Likewise if E € F, then B¢ € M also
by defintion. So it suffices to show that |J, E; € M for a countable collection
{E;} C M. First we show that E; U E for any F1, E; € M. Let A be any set.
Then we have that m*(ANEY]) = m*(ANE{NEy)+m*(ANESNES). Further since
Aﬁ(El UEQ) = (AOEl)U(AﬂEgﬂEf) we have that m*(Aﬂ(EluEg))+m*(AﬂEfﬂ
ES) < m*(ANEy)+m*(ANE2NES)+m*(ANESNES) = m*(ANEy)+m*(ANEY) =
m*(A). Induction gives finite sums of memebers of M are in M. Given any
collection {E;} € M. Then we can construct B, = E, \ (F1U...UE,_1) =
E,NESN...NES_, then {B;} ¢ M, U B; = J E; and {B;} are pairwise disjoint.
Now let C,, = Ji_; B;, and C' = |JB;. Then m*(ANC,) =m*(ANC,NB,)+
m* (ANC,NB.) =m*(AN B,) + m* (AN C,_1), repeating this same argument
for m*(AN Cp—1),m*(AN Cp_2),... we have m*(ANC,) = >, m* (AN By).
Thus m*(A) = m*(ANCp) + m*(ANCE) > S, m*(AN B;) + m*(AN C°).
Now taking the limit as n — oo we obtain m*(4) > > m*(AN B;) + m*(AN
cC)>m*(UANB;) +m*(ANC°) =m*(ANC) +m*(ANC°). This gives that
C=UB;=UE; e M. //

Now we will demonstrate some measureable sets.
Lemma 4.4. Let E be a set such that m*(E) = 0, then E is measurable.

Proof. Let m*(E) = 0. Let A € p(R). Then ANE C Esom*(ANE) = 0. Llkewise
m*(ANE®) = 0, therefore we have that m*(A4) > m*(ANE)+m*(ANE®), therefore
E is measurable. //

Corollary 4.5. Any countable set is measurable
Lemma 4.6. Any interval is measurable.

Proof. Since the measurable sets are a o—algebra, it suffices to show that (a,c0) is
measurable for any a € R. Let A € p(R). Now let A; = AN(a, 00) and A;N(—0o0, al.
Then we must show that m*(A4;) + m*(A2) < m*(A). Likewise we are done if
m*(A) = o0, so let m*(A) < co. Now, let € > 0. Then we can find {I,}, AcCc I,
and Y I(I,) < m*(A)+e Let Il = 1I,N (a,00) and I/ = I, N (—o0,a]. Then
I(I,) = U(I}) + 1(I])). Likewise Ay C JI}, so m*(A1) < m*(UI},) < > -m*(I)).
Similarly m*(A2) < Y- m*(I)). m*(41) + m*(Az) < > (m*(I}) + m*(I)])) <
SU(I,) < m*(A) + e. This gives that m*(A41) + m*(Az) < m*(A), thus (a,00) is
measurable. //

This gives that M is a c—algebra which contains the open sets of R, and hence
any borel set. Now if we restrict m = m*| ¢ then we obtain a measure.

Proposition 4.7. The triple (R, M, m = m*|pm) is a measure space.

Proof. So far we have seen that M is a c—algebra. Likewise we have that m*() = 0
so it suffices to show that m*(|J E;) = > m*(E;) for {E;} C M. Likewise we have
that m*(|J E;) < Y. m*(E;). First we show that m*(AU B) = m*(A) + m*(B) for
A, B € M disjoint. This is so as RN (A U B) is a measurable set, thus we have
m*(AUB)=m*RN(AUB))=m*(RN(AUB)NA)+m*(RN(AUB)N A°) =
m*(RNA)+m*(RNB) = m*(A)+m*(B). Induction give the result for finite sums.
Now JE; D -, E; which gives that m*((JE;) > m*(U_, Ei) = >y m*(E;).
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This gives that m*(|J E;) > Y. m*(FE;) which gives that m*(|J E;) = >_ m*(E;) and
so m = m*|» is a measure. //

This gives that (R, M,m) is a o—finite complete measure space. We will call
the measure given the lebesgue measure on R. Now it is an unfortunate truth that
there are sets which are not measurable.

Proposition 4.8. Given any set E € M such that m(E) > 0, then there is a set
A C E such that A ¢ M.

Proof. Define = y provided x —y € Q. Then this is an equivalence relation on
[0,1]. Using the axiom of choice let A be the set formed by choosing a ele-
ment from each equivalence class. Now using translation invarience we have that
m*(A+q) = m*(A). Moreover these sets are disjoint for different rationals q. Now
[0,1] € Uye(-2,2n0(A+¢) so m*(A) > 0. However > o 5nqm"(A+q) must be
either 0 or infinte as {A + ¢} are disjoint and non-negative. Further we have that
Uger—2,2na(A +4) C [=6,6] so this gives that m*(A) = 0 which is a contradiction,
therefore A is not measurable. //

5. MEASUREABLE FUNCTIONS

The analogy between measure theory and topology is picked up again here. As
o—algebras are to topologies, measureable functions are to continuous functions.
Recall that a continuous function can be defined as one whoes inverse images of
open sets are open. Likewise one can define measurable functions as those whoes
inverse images of open sets are measurable. We formalize this as following the next
result.

Proposition 5.1. For a given measure space (X, F,u) and a function f: X — R,
then the following are equivalent:
(1) {z|f(z) >a} e F,VaeR
(2) {z|f(z) >a} e F,VaeR
3) {z|f(x) <a} € F,VaeR
(4) {z|f(x) <a}eF,YaecR

Proof. We have by complementation 1 < 3 and 2 < 4, so it suffices to show 1 <
2. Now we have that 1 = 2 as f~*([a,00)) = " f~*((a — +,00)). Likewise 2 = 1

as [~ ((a,00)) =U f ! ([a+ 1, 00)). //
Given this we have the following definition:

Definition 5.2. A function f : X — R where (X, F, 1) is a measure space is mea-
surable provided one ( equivalently all ) of the conditions in the previous proposition
hold.

Corollary 5.3. Monotonic and continuous functions are all lebesque measurable.
It will be useful in the future to distinquish the following measurable functions:

Definition 5.4. Given a space (X,F,u) and a measureable function f the set
supp(f) = {x|f(x) # 0} is called the support of f. A measurable function is finitely
supported provided p(supp(f)) < oo.

We now give some tools to compute measurable functions:
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Proposition 5.5. Given a measure space (X, F, ) and measurable functions f,g
and a set of measurable functions {fn}, then f + g, fg,sup{fn},inf{f,} are all
measurable

Proof. First we we show that f+ g is measurable. Consider {z|f(z)+g(z) < a} for
a € R. This is the same as {z|f(z) < a —g(2)} = U,co({z|f(2) < ¢} N{z|g(z) <
a —q}. This gives that f + g is measurable. For fg, we first note that this is trivial
if f is constant. Futher we have that if @ > 0 then {z|f?*(z) > a} = {z|f(z) >
Vva} U{z|f(z) < —v/a} is measurable and when a < 0 then {z|f?(z) > a} = X is
measurable thus f? is measurable. Futher since fg = £[(f +g)? — f? — ¢°] we have
that fg is measurable. Now let g = sup{f,}. Then {z|g(z) > a} = U{z|fn(x) >
a}. Dually inf{f,} is measurable.

Corollary 5.6. Given a measure space (X, F,u) and {f,} measurable functions.
Then lim f,, and lim f,, are both measurable, hence limits of meaurable functions
are measurable.

Frequently it will be convinent to describe situations that hold except on sets of
zero measure. So by convention, given a measure space (X, F, i) a property is said
to hold p— almost everywhere ( p—a.e. ) the set of points on which it doesn’t hold
has p measure zero. The following proposition exhibits this type of condition.

Proposition 5.7. Given a complete measure space (X, F,u), if f is measurable
and f = g p—a.e., then g is measurable.

Proof. Let E = {z|f(x) # g(x)}. The set {z|g(z) < a} = ({z|f(z) < a}U{z €
Elg(z) < a})\ {z € E|g(z) > a}. Each of the sets on the right hand side are
measruable as (X, F, u) is complete.

//

Now we will give a method of constructing measurable functions

Lemma 5.8. Given a space (X,F,u), let D be a dense set of real numbers and
{Ba}aep a collection of measurable sets such that B, C Bg for a < 8. Then there
is a unique measurable function f such that f < a on B, and f > o on B,

Proof. Define f(x) = inf{a € D|x € B,}. if ¢ € B,, then f(z) < a by definition.
Likewise if © ¢ B,, then V3 < «a,x ¢ Bg which gives that V38 < «, f(z) > 8 =
f(z) > a. Now given A € R we have that {z|f(z) < A} = J,, Ba, where {a,,} — A.
Let g be any other function satisfying the conclusion. Then for x € B, we have
g(x) < a gives {a € D]z € By} C {a € D|g(xz) < a}. Likewise for x such that
g(x) < o we have that € B, this gives that {« € D|g(z) < a} C {a € D|x € B, }.
Further since D is dense we have g(z) = inf{o € D|a > g(x)} = inf{a € D]a >
g(z)} = inf{a € D]z € B,} = f(x). //

Proposition 5.9. Given a space (X, F,pn), let D be a dense set of real numbers
and {Ba}aep such that u(By \ Bg) = 0 for o < B. Then there is a measurable
function f such that f < ap—a.e. on B, and f > ap—a.e. on BS. This function
is unique in the sense that if g satisfies the same conditions, then g = fu—a.e.

Proof. Let C be a countable dense subset of D and let N = |JB, \ Bs for a <
0 and a,3 € C. Then N is a countable union and so is measurable and has
measusure zero. Let B, = B, UN. Then for a, 8 € C such that a < 3 we have
B\ Bj = (B \ Bg) \ N = (. Thus we have B}, C Bj. The previous lemma
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gives us a measureable function f such that f < v on B/ and f > v on B,‘;/.
Now for each o € D choose {7,} — « such that a > v, € C. Then we have that
B, \B! C By\B,,. Thus we have P = |J B, \ B/ is measurable and has measure
zero. Let A = (B! Then f <infy, =a on Aand B, \AC Pso f < au—ae.
on B,. A similar argument shows f > au—a.e. on BS. Now let g be a measurable
function that satisfies the conclusion. Then g < yu—a.e. on B, and g > yu—a.e.
on BS for v € C. This gives that g <~ on B/ and g > v on Bf/ except for some
measure zero set Q. Let Q = JQ,. Now f = g except for the set @) which must
have measure zero. //

6. LITTLEWOOD PRINCIPLES

The Littlewood theorems basically state the the following:

(1) Every measurable set is almost an open set
(2) Pointwise convergent sequences of functions are almost uniform
(3) Every measurable function is almost continuous

We will make these principles more percise under differing conditions. We should
note that Littlewood princples (1) and (3) make reference to topology ( open set,
continuous function ). These theorems can be made in some general settings for
a measure space with a nice enough topology. However for these principle we will
prove the results for the familar space (R, M,m).

Theorem 6.1. Let (R, M, m) be the real numbers with the lebesgue measure. Given
E a measurable set., then:

(1) Ye > 0,3U open such that E C U and m(U\ E) < e
(2) Ve > 0,3C closed such that C C E and m(E \ C) < €

Proof. Let E € M. Now let € > 0. The problem is solved if m(FE) = co as we may
take U = R so assume m(E) < oco. Then since m(E) = infgcyr, (> I(In)) we
have that there must be U = |JI,, such that £ C U and m(E) < m(U) + e. This
proves the first conclusion. The second is the dual of the first. //

Lemma 6.2. Let (X, F,u) be a finite measure space and {f,} — f — p—a.e. all
measurable functions, €,0 > 0, then JA (depending on €), and N € N such that
w(A) < § andVn > N, |fn(z) — f(z)| <e.

Proof. Let €, > 0. Let A; be the set of x € X such that {f,(x)} does not
converge to f. Then pu(A4;) = 0. Now let G, = {z ¢ A4| |fx(z) — f(z)| > €}. Let
En = Ug>, Gk Then X D Ey D E; O ... Further (), E;,, = (). Since pu(X) < oo
we have that lim u(E,) = u(E,) = 0. Thus we can find N large enough such
that u(En) < d and VN > n we have |f,(z) — f(z)| < € by definition. //

Theorem 6.3. (Egoroff) Let (X,F,u) be a finite measure space and {f,} —
fu—a.e. all measurable functions. Then ¥n > 0 there is a set A such that p(A) <n
and {fn(x)} converges uniformly to f(x) on A°.

Proof. Vk € Nlet ¢, = % and 8, = 27%n. Use the previous lemma to choose sets Ay,
and numbers Ny, such that p(Ay) < o and Vn > Nj we have |f,(2) — f(2)] < €
on A§. Let A =JAg. Then p(A) <> 27%n=mn. Let e > 0. Choose k such that
+ <¢, then Vz € A° C Af and n > Ny, we have |f,(z) — f(z)| < § <. //
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Lemma 6.4. Let (R, M,m) be the real numbers with the lebesque measure. Let f
be a measurable function on [a,b] such that |f| < oo a.e., then ¥n,e > 0, there is a
continuous function ¢ such that m({z||f —¢| < €}) <n

Proof. First given such an f we will show that f is bounded except on a set of small
measure. Let € > 0. Let E, = {z||f(z)| > n}. Then [a,b] D Ey D E; D ... and
m(( Ey,) = 0 which gives that there is an M = ng such that |f(z)] < M off of a
set Ey,, and m(E,,) < §. Now we will construct our continuous function in stages.
Let n be such that v = 222 < €. Then for k = 0,...,n let 4 = {z| - M + (k —
1y < f(x) < =M + k~v}. Then Ay are disjoint measurable sets and the function
©1 =Y p_o@kXA, Where ap = —M + kv, and |p1 — f| < € where |f(z)| < M. Now
1 is definitly not continuous, however we can modify it to be. First for each k
choose U}, open such that m(UyAAy) < 5. Now revise @3 = ' arxv,. Then
{zp2 # @1} € Up_i{z € [a,b]xv. # xa.} € Upq(UxAAg) which gives that
m({zlp1 # p2} < ng; = §. Now ¢ is a step function, thus there is a partition
a=x9<x1 <...<x,=Dbsuch that po is constant c¢; on each piece (zg_1, k).
Choose numbers z3, 1 < ap < B < o) such that o —zp 1 < 3> and z — B < 3.
Now modify ¢ so that ¢(x) = 0, and ¢(z) = ¢x on [ag, Bx]. Extend ¢(z) linearly on
[zr—1, k] and [Pk, z]. Now ¢ is continuous and {z|p # f} C J([zr-1, ax]U[Bk, Tk]
which gives that m({z|g2 # ¢©}) < > p_ {(ar—xp—1)+(xx—Fr)} <nx2x & = 5.
Summing these differences we see that {z|f # ¢} < e.

Theorem 6.5. (Lusin) Let (R, M, m) be the real numbers with the lebesgue mea-
sure. Let f be an measurable extended real valued function on [a,b] such that
|f] < o0 a.e. Then given § > 0,3¢ continuous such that m({z|f # ¢}) < 0.

Proof. Let 6 > 0. Then by the previous lemma Vk € N let Ay € M such that
A, C [a,b] and ¢y, : [a,b] — R continuous such that m(Ay) <27% and |f —¢i| < ¢
on [a,b] \ Ax. Then we have that m({J,s; An) < D pey 27" = 271 This gives
that limy—oom(U, >, An) = 0. Thus we have that for B = (0, U, >4 4n, then
m(B) = 0. Further for z € [a,b] \ B we have there must be an element k such
that © ¢ J,,~, An which gives that « ¢ A, for n > k. Likewise for n > k we
have |f(z) — ¢n(x)| < L by construction which gives that {¢,} — f pointwise on
[a,b] \ B. Now by Egoroff we can find a set C' such that m(C) < § for which the
convergence is uniform on [a,b] \ C. Now we can find an open set U such that
C cUand m(U) < 6. Let F = [a,b] \ U. Then F is closed, and {p,} converge
uniformally to ¢’ a continuous function on F. We can extend ¢’ to a continuous
function ¢ on [a,b] and {z|f # ¢} C C which gives m({z|f # ¢}) < ¢ //

7. LEBESGUE INTEGRAL AND CONVERGENCE THEOREMS

We are now ready to define the Lebesgue integral. To make some anaolgies we
recall Riemann-integration and the following definition of it. One a closed bounded
interval [a,b] we can define a step function ¥ to be a function such that there is
a partition a = xg < 1 < ... < x, = b such that ¥(x) = ¢, on (zr_1, k).
Then we can define f: Ydr =Y 1 cp(xr — xx—1). Given a function f on [a,b] we
can define Uf;7 fdx = inf f; wdx for (z) > f(x) and Lff fdx = sup ff Wdx for
¥(z) < f(z). Then we have the equivalent defintion for Riemann integration of a
function f provided Ufab fdxr =L fab fdx and we define ff fdx to be this common
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value. We can define the Lebesgue integral analgously however we must have a
analogue to step functions.

Definition 7.1. Given a measure space (X, F, ), a function ¢ : D — R is simple
if it is measurable and has finite range. Note that for a simple function @ with
range {ai,...,a,}, we can give @ the canonical representation

Y= Z%‘XA@ where A; = {z[p(z) = a;}

i=1

Such a defintion will not be useful unless these functions somehow approximate
measurable functions.

Proposition 7.2. Let (X,F,u) be a measure space and f a non-negative mea-
surable function. Then there is a sequence {¢n} of simple functions that converge
monotonically pointwise to f. Further if X is a o— finite space, then these functions
can be taken to be finitely supported.

Proof. Let Ep i, = {z|k2™" < f(z) < (k+1)27"} and let ¢, = 27" Zf:no kxE, -
Then ¢, — f and ¢, < @,+1 as we only gain more sets as n increase. Now if
X is o—finite, let X = [JX;. Then each ¢,, is only non-zero on a finitely collec-
tion of disjoint sets, say FE1,..., E,;, which must be contained in a finite collection
X1,y Xk Thus p(X1 U ... UXE) < p(Xq) + ..+ p(Xk) < oo //

Notice that the geometry of this construction is to partition the y-axis to obtain
the sets B = {x|k < f(z) < k+ 1}. This is the anaolgy between Riemann and
Lebesgue integration. In the Riemann case we split the x-axis. In the Lebesgue
case we split the y-axis. Notice that all the machinery so far has delt with giving
sets that arise like Ej a notion of length ( measure ). In this spirit if we wanted to
find an approximate for the integral of f we could just choose a test y-value and
add up that value times the measure of Fj.

7.1. Integration. We can now define integration on simple functions and use the
previous proposition to extend this definition to more general measurable functions.

Definition 7.3. Given a complete space (X, F,n). For a given measurable set E €
F and simple function ¢ =Y ", aixa,, we define [, odp =" a; x p(A; N E).

Now we have an ambiguity of notation, so just as a convienence from here on out
we will use R fab f to denote Riemann interation. Likewise we have an ambiguity
as o could be represented in many different ways. However by finite addativity we
can see that this defintion is invarient under change of representation for .

We have the following computational proposition:

Proposition 7.4. Let (X, F, u) be a measure space and @, simple functions, then

(1) [(ap+b)dp = a [ edp+0b [du

(2) p<v= [du< [¢dp.
Proof. (1) is true as sums are linear. The second is true as when ¢ = > a; x4, and
¥ = 3 bixp, then for any x € A; we must have a set B; such that € B; and
a; < b; which gives the result. //

We will extend our definition using the last proposition in the last section to
non-negative measurable functions.
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Definition 7.5. Let (X, F, u) be a complete space and f a non-negative measure-
able function. Then we define [y fdu = sup < ({ [ edu} where @ is simple.

A note that we could have defined integration of simple functions over non-
complete spaces by [ @du = Y7 | aixa, and [ fdu = sup,<¢{[ ¢du} then define
S g Py = [ ¢ * xpdp. However restricting to complete measure spaces is not
unreasonable. As we can always given a space (X, F, u) then we can construct a
space (X, Fo, po) to be the same set where Fy = FU{A C B|B € F and pu(B) =0}
and defining po to be p on F and 0 on any other set. Then this space is called the
completion.

We should extend our definition a bit more as follows.

Definition 7.6. Let (X, F, u) be a complete space and f measurable function. Then
we can define fT(x) = maz(f(x),0) and f~(z) = max(—f(x),0). Then each are
non-negative measurable and we have f = fT — = likewise |f| = fT + f~. We
can define [, fdp = [, frdp— [, [~ dp

Notice that now we have a notational ambiguity. For [ fdz does this mean a

Riemann integral or a lebesgue integral? We will henceforth denote R f: f(x)dx
for the Riemann integral of f over [a,b].

We now present some basic properties of this integral.

Proposition 7.7. Let (X, F,u) be a complete measure space. Then we have the
following:

(1) 0< f <g for f,g measurable, then [, fdu < [, gdu
(2) If f > 0 and A C B both measurable then fA fdp < fB fdu for measureable

) O'Sf and ¢ < oo then [, cfdp=c [, fdu
4) f(z) =0 then [, fdu=0 for any E € F
)
)

Proof. (1) We have that any simple function ¢ < f gives ¢ < g.

(2) If A C B then for any simple function 0 < ¢ < f then we have [, pdu <
|5 ¢dp by defintion.

(3) Let ¢ < 0o, and ¢ a simple function ¢ < f. Then [}, codu = c [, edp.

(4) Let E € F and f(z) = 0. Then any non-negative simple function ¢ must be
0.

(5) Let f be measurable. Then for any simple function ¢ we have [ @du = 0
as u(E) = 0.

(6) Let a < f(x) < b and p(E) < oo. Then the result holds for any simple
function a < ¢ < b which we can choose by approximation.

//

We must postpone linearity until later as it will require some of the convergence
theorems.

7.2. Bounded measurable functions on (R, M, m). While we don’t need this
section to get to the meat of the integration theory, namely the next section. The
methods here will mostly generalize for complete o—finite spaces.

We start with the following propositon:
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Proposition 7.8. Let E € M be such that m(E) < co. Then a bounded function
f is measurable iff inf j< qulz(x)dx = SUP,< fE o(z)dz for simple functions
and .

Proof. Let f be a bounded function that is measurable, |f| < M. Then for any
n € Nand k € Zlet E,j = {x|w < f(z) < EM} be a partition of the
y-axis. Then each E, j is measurable and »." m(E, ;) = m(E). Now we define
VY, = X350 kxp,, and ¢, = 235" (k—1)xp,,. Then we have that
on < f < ¢, on E and ¥, — p, = TMLXE' This gives the result. Conversly let
f be bounded such that infr<y [ ¢(z)de = sup,<; [ e(x)dr. Then let ¢* =
supp<fon and Y* = infy> i, then ¢* and 1* are both measurable and we have
" < f(z) < ¥*. Let A = {z]p* < ¢*}, and Ay = {z]p* < ¢* — 1}. Then
m(Ag) < £, By letting n increase without bound, we have m(Ay) = 0 for each k
thus m(A) =0, thus f = ¢* a.e. and so f is measurable. //

This common value is of course the lebesgue integral of f. Likewise not the
similarity of this proposition and the definition of Riemann integrals using step
functions. As a matter of fact, All step functions are just specific simple functions.
This restriction is why the lebesgue integral is more general than the Riemann
integral.

Proposition 7.9. Let f be a bounded function on [a,b]. Then f if is Riemann
integrable then it is measurable and Rfab fdx = f; fdx.

Proof. This is clear as simple functions are step functions, so RL f: Jdz <sup,; f: pdx <
infys s de < RU [° fda. //
We can easily show linearity for the bounded measurable functions as follows:

Proposition 7.10. Let f,g be bounded measurable functions and E € M be such
that m(E) < oo. Then [,(f + g)dx = [, fdz + [, gdx.

Proof. Let f < )1, g < 1o where 91 and 1y are simple functions. Then we have
that [(f + g)dz < [L(¢1 + 2)dx = [p¢1dx + [, 12dx. Now we can take the
infimum of the right side to get [,(f + g)dz < [, fdx + [, gdz. Now we can
make the dual argument with ¢; and ¢ simple functions such that ¢; < f and

w2 < g. //

Now we have a ’convergence’ theorem for bounded measurable functions. Theo-
rems of this type are the meat of the integration theory as the results of such tend
to give the closure of integrals under pointwise convergence theorems.

Theorem 7.11. (Bounded Convergence Theorem) Let {f,} be a sequence of mea-
sureable functions such that |fn(z)| < M for eachn and x. Then if {f,} — f, then

S5 fndz — [, fda.

Proof. Given € > 0 we need to choose N such that for each n > N we have
/ 5 (fn — f)dx < e. First we will use Egoroff to obtain uniform convergence except
on a small set. Egoroff gives that we can choose § such that for any set A C F
such that m(A) < ¢ then we can have uniform convergence on E \ A. Given

this set A we can find N such that |f, — f] < smEy o0 E \ A. This gives that

fE\A [(fn — f)ldz < s M(E) = 5. Now which every § we choose, we will have
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m(A) <0 andso [, |fn — fldz < [, 2Mdxz < 2M4. So the nice choice for § < ;5.
Then we would have [, |f, — f|dz < 2M§ < §. Putting this all together for n > N
we have |fE(fn = [)dz| < fE |fn = fldz < fA |fn — fldz + fE\A |fr — fldz <
2M5+ﬁ*m(E)§§+§=e. //

2m
A nice result to mention here is the following theorem.

Theorem 7.12. (Lebesque Theorem) A bounded function f on [a,b] is Riemann
integrable iff [ is continuous almost everywhere

The proof of this theorem is in the exercise section below.

7.3. Convergence Theorems. We now prove the big theorems in the integration
theory. We begin with the following:

Theorem 7.13. (Monotone Convergence) Let (X, F, u) be a space. Let {f,} be a
montone sequence of non-negative measurable functions and {f,} — fu—a.e. Then

[ fdp=lim [ fndu.

Proof. Let (X, F,p) be aspace. Since f, < fn41 we have that [ fodp < [ fri1dp,
we have that lim [ f,dp — o € [0,00]. Now since [ fodp < [ fdu we have that
a < [ fdu. Now let ¢ be a simple function such that ¢ < f. Let ¢ € (0,1).
Let A, = {z|fn(x) > cp(x)}. Since f,(x) increases to f(x) and ¢ < 1 we have
A} C Ay C ..., and JA, = X. Then we have cfAn odp < fAn fndp < [ fndp.
Taking limits with respect to n, we have that a > ¢ [ ¢du. Since ¢ € (0,1) was
arbitrary, we have that [ ¢dp < o. And so taking suprema we find that [ fdu < o
Which gives the result.

We should note we can use the results above for bounded measurable functions
to give a different proof in the case of a o—finite complete measure space.

Proof. Let (X, F, u) be a c—finite complete measure space. Let f be a non-negative
measurable function. Then we can approximate f with a sequence {h,, } of bounded
finitely supported simple functions such that h, < f,. This gives that [ h,du <
J fndp and taking supremums and the Bounded Convergence theorem we have
J fdp < sup [ fndp. Likewise since f, < f we have that [ f,du < [ fdu which
gives that sup [ fhdu < [ fdu, thus [ fdu =sup [ fodp =lim [ f.du. //

Lemma 7.14. (Fatou) Let (X,F,u) be a space. Then for {f,} a sequence of
non-negative measurable functions we have [lim f,, <lim [ f,.

Proof. Let (X,F,u) be a space, let f = limf, = sup,>; infu>rfe. Let g, =
infr>nfr. Then g, is an monotone sequence going to lim fn- So by monotone con-
vergence theorem we have lim [ g,dp = [lim f,du. Now g,, < fi, for k > n, thus
J gndp < [ frdp. Taking infema we have [ g,dp < infr>, [ fedp. Now taking
suprema we have [lim f,du = sup, [ gndp < sup, infi>n [ fedp = lm [ frdu.

//

We should note that these two results are equivalent to one another.

Theorem 7.15. (Monotone Convergence) Let (X,F, 1) be a space. Let {f,} be a
montone sequence of non-negative measurable functions and {f,} — fu—a.e. Then

[ fdp=lim [ fndpu.
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Proof. Let (X, F,u) be a space. Let f,, /' f be a sequence of non-negative mea-
surable functions. Then we have by Fatou that f f <lim f,, and since f,, < f we

have that [ f, < [ fsolim [ f, < [ f, so we have [ f, = [ f. //
Now we can obtain the result:

Proposition 7.16. Given (X, F,u), let f,g be non-negative measurable functions.
Then [,(f +g9)dp = [ fdu+ [, gdp.

Proof. Let (X, F, i) be a space, let ¢, be a simple approximation for f and ,, be
a simple approximation for g. Then we have ¢,, + 1, then we have that ¢,, + ¥, —

f+g thus we have [ fdu+ [ gdu = [ ondp+ [Yndp = [(on+vn)dp = [(f+g)dp
by the Monotone convergence theorem. //

We have the following quick corollary

Corollary 7.17. Given (X, F,u) Then for disjoint measurable sets A, B and mea-
surable function f, we have that [, o f= [, f+ [5f

Proof. We have that xaup = x4 + xp and so fAuBf = [fxaus = [ f(xa +
XB)::inthA+ffXB:fAf+fo //

We now make the following defintion.

Definition 7.18. Given (X,F,u), let f be a measureable function. Then f is
Lebesgue integrable on E € F provided fE fdp < oo.

Integrable functions have many nice properties. For example:

Corollary 7.19. Given (X, F,u), let f be a non-negative integrable function on a
set E € F. Then for each ¢ > 0 there is a 6 > 0 such that for any set u(A) < §
then [, f <e.

Proof. Let (X, F, u) be a space, f non-negative integrable, and let € > 0. Let f,, =
minf,n, then f, is a monotonic sequence going to f. By montone convergence we
have then that lim [, fndp = [, fdu. Therefore we can find N such that [, frdp >
[ fdp—5. Since f is integrable we have then that [, (f, — f)du < §. Then for any
set A C E such that pu(A) < d we have [, fdu= [,(f—fa)dp+ [, fn < §+Nu(A)
so if we need to choose § < 55, then we have [, fdu = [,(f — fa)dp+ [, fn <
sri-e

Corollary 7.20. Let (X, F,pn) be a space, let {f,} be a sequence of non-negative
measurable functions and f =" | fn. Then we have [ fdz =577, [ fodz.

Proof. Let g = 22:1 fn- Then gj, increases monotonically to Y.~ ; f,. Therefore
Soner J fadp=lim [ grdp = [ 3257 fudp. //
Using integrable functions we can get a stronger convergence theorem.

Theorem 7.21. (Lebesgue Dominated Convergence Theorem) Let (X, F,u) be a
space,let {f,} be a sequence of measureable functions such that |f,| < g and g is
integrable. Then if {f,} — fu—a.e. Then we have [ f =lim [ f,.

Proof. Let (X, F, u) be a space. Since |f,| < g we have that (¢ — f,,) > 0. Then we
have a sequence of non-negative functions, we have by Fatou that f gdu — f fdu=

J(g=Fdp <Tim [(g— fn)dp = Tm([ gdp— [ frdp) <Tim [ gdp+lim [(—f,)dp) =
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[ fdp—Tim [ f,dp. This gives that [ gdu— [ fdu < [ gdp —lim [ f,du since g is
integrable we have then that lim [ f,du < [ fdp. Now we have also that g + f, >
0 which gives that this also is a sequence of non-negative functions. Therefore
again by Fatou we have that [gdu + [ fdu = [(g+ f)dp < lim [(g+ fn)dp =
lim(f gdp + [ fadp) < lim [ gdu +Tim [ fudp = [ gdp +lim [ fadp. Then again
since g is integrable we have that [ fdu < lim [ fndp. This gives the result.

//

The same proof using g replaced by the right g, essentially give the following
generalization:

Theorem 7.22. (Lebesque Dominated Convergence Theorem) Let (X,F,u) be a
space,let {fn} be a sequence of measureable functions such that |fn| < g and g,
is integrable. If {fn} — fu—a.e. and {g,} — gp—a.e. Then we have [ gdx =
lim [ gndx = [ fdz =lim [ f,dx.

The following example shows a sequence which does not meet the hypothesis for
Lebesgue Dominated Convergence Theorem.

Example 7.23. Consider (R, M, m). Let f, = nX,1)- Then f, >0 and f, — 0.
However [ fndx =1. However notice that no integrable g that bounds all the f.

Notice also in the previous example that the sequence is decreasing, that is
fn 4 0. This gives that we cannot have a decreasing version of the monotone
convergence theorem without some hypothesis of integrability

8. GENERAL MESAURE

Up to this point we have only been dealing with one fixed measure on a fixed
o—algebra. Now we will consider what kinds of relationships can exists between
different measures on the same o—algebra, specifically when they have the same
measureable sets. For notational purposes we will denote by a (X, F) a set X and
a o—algebra F such that F C X.

We are concenred with the following two relationships.

Definition 8.1. Given two measures A and p on a given o—algebra F on a set X.
Then we say that X is absolutely continuous with respect to p ( written A << p )
provided that for any E € F such that 1(E) = 0 then A(E) = 0. The two measures
are mutually singular provided there exits A, B € F disjoint such that X = AU B
and p(A) = X\(B) = 0. This is written p L A.

In this definition, absolutely continuous essentially says that the one measure A
repsects the sets that don’t matter with respect to u. One can think of this that
A does not try to give validity to any set which p has already disregarded, in this
sense the two are compatible. The other relationship says that neither measure is
positive at the same time, hence both measures leave each other alone.

We will show some examples of these relationships.

Example 8.2. Given a measure space (X, F, 1) and an integrable function f, then
we can form a new measure \(E) = [, fdu on F. We have that X << p.

Example 8.3. Consider (R, M) where M are the lebesgue measureable subsets of
R. Then define u(E N (00,0) = m(E N (00,0)) where m is the regular lebesgue
measure, and A\(E N [0,00)) be the counting measure. Then we have that ;L X.
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The reason we call A << p absolutely continuous is that from above we have for
integrable f then \(E) = [ fdu < € for u(E) < 4.

To fully describe the relationships that can occur in general we will need to
extend our definition of measure slightly and develop some techniques for dealing
with situations when our measures aren’t always positive.

8.1. Signed Measures, Hahn and Jordan Decompositions. Consider the
situtation when we have two measures p, A on the same o—algebra F. Then we
would have naturally that u + A\ is a measure, however what happens when we
consider p — A. Well given the right set this quantity could be negative. Further
we could have some arithemtical problems if either measure measures sets to be
infinite. We can extend our definition of measure slightly to allow for measures to
take on negative values.

Definition 8.4. Consider (X,F). Then we call a set function p: F — [—00, ]
a (signed) measure provided

(1) p omits either oo or —oo.

(2) u(0)=0.

(3) w(UE;) => u(E;) for{E;} C F disjoint and the series > u(E;) converges
absolutely.

The triple (X, F, ) where p is a signed measure is called a signed measure space.
Now for a given signed measure space, we can reference sets in the o—algebra
by how they are measured.

Definition 8.5. Let (X,F,u) be a signed measure space. Then a set A € F is
called positive provided VE C A such that E € F then u(E) > 0. Dually a set is
negative if p(E) <0, and a set is a null set if E is both positive and negative.

We have that measureable subsets of a positive, negative, or null sets are re-
specively so, and likewise so are countable unions. We pause to give some examples
of signed measure spaces.

Example 8.6. Consider X = N and F = p(N). Then define pu(n) = 27" —
#, and extend by taking sums. Consider A = { odd numbers } Then u(A) =

>°27Cn ) = 2 and for B = { even numbers }, then u(B) = —oo.

Naturally many examples can come about by simple subtracting two measures p
and A to obtain a signed measure v = u — X provided one of the measures is finite.
The next couple theorems basically say that this is the only way to obtain signed
measures.

Theorem 8.7. (Hahn) Given a signed measure space (X,F, ) then there is a
positive set A and a disjoint negative set B such that X = AU B.

Proof. Without loss of generality let pu(A) # —oo for any A € F. Let a =

sup  p(A). Then we have that 0 < . Then we can find {A;} a sequence of sets
A€ Fpositive

such that o = lim p(A4;). Let A =|J A;. Then A is positive and p(A4) < o. We have
also that A\ A; C A so u(A\ A4;) > 0. This gives that u(A;) < p(A;)+u(A\ 4;) =
1(A) this gives that pu(A) > o and so u(A) = a. Let B= X\ A. Then if E C B is
positive then o+ p(E) = p(A) + w(E) = p(EU A) < pu(A) = «, so u(E) =0, and
we have that B must be negative. //
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The pair (A, B) given by the theorem is called the Hahn decomposition, and
unfortunately this is not unique. The set E in the proof of the theorem could be
null and so lie in either A or B without affecting the decomposition. We give an
example to illustrate this.

Example 8.8. Let X = {a,b,c,d,e} and F = o(X). Then let f : X — R be
fla) = 1) = ~1 and {(d) = f(e) = 1 and §(0) = 0. Let p(E) = ¥ J(o)
T€

Then  is a signed measure, and we have that both X;” = {c,d,e}, X; = {a,b} and
X5 =1{d,e}, X5 = {a,b,c} are both valid Hahn decompositions.

Given a Hahn decomposition (X+, X7) of a signed measure space (X, F,u)
consider pt(E) = p(FNXT) and pu~ (E) = —p(E N X ™) then we have that both
pT and p~ are measures and p(E) = pT(E) — p~ (E). These two measures are in
fact mutually singular ( u* L g~ ) by definition. We will summarize this in the
following definition.

Definition 8.9. Given a signed measure space (X, F, pn) then we have that the pair
wt and u~ is the unique pair of mutually singular measures such that = u™ — ™
is called the Jordan decomposition.

Now given a signed measure and a Jordan decomposition u and p~ then we
have that g = pu* — u~ however we can construct a related positive measure as
follows.

Definition 8.10. Given a signed measure space (X, F, pu) then we define the total
variation measure |u| given the Jordan decomposition u* and p= as |u| = pt+p~.
Further we define the norm of the measure ||u|| = |p|(X).

In the above example let X;" and X; be the first Hahn decomposition, then
pt(E) = |[ENn{d,e}| and u~(E) = |E N {a,b}|. Then we have that |u| = |[EN
{a,b,d,e,}] and ||u]| = 4.

We may not have uniqueness of Hahn decompositions, however we do have that
measures which 'share’ Hahn decompositions in some fasion must be the same.

Lemma 8.11. Let u,v, A be measures on a pair (X, F) such that u(X) < oo and
v << poand A << u. Then suppose that Voo € R we have v — ap and A — ap have
the same Hahn decompositions. then v = A.

Proof. Va € R let (A,, Ba) be a common Hahn decomposition for v — ap and
A —au. Fix N. Then for k let Eng = B% \B% If C € F, and C C En g
then (v — £4)(C) < 0 < v — E21)(C) so 52 pu(C) < v(C) < £u(C). Likewise
we have 2Lpu(C) < MC) < £u(C). Let Eno = X \UENg, and let C €
F. Then we can write C = [J(C N EnNg) U (CNEN). We have then that
V(Eng) = 5 i(Eng) S MENnk) < v(Eng) + w(Eng) I p(Ex o) = 0 then we
have that V(EnN,c) = 0 = A(EN,c0)- If u(EnN o) then since Ep o is positive for
(v — ap) and (A — anu) for each o we have that v(En ) = AM(EN,). Hence we
have that v(C) — +u(C) < A(C) < v(C) + xu(C). Since pu(C) < co and N was
arbitrary we have that v(C) = A(C) and the lemma is proved. //

8.2. Complex Measures. In this last section we saw some of the extension of
measures into ranges other than RT namely R. One could beg the question of what
does it mean to have a measure with a range of C. We can extend just as we did in
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the case of signed measurs, only now we do not have to worry about co. We make
the following definition

Definition 8.12. Given (X,F), then a set function p : F — C is a complex
measure provided
(1) u(0) = 0.

(2) w(UE;) => u(E;) for{E;} C F disjoint and the series > u(E;) converges
absolutely.

We well call then a triple (X, F,u) a complex measure space provided p is a
complex measure.

Recall now the decompositions for a signed measure space (X, F, 1) and a Hahn
decomposition X and X ~. Then we have that the total variation measure |y| is a
positive measure such that for any measurable E, then |u(E)| = |pT(E)—p~(E)| <
p+(E)+p~ (E) = |u|(E) and further this is the smallest such in the following sense.
Given a positive measure \ that satisfies the same conditions, then we have that for
any set F that E = FNXTUENX". So |u/(ENXT) =p (ENXT) < ANENXT)
and [p/(ENX)=p (ENX") =|p(ENX7)| < AENX7) so we would have
that |u|(E) < A(E). So we note that |u|(E) = |w(ENXT)|+|w(ENX")|. We also
note that EN X and £ N X~ are the maximal way to split £ in the sense that if
we write E = UE; then |u|(E) > > |u(E;)|. Inspired by this we can similarly then
given a complex measure space (X ,F, u), the total variation measure.

Definition 8.13. Given a complex measure space (X, F, i) then the total variation
measure of (v is given by |p|(E) = sup > |u(E;)| where the supremum is taken over
all U Ei =F.

We have then that |u| again satisfies the two conditions afore mentioned. We
have then also that we can define a Jordan decomposition u™ = Z(|u| + p) and
p~ = 2(pul —p) as p=pt —p~ and |p| = pt + p~. This defintion is consistent
with the Jordan composition when p is a finite signed measure.

We can now extend our definition of absolute continuity to complex ( and hence
signed ) measures by saying that for complex measures, A, i then we say A << p
when |A| << |u|. We note that for any complex measure p then p << |u|, that is
to say if |u|(E) = 0 then u(E) = 0.

8.3. Radon-Nikodym. The main result of this section in many ways can be called
the fundemental theorem of measure theory. We will also be able to classify the
relationship between two measures on the same o—algebra.

In the example given above of we obtained an absolutely continuous measure
A given a measure p and a integralbe function f by A(E) = [, fdu. The next
theorem gives that for o—finite spaces, this is the only way that this can happen.

Theorem 8.14. (Radon-Nikodym) Let (X, F,u) be a o—finite positive space and
and let \ be a 3 measure on F such that X << p. Then there is a unique almost
everywhere non-negative function f such that

A(E) = / fdu

3The case of where \ is a complex measure is handled in eloquantly [4], however this proof
went beyond the scope of the course offered this semester, in this case we lose the non-negativite
condition and gain integrability
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Proof. Extending from the finite case to the o—finite case is easy by taking and
X = E, where u(E,) < oo and f =[] faxg, with f, given by the finite case. So
without loss of generality let u(X) < co. Now consider A — au is a signed measure
for each rational a.. Let (A,, Bo) be a Hahn decomposition and take Ay = X and
By = 0. Now B, \ Bg = Bg N Ag, so we have that (A — au)(B, \ Bg) < 0 and
(A= Bu)(Bg \ Ba) > 0, s0if § > « then p(B, \ Bg) = 0. Thus we can find a
p—measurable function f such that f > a p—a.e. on A, and f <o pu— on B,.
Since By = () we may take f to be non-negative. Let v(E) = fE fdu. Now we must
show that A = v. This was solved for us by the previous lemma. //

Here is quick example to show that o—finiteness is important.

Example 8.15. Consider X = {a} and F = p(X). Define u(0) =0 nad p(X) =
00, also define A(0) = 0 and A(0) = 1. Then we have that A << p but A(E) #
S fdu for any f.

We call f the Radon-Nikodym derivative and it is denoted f = [%]. Using this
theorem we will prove the following.

Theorem 8.16. (Lebesgue decomposition) Let (X,F,u) be a o—finite measure
space, and A another o—finite measure on F. Then we can write A = Ay + g
uniquely such that A L p and Ay << p.

Proof. Since p and A\ are both o—finite so is v = p + A, and since g and A\ are
absolutely continuous with respect to v we can find a Radon-Nikodym derivatives
f,g such that u(E) = [, fdv and A(E) = [}, fdv. Let A = {z[f(x) > 0} and
B = {z|f(x) = 0}. Then X = AU B disjointly and if u(B) = 0 then we can
define A\;(E) = AM(E N B). We have that A\;(4) = 0 and so As L pu. Further Let
Aa(E) = MENA) = [, 9dv. Then we have htat X\ = A\, + A,. Given E such that
p(E) = 0 then we have that u(E) = 0= [, fdv or that f must be 0 v—a.e. on E.
Since f > 0 on AN E we have that v(A N E) = 0 which gives that A\(ANE) =0
and finally \,(ANE) =0. //

9. FUNDAMENTAL THEOREM

We will now discuss some generalities of the fundemental theorem of Calculus.
Recall that for a differentiable function f then ff f(x)dx = f(b)— f(a) for Riemann
integration and likewise -L [ f(y)dy = f(x) also for Riemann integrable functions.
We ask the question of when does this notion extend for the lebesgue integral on
(R, M, m).

We first start with some definitions:

Definition 9.1. A collection of intervals {I,,} is said to be a Vitali covering of a
set E ( or a covering of E in the sense of Vitali ), provided E C |JI,, and for each
€ >0 and x € E then we can find I € {I,} such that x € I and I(I) < e.

Lemma 9.2. % Let E be a set such that m*(E) < oo, and {I,} be a Vitali
covering. Then given € > 0 there is a collection {I1,...,In} C {I,} such that

m (E\U_, ;) <e.

4The proof of this lemma is difficult and technical, so it is omited
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9.1. Functions Bounded Variation. We now consider certain but important
class of functions.

Definition 9.3. Let f be a function defined on [a,b]. Then we define:
(1) P = 50 paptition [a,h] St lf (@) = Flaia)]*
(2) N2 = 500 partition [, Srma [F(0) — Flai 1))
(3) To(f) = SUPp partition [a, b] Zz L1 f(@i) = f@i)

We call PY(f) the positive variation, N2(f) the negative variation and T?(f) the
total variation. We have the following:

Definition 9.4. Let f be a function defined on [a,b] then we say that [ is of
bounded variation provided T?(f) < oo.

Consequences of bounded variation are far reaching:

Lemma 9.5. Let f be a function of bounded variation. Then T?(f) = P2(f) +
Ng(f) and f(b) — f(a) = Py(f) — N(f)-

Proof. The first statement is clear since |f(z)| = f(z)* + f(z)~. Now for any

parition P we have that 35 [f(z;) — f(zi-1)]T = S5, f(xl) Flrim)] "+ F(b)—
fla) (write f = fT — f~ and the sum telescopes ). Taking supremums gives

Py(f) = NQ(F) = f(b) = f(a). //

Theorem 9.6. f is a function of bounded variation on [a,b] iff f is the difference
of two monotone functions on [a,b).

Proof. Let f be of bounded variation, and define g(z) = P¥(f) + f(a) and h(z) =
Ng(f). Then g(z) — h(z) = P (f) = N7 (f) + f(a) = f(z) = f(a) + f(a) = f(z).

Likewise g(z) and h(z) are monotone increasing functions. Conversly let f = g— h.
Then for any partition P we have Zle [f(z) = fziz1)] < Zle[g(a:i) —g(zi—1]+
Zle[g(xi) —g(x;i—1] = g(b) — g(a) + h(b) — h(a) < co. Taking supremums we are
done. //

Incidentially we have that f(z) = P?(f)—NZ(f)+ f(a) which are both increasing
functions we will see how important this is in the next section.

9.2. Differentiation. Since not all functions are differentiable, sometimes to ex-
tend results we can talk only about left and right handed derivatives, or since
derivatives are limits, either about the limsup or liminf in place of the derivative.
These quantities are known as derivates:

Definition 9.7. For a function f(x) we have the following:

by T fath)—f(@)

(1) D* f(a) = Tim et

9 D f(z) = T L@—f=h)

(2) D™ f(z) = lim

(3) Dy f(x) = lim LEHh=i@
" )= f )

(4) D_f(z) = lim SD-fle
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We have that Dt f(x) > D, f(z) and D~ f(x) > D_f(x), also we say that f
is differentiable provided d* f(z) = Dy f(z) = D™ f(z) = D_f(x). f has a right
hand derivative when D% f(z) = D,y f(z) and similarly for left hand derivatives.
The following proposition is proved in the homework section:

Proposition 9.8. If f is continuous on [a,b] and one of its derivates is everywhere
non-negative then f is non-decreasing on [a,b].

We have then the first weak generalization of fundemental theorem:

Lemma 9.9. Let f be an monotone differentable a.e. real valued function on
[a,b]. Then its almost everywhere derivative f' is measurable and fab f(x)dm <

f(0) = f(a).

Proof. Let g(z) = f/(z), and go(z) = nlf(x + 1) — f(z)], then {gu(2)} — g.
Redefine f so that f(x) = f(b) for £ > b. Then g, is measurable and since f is

monotone we have g, > 0. Thib gives by Fatou, fbg < hﬁf: gn = limn f:(f(x +

Ly f(a))dm = limn ([0 fdm— [T fdm) = lim(f(b) —n [T fdm < f(b)
f(a). //

This condition is not so restrictive as it can be shown that

Theorem 9.10. Let f be a increasing function on [a,b]. Then f is differentable
a.e. on [a,b].

Proof. We show that f is differentable almost every by showing the the derivates
all agree on the complement of a measure zero set. Without loss of generality
consider Dt f(x) and D_f(z). Let Ey, = {z|DTf(z) > u > v > D_f(x)} for
rational w > v. Then it suffices to show that m*(E,,) = 0. Let ¢ > 0, and
choose a open set O such that mO < m*(E,,) + €. For each z € E,, we can
find a interval [z — h,z] C O such that f(x) — f(z — h) < vh. Then the collection
{lx — h,z]} forms a Vitali covering of E,,. Let I,...,I, € {[x — h,z]} such
that > I(I;) > m*(Ey,,) —e. Then we have that over these intervals we obtain
Zjvzl[f(xj) — flz; — hj)] < ijvzl hj < vm(0) < v(m*(Eyy) +€). Let A =
E,,N Ujvzl I;. Then for each y € A we can find (y,y + k) such that (y,y+k) C I;
for some j and f(y + k) — f(y) > uk. Then {(y,y + k)} is also a Vitali covering.
Therfore we can find J1, ..., Jas such that > [(J;) > m*(E, ,)—2e. Then summing
over these intervals we have M Flyi + k) — Fu) > uX ki > u(m*(By.) — 26).
Each interval J; is contained in some I;, and so if we sum over those intervals
Ji C I; then we have Y f(y; +k;) — f(yi) < f(x;) — f(z; — h;) since { is increasing.
So we have YN, f(x;) — f(a; — hj) > ity f(yi + ki) — f(y:) which gives that
v(m*(Eyy) +€) > u(m*(Ey,,) — 2¢) which gives that vm*(E, ) > um*(E, ).
But we had that u > v so this gives that m*(E, ) = 0, and so f is differentiable

a.e. //

Corollary 9.11. If f is a function of bounded variation on [a,b] then f’ exists
almost everywhere on [a, b).

9.3. Fundemental Theorem of Calculus. So we have some generalization of
the first fundemental theorem. Now we approach the second, namly consider the
function F(x f f(t)dm. We will find that for integrable function the funde-
mental theorem still holds. We will then explore an important class of functions
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in the next section that will give a necessary and sufficent condition for when the
fundemental theorem holds.

Lemma 9.12. Let f be an integrable function on [a,b], then F(z) = [ f(t)dm is
a continuous function of bounded variation on [a,b)

Proof. We know already that the integral is continuous as follows by the monotone
convergence theorem. Let P be a partition of [a,b]. Then Y |F(z;) — F(X;-1) =

ST ffl f(t)ydm| < Zf;i’_l |f(#)|dm = f(f | f(t)|dm so we have T?(F) < f; |f(t)]dm <

i—1

oo as f € L. //

Lemma 9.13. Let f be an integrable function on [a,b], such that f; f@)dm =0
for x € [a,b]. Then f(t) =0 a.e. on [a,b].

Proof. Let E = {z|f(z) > 0}, and m(FE) > 0. We have that ff,/ f= f:l fdm —

f;/ fdm = 0 which gives that for any U C [a,b] open, then [, fdm = 0 which
gives by complements that |’ » fdm for any closed F' C [a,b]. Let € > 0 and 0 such
that m(A) < 6 then [, f < e. Let F be a closed set such that m(E\ F) < §
and so we have that [ f = [, f+ fE\Ff which gives that [, f = fE\Ff and
since m(E \ F') < 6 we have that [, fdm < e. Since € was arbitrary we have that
J f =0 a contradiction. //

We start with the following attempts at generalization

Lemma 9.14. Let f be a bounded measurable function on [a,b], and F(x) =
[ f(t)dm then F'(z) = f(x) a.e. on [a,b]

Proof. First note that F is of bounded variation, and so F’(x) exists a.e. Let

|fl < K. Let f, =n[f(z+ 1) - f(z)] = nff% fdm. Then we have that f, —
F' and |f, < K and so we have that [ f, — [*F’ for each ¢ € [a,b], by the
convergence theorems ( LDCT or Bounded convergence ). This gives then that
JJ(F'(z) — f(x))dm = 0 for each ¢ € [a,b] so F'(z) = f(z)a.e. by the previous
lemma. //

We now extend this to integrable functions.

Theorem 9.15. Let f be integrable on [a,b] and F(z) = F(a) + [ f(t)dm then
F'(z) = f(x) a.e. on [a,b].

Proof. Without loss of generality we have that f > 0. Let f, = mazx(f(z),n)
then f, is bounded and non-negative, so let G,, = f;(f — fn)dm. Then G is
increasing and differentiable almost everywhere such that G/, (z) > 0. Now we have
that F(z) = [ f = [ fo+ [, (f = fa) = [, fa + Gn(x). So we have by the
previous lemma =L [* f, = f, (z) a.e. Now we have F'(z) = f, + G/, (z) a.e. which
gives that F'(x) > f, for each n and thus F'(z) > f a.e. This gives then that

f; F' > fj f = F(b) — F(a) so we have then that F' = f a.e. //
9.4. Absolute Continuity of functions.

Definition 9.16. A function f on [a,b] is said to be absolutly continuous (a.cts)
provided that Ye > 0, 3§ > 0 such that for non-overlapping intervals (may share

endpoints) {(z;,y;)} such that Y | |y; — x| < & then >, [f(yi) — fzi)] <e.
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We note that a.cts functions are uniformly so (Let n = 1 in the above definition
), and we will show that they are of bounded variation, hence differntiable almost
everywhere.

Lemma 9.17. Let f be a.cts on [a,b]. Then f is of bounded variation.

Proof. Let f be a.cts on [a,b]. Let 6 be such that when > | |y; — ;] < & for
{(zi,y:)}, then Y7 | f(yi) — f(z;)] < 1. Then any partition of [a,b] has a re-
finement that can be split into K intervals each of total length less than é where
K = |1+ %2]|. Then we have that T?(f) < K. //

We have as a quick corollary that absolutely continuous functions are differen-
tiable almost everywhere.

Lemma 9.18. Let f be a.cts on [a,b] such that f'(x) =0 a.e., then f is constant.

Proof. Let f be a.cts on [a, b] such that f/(x) = 0 a.e. Let ¢ € [a, b] Then we want ot
have htat f(c) = f(a). Let €, > 0. Define E = {z|f'(x) = 0 for = € (a,c)}. Then
we have that m(E) = ¢ —a. Let I = {[z,xz + h]} be such that [z,z + h] C [a, (],
and |f(x + h) — f(z)] < nxh. Then I is a Vitali cover. Let § be such that
St 1 (yi) = f(xi)| < efor Y1 |y — 4] < 6. By the Vitali lemma we have that
finitely many [z;,y;])7—; such that m(E \ |J;[zi, v5]) < 0, then Y |41 — v < 0.
This gives then that 3 | f(y;) — f(zi)| <13 |yi — @i <n(c—a) and [f(c) — f(a)| =
|22 f@ivr — fua)| + 201 f (i) — f@i)| < e+mlc—a) = f(c) — f(a) = 0. //

We now prove the last version of the fundemental theorem, essentially stating
that the fundemental theorem holds only for a.cts functions.

Theorem 9.19. A function F is an indefinite integral iff it is absolutely continuous.

Proof. If F is an indefinite integral, then it is a.cts by the continuity of the integral.
Conversly let F' be a.cts on [a,b], then F' is of bounded variation and so we can
write F' = Fy — Fy where F, F» are monotone increasing functions. So F’/(z) exists
almost everywhere, and we have that |F'(z)| < F{(z) + F5(z). This gives that
JIF'(z)| < Fi(b) + F(b) — Fi(a) — Fz(a). Let G(z) = [" F'(t)dm then G is a.cts
and F' = G’ a.e. This gives then that F = G + K for some constant K, then
F = [TF'(t)dm. //

In general telling whether or not a function is of bounded variation or not can
be difficult, however functions with bounded derivatives tend to behave very nicely.

Theorem 9.20. Given a function continuous on [a,b] and differentiable on (a,b)
with bounded derivative |f'(z)| < M on (a,b) then f is of bounded variation f is
absolutely continuous

Proof. Naturally bounded variation follows from our function being absolutely con-
tinuous. So we consider Y ., |f(x:) — f(yi)| = >y | f'(ci)]|@i — yi| by the mean
value theorem wher ¢; € (z; — y;). Then we have that Y ., |f(z;) — f(y:)] <
MYz — yi|l. So if we desire Y . |f(x;) — f(yi)] < € then we would take

Zi:l |xz_yz| < ﬁ //
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10. CONVEX FUNCTIONS
We pause to give a all be it short description of a very special class of functions.

Definition 10.1. A function ¢ : (a,b) — R will be called convex provided Vx,y €
(a,b) and 0 < A <1 then p(Ax + (1 — Ny) < Adp(x) + (1 — Np(y).

Graphically we have that a given 0 < A < 1 corresponds to a point a < ¢ < b.
Then the convex property is equivalent to (¢, ¢(t)) lying above the chord connecting
(a,o(a)) and (b, (b)). That is if a < s < t < u < b then we have that

p(t) = ¢(s) _ plu) = @(t)
t—s - u—1

We now will prove two key results about convex functions. The first is a clas-
sification of its continuity and differentiability properties. The second is a key
inequality due to Jensen which will be an important cog in our study of linear
spaces.

Proposition 10.2. Given ¢ a convex function on (a,b), then ¢ is absolutely so on
any closed subinterval, continuous on (a,b) and is differentiable almost everywhere.
Proof. Let [c,d] C (a,b). Then we have that ‘0(52:5(“) < eW=e@ o eb)=v(d)

y—x — b—d

for z,y € [c,d]. Thus we have |p(y) — ¢(x)| < M|z — y|. and so ¢ is absolutely

continuous on [c,d]. Let xy € (a,b). Then we have that %ﬁéwo) is an increasing
function and so must be differentiable hence continuous off set of zero measure.
This gives that the left and right hand limits exists and agree. //

The next proposition is a essential inequality

Proposition 10.3. (Jensen) Let (X,F,u) be a space such that p(X) = 1. Let
v be a convex function on (a,b). Then for any integrable function f such that

a < f(x) < b we have that ([ fdu) < [(p(f))dpu.

Proof. Let a = [ fdpu. Then a < a < b. Let § = sup %. Then we have
a<s<«a
that ¢(s) > ¢(a) + B(s — a) where a < s < b. This gives that for each z € X

we have that ¢(f(z)) — ¢(a) — B(f(x) — a) > 0. Now since ¢ is convex, whence
continuous we have that o(f) is measurable, and so we can integrate to obtain
[o(fdu — [ o(a)du — B(f fdp — ) > 0 which gives that [o(f)du > p(a) =
o([ fdp).

//

We exhibit some of these inequalities, for example e®, log(z), and z? are both
convex functions where p > 1. We have then by Jensen’s inequality that [ el <ell,

Jlog(f) <log([ f)and ([ f)P < [ fP.
11. LP SPACES

We begin our discussion of LP linear spaces by defining a useful arithmetical
relationship.

Definition 11.1. Let p € [1, 00| then a extended real number q such that %Jr% =1
is called a conjugate exponent of p.

This relationship will be fantastically useful. Before we jump into the full de-
scription of LP spaces, we will need one more useful lemma.
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Lemma 11.2. For p € (0,00) and a,b real numbers, then then we have that (a +
b)P < 2P(aP + bP).

Proof. Since a + b < 2max(a,b) we have then that (a 4+ b)? < 2P max(a?, b?) and
so we have that (a + b)? < 2P(aP + bP). //

Now we will describe our space. Fix a space (X, F,u) and a value p € (0, 00).
Then for a given measurable function f we can examine f |f|P. Naturally we can
have this quantity be infinite or finite.

First consider the collection {f| f is measurable and [ |f|? < cc}.

Then we note that for ¢ € R and f, g in the collection then ¢ f and f+g are both in
the collection as [ |f+g[P < [2P(|f|P+]|g|?). This makes the collection a real vector

space. Further we can propose a norm on this collection by ||f|[, = (f |f\pd,u)%.
However if this is to be a norm we had better have ||f||, = 0 and we don’t have
this necessarily as when f =0 p—a.e then [ |f|? = 0. So we make an equivalence
relation f ~ g provided f = g p—a.e. Under this equivalence we do have that
| f]lp gives an honest norm ( we will show this momentarily ), and so we will define:

Definition 11.3. Given a space (X,F,u) we define for p € [1,00) LP(pu) =
{f] [ is measurable and [ |f|P < oo}/ ~ where f ~ g if and only if f =g p—a.e.

In order for this to be a normed linear space we must show that

(W) S +gllp < [1f1lp +lgllp

(2) [Ifllp=0iff f=0

@) lefllp = lelll A1l
We have already shown that ||f||, = 0 iff f = 0 where this equivalence is up to
p—a.e. as described. We will show the other two properties later.

First we will introduce a very realted normed linear space. In order to do this

we will talk about functions being bounded almost everywhere and we will denote
the smallest such bound by the following definition

Definition 11.4. For a given space (X, F,u) and a u—measurable function. Then
we define |[flo = inf(Mp(t|f(t) > M) = 0) that is |[flloc — inf(M]|f| < M i~
a.e.). We will call || f]|oo the essential supremum (or ess sup ) of f, and if || f]loo <
oo then we will call f essentially bounded.

Notice that the space L' is exactly the space of u—integrable functions. We
can also construct then the linear space L™ = {f|||f|lcc < 00}, under the same
equivalence as before.

Now we will begin working through the details of showing that the L? spaces (
here p € [1,00]) are normed linear spaces. This structure will allow use to discuse
convergence of sequences in LP and duality. We will gain some useful inequalities
for estimating the size of integrals when dealing with functions in a particular LP.

Lemma 11.5. (Young) For given real numbers «, 3 > 0 then we have that aff <
O‘?p + %q where p € (1,00) and q is the conjugate. Equality happends when of = (9.

Proof. If a = 0 or § = 0 then we are done, so assume o« > 0 and 3 > 0. Let

p(t) = %J + % — at, for t > 0. Now we will minimize ¢(t). We differentiate

¢'(t) =111 —a and ¢"(t) = (¢ —1)t{g—2) > 0 for t > 0 so our function is convex.

Next we find the minimum by finding the root a7 to our first derivative. Now

4

since %—i—% = 1 we have that p4+¢q = pq and qfll =g sowe have that @1 then since
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Paq
1 P a Pyq P P Pyq 1 1 ptgq Pq
go(aq—l):%+o‘T—aq+ :%"‘%—Oéq-i_ :ap(5+5)—0£ e =aP—aa :0,

hence we have a minimal value for ¢(¢) of 0, which gives that O‘Tf) + % > at.

Likewise we attain our minimum at aa=T = o« = 3 which gives equivalence when

af = pi. //
Next we prove an estimate theorem for integrals.

Proposition 11.6. (Hélder) For a given space (X,F,u), let p,q be conjugate
indicies. Then for f € LP and g [ LY such that f,g > 0, then we have that

f [fgldp < ||fllpllgllq, and equality iff c|f|? = d|g|? for some c,d € R.

Proof. if p =1 and ¢ = oo then we are done, so assume that p € (1,00). If either
l|fllp = 0 or ||g|lg = O then either f =0 p—ae org =0 p—a.e and so we
would have fg =0 p—a.e. and [ |fg|du = 0, and the inequality is true. So now
assume ||f||, # 0 and ||g||; # 0. Now, consider fo = W and gg = m. Then

for each « we have that |fo(z)||go(z)| < L@l w by Young’s inequality.

= p
Integrating we have [ |fogoldp < f@ + [ +% = 1.

L d
Now this gives that [ |fogoldu = H&I‘IJ;}%
have equivalence when Young’s inequality is equality which gives that we would

have | fo(z)||go(2)| = W + 190 which again by Young’s lemma occurs when
[ fo()|P = lgo(x)[? which happens when |[g|[q[f[" = [ f||plg]?- //

lgol® _ [lfollp + llgoll§ _ 1
q P q P

< 1 and the inequality is solved. We

We now give the final basic inequality for the LP spaces.

Proposition 11.7. (Minkowski) For a given space (X, F,u), let f,g € LP(u) for
p € [1,00]. Then |[f + gllp < [|fllp + llg]lp-

Proof. We have that for p = 1 this is the triangle inequality and for p = co we
can take the larger essential sup and we would be done, so assume p € (1,00).
Now without loss of generality assume [|f + g[|, # 0. Then [|f +g|[} = [|f +
glP = [1f +gllf + P~ < [IFIf + 9P~ +lgl(f +glP=") = [IFIf + 9P~ +
Jlgl(lf + g|P~"). Now let g be the conjugate index of p. By lemma we have
that |f + g|P < 2P(|f]” + |g|*) and so since f,g € LP we have that f + g € LP.
Then we have that (p — 1)g = pg— g = p and so [|f +g|® V" = [|f +gP <
2°([1fIP + [|g|P) < co and so we have that |f 4+ g[P~' € L9(u) hence we can use

Halder to obatain |1/ +g13 < J 1/1(1f +~ + [ 1l(1f +9lP™) < (J 17P)? (If +
A0+ (1a7)F [(F +91%70)F = (Ul + lall ) (S 1F + i) = (171 +
lallo ) (1 + a3 = Ul + gl ) (1 + a7 = (Ul + llall)(1F + ).

g [lf+gllp
So we have that |[f + g[f < ([[fllp + [lgllp)(Ilf + gllp) or " Hg <A1l +Mlgllp
+gllp
P [ f+glly p—2 . S
and since —% = ||f +gllp * =||f + gl|p so the inequality is solved. //
f+alls

The fruit of this is that we have for p € [1, 00) then

(W) {1 +gllo < [If1l» + 9l
) [Ifll,=0iff f =0
@) lleflly = lelllf1ly
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. (1) is just the last inequality, (2) we showed earlier and (3) is true ( [ |¢||f|? =
lc| [|fP) and so we have that L? is a normed linear space. Hence we can now
discuss attributes of this.

Now since the space LP is a normed linear space, it makes sense to talk about
convergence in this norm, that is f,, — f in mean of order p provided || f, — f||, — 0.
It is fortuitus that our space is actually complete with respect to this norm. To
prove this we use the following lemma.

Lemma 11.8. A normed linear space X is complete if and only if ever absolutely
summable series is summable

Proof. Let X be a complete normed linear space. Then given a absolutely summable
series > f, such that > [|fn|]] = M < oo. Let s, = >, fn be the partial
sum. Now we can for any € > 0 we can find N such that for Vn > N such that
Sy lfall < € Sofor n>m > N then |[s—smll = | S0, £ill < X0, 1fill <
S n IIfill < €. Since our sequence is cauchy and in our complete space must
converge.

Now assume absolutely summable series is summable. Let {f,} be any Cauchy.
Then for each k we can find ny, such that || f,, — fm|| < 27F for n,m > n,. Without
loss of generality choose ng < ngi1 < .... Then {f,,} is a subsequence. Let
g1 = fn, and g = fn, — fn,_, for & > 1. Then we get a sequence {gr} whose
such that Zle gk = Zle Frn = Frnoy = frp- So |lgr|| = 275+ for k > 1 and so
Sllgkll = llgull + 2275 = ||g1]| + 1. So the series Y g is absolutely summable
and so we can find f such that f,, — f. Now since f,, is cauchy so let e > 0 and
let N |[fn — fm|l < § for n,m > N. Since f,, — f then there is K such that for
k > K, we have ||f,, — f|| < e€2. Let k be such that k¥ > K and ny > N. Then

an_fH < an_fnkH"'ank —fll < %"‘%Zesofn_’f- //
Now we will use this to show that LP is complete.
Theorem 11.9. (Riesz-Fischer) L is complete.

Proof. 1t suffices to show that any absolutely summable series in LP is summable.
Give Y 72 frx such that {fx} C LP, and > po, ||fxll, = M < oo, then we will
show that .77, fx = g € LP is summable. Consider h, = >.;_, |fx]. Let h
be a measurable function such that h, — h p—a.e. We have that ||hy||, <
> het | fellp < M by Minkowski’s inequality. This gives then that ||k, ||} = [ hE <
MP and so we have [ h? < MP which gives that h is finite p—a.e. Where h(z) < oo
we have that g(z) = >"; fe(x). Since Y 7o fi is absolutely summable we have
that > po |fe(x)| < oo and so we have that > .~ fx(z) is a real number. Let
g(z) = 0 where h(z) = co. Now let g, = Y r,, then we have that |g,| < |h,| < h
which gives that |g| < h and so g € LP. Now we have that g, /g p—a.e., and
since |g, — g|P < 2Pt g|P we have that [|g, — g|? — 0 by dominated convergence,
and so Y-, fx = g is summable, whence L? is complete. //

Now that we have convergence in LP we have the following fantastic equivalence.

Proposition 11.10. Let (X, F,u), and consider LP(u). Then given a sequence
{fn} C LP(n) such that f,, — f € LP(u). Then we have that ||fn|lp, — |Ifllp iff
fn = fllp = 0.

Proof. Since [|f + gll, < [|fllp + [lgllp, we have that [[f — gll, < [[f[l, — llgllp
then given that ||f, — f||, — 0 we have then that ||f.||, — || fllp < ||fn — fllp —
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0. Conversly assume ||f||, — ||f|l,- Consider g, = |f, — f|P. Then g, — 0.
Likewise g, < 2P(|fn|? + |f|P) = hn. Then we have that h, — 2PT1|f|P. Likewise
S o =2P([|ful?+ [|f|P) — 2PFL|f|P = [ h by hypothesis. Therefore by lebesgue
dominated covergence theorem [ g, = [g= [0=0. //

One powerful aspect about LP functions is that they are easily approximated.

Proposition 11.11. For (X, F, u) a space, then Simple functions and continuous
functions of compact support are dense in LP(u).

Proof. Given (X, F,u) a space, and f € LP, then we have a sequence ,, of simple
functions such that lim ¢,, = f, and ¢,, < f. Since f € LP this gives that ¢, € LP,
and |, — f|P = |f — @al? < | f|? we have that |lon — fll, = ([ lon — fI?)7 — 0 by
the dominated convergence theorem, thus simple functions are dense in LP. Given a
continuous function g with compact support, then given € > 0 we can find a simple
function ¢ such that for F = {x|g # ¢} we have u(F) < € and |g| < . This gives

1 1 1
that [lg—ll, = ([lg=0")7 = (Jg lg=ol"+ [ge lg =07 < ([ lgl+lelle))” =
L(E))?2||¢||oc = €7 2]|¢]|oo, since € was arbitrary the result follows. //

Fixing a space (X, F,u), One may ask the natural question as to when given a
function f in LP(u) can we say that f € L" for p < r or r < p. The solution tends
to lend itself well to picture. Fixing f € L? lowering the power brings our function
closer to the constant function 1. This would imply that if we would like f € L"
then we would need 1 to be integrable, hence a finite space. To get the opposite
direction, we note that any spot where our function is blowing up will only blow
up more, hence we need these uncontrolled blow ups to happen on a negligable set,
hence we need our functions to be essentially bounded. We present this as follows:

Proposition 11.12. Given (X,F,u), then for f € LP we have that f € L" for
r < p provided pu(X) < co and we have that LP N L C L" for r > p.

Proof. Fix a finite space (X,F,u), and f € LP. Then for » < p we have that
f |fl"dp = ff<1 |fI"dp + fle |fIrdp < ff<1 Ldp + fle |f[Pdp < oo, s0 f €L
Now given any space (X, F, i), we have that for f € LP N L then for p < r we
have that f |flrdp = ff<1 |fI"dp+ ff21 |fl"dp < ff<1 | fIPdp+ fle [ f[l5edr < o0
as f € p gives that ff>1 ldu < ff>1 |fIPdu < oo since fP € L*. This concludes the
result. - - //

After one has some idea about the nature of a linear space, one way to study the
space further is to understand the linear functionals on the space (i.e., for a real
vector space X these are the maps F' : X — R). These maps algebraically form
what is called the dual space X™*. Let us see what some bounded linear functionals
look like on LP. Given a function in LY where ¢ is the conjugate index to p, we
can form F : LP — R by F(f) = [ fgdp, which would be bounded by Hélder’s
inequality. We have then that this is a bounded linear functional. We can estimate
size of a bounded linear functional as follows:

Definition 11.13. Given a space (X,F,p) and a bounded linear functional F :

LP () — R then we define the norm of F to be ||F|| = sup |F(f)| = sup |F(f)|.
ferr fllp=1

Alternatively we could have defined our norm || F|| = fian {M||F(f)] < M||fllp}
cLp

It is convenient to note that for a bounded linear functional then F' is libschitz,



30 LANCE MILLER

uniformially continuous, and continuous exactly when it is continuous at a partic-
ular point. We have the following lemma to give some continuity conditions on our
function.

Lemma 11.14. Let F be a bounded linear functional. Then F is continuous

Proof. We have that it suffices to show continuity at one point. For € > 0 let

F F(
[1£]lp < 2L then we have that || F(f)|| = EUlell < M- = c. //

It turns out that LP spaces have very nice duals, namely L? where ¢ is the
conjugate index for p. This result is called the Reisz Representation theorem.

Theorem 11.15. (Reisz) Let (X, F, u) be a o— finite measure space and p € [1,00).
Let F be a bounded linear functional on LP(n). Then there is a unique element
g € LY where q is the conjugate index for p such that F(f) = [ fgdu. Also we have

IET = llgllq-

Proof. First consider u(X) < oo. Then we have that for any measurable E, xgp € LP
for any p. We can then define A(E) = F(xg). Given E = |JE, all disjoint
measurable, then we have htat A(U E.) = F(xyg,) = FQ_xe,) = 2 F(xE,) =
A(Ey). Further if we let f = > (sgn(F(xE,))XE,, then > [A(Ey)| = F(f) < 0o so
the sum is absolutely convergent and we have that A is a signed measure. Now by
the Radon-Nikodym theorem we have that A(E) = || 5 9dp and since A is finite we

have that g is integrable. Further we have that g € L1 since ||I|7 o)l < ||F|| which
gives that |F(¢)| < ||¢|lp||F]|. Now we will show that g is in Lq We can ﬁnd a

sequence @, /" \g|q Let ¢, = (sgng)d)n. Then we have that ||¢y|], = fcpnd,u
Now @n = ln? 75 = [thnllnl® < [@allgl. So we have that [ gudu < [ vngdp <
E|Ynllp = M([ gondu)% so this gives that by Monotone Convergence [ |g|9du =
[ pndp < M4, thus g € Lq( ). Let G(f) = [ fgdu. Then G — F is a bounded
linear functlonal and F(¢) = [ @gdu for any simple function ¢ by linearity, so we
have (F — G)(¢) = 0 for simple functions. This gives that (F' — G)(f) = 0 for
f € L? by lemma. Finally we have that ||F|| = ||G|| = ||g]lq-

Now to extend our proof to the o —finite case. Let { X} be an increasing sequence
of measurable sets of finite measure whose union is X. Then for each n we can find
gn € L7 non-negative such that g,, vanishes outside X,,, and F(f) = [ fgndu.
We have also that ||gn|l < ||F]||. Let g(z) = gn(x) for x € X,,. Since the g,’s
are almost unique, that is gn41(z) = gn(x) p—a.e, then g is well defined and we
have that by the monotone convergence theorem [ |g|%dp = lim [ |g,|%dp < ||F]|.
Let f € L? and f, = fxx,. Then fg € L' by Holder and since |f,g| < |fg| we
have that [ fgdp = lim [ fogdp = lim [ f,g,dp = lim F(f,,) = F(f) by Lebesgue
dominated convergence. //

We provide a counter example to show that o—finiteness is needed for p = 1.

Example 11 16. Let X = {a} and F = p(X). Let p(0) = 0 and p(X) = oc.
Then LY () = {f =0} and L>®(u) = R = {f = a} s0 ||f|lec = ||, and for any
linear functwnal F we have 0 = F(f) but for any g € L then [ fgdu = oo # 0

One can also show that the o—finiteness is not needed for p > 1.
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12. MODES OF CONVERGENCE

This section deals with differing ideas of convergence and how they related to
one another. We have the following modes that will be considered:

Definition 12.1. Given a space (X, F, 1) and a sequence {f,} of functions. Then
we say that:

(1) {fn} — fu—almost everywhere provided u({z|fn(x) does not converge to f(x)}) =
0

(2) {fn} — f Almost uniform provided Ye > 0 there is a set A such that
w(A) <€ and {fn} converges uniformly to f on A°.

(3) {fn} — f in measure provided Ve > 0 we have that p({z| |fn(z) — f(x)] >
€}) — 0 as n — oc.

(4) {fu} — f in mean of order p provided [ |f, — f|P — 0 as n — oco.

We will for convenience denote these modes by the abbreviations AE for y—almost
everywhwere, AU for almost uniform, M for measure and LP for mean of order p.
The question that will be asked now is when and under what circumstances does
convergence in one mode imply convergence in the others. We will find that there
are three basic hypotheses to cover and that each direction will be treated.

12.1. General Case. For the general case we have the following diagram?® describ-
ing the results:
AE<—AU
AY 7 A
N 7
| RS l
(4 N
LP—M
In the diagram a solid arrow means convergence in the first mode gives converence
in the second mode. A dotted arrow means that convergence in the first mode
gives a subsequence that convergence in second mode. A lack of arrow shows that a
counter example can be constructed. Note that arrows which follow by transitivity
are also shown.
To prove this siutation we show the following directions, AU — M, AU — AE,
M — LP, and that converging in M gives a subsequence which converges AU. The
last result is known as Riesz lemma.

Lemma 12.2. Given a space (X,F,u), Given a sequence {fn} which converges
almost uniform, then it also converges p—a.e.

Proof. Let (X, F,u) a space and {f,} a sequence which converges almost uniform
to f. Then Vk € N we have a set Ay such that u(Ay) < ¢ such that {f,} converges
uniformly to f on Af. Let A = () Ag. Then u(A) =0 and for each x € A° = J A§
then « € A§ for some k which gives that {f,,} converges uniformly on Af, whence
pointwise to f. Thus {f,} converges u—a.e. //

Lemma 12.3. Given a space (X,F,u), Given a sequence {f,} which converges
almost uniform , then it also converges in Measure.

Proof. Let (X, F,u) a space and {f,} a sequence which converges almost uniform
to f. Then we have that V§ > 0 we can find Ay such that {f,} converges uniformly
on A§ and p(As) < 4. This gives that Ve > 0 there is an N such that Vn > N we

5The latex for these diagrams were provided by Will Dicharry
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have |f,.(x) — f(x)] < ¢, thus p({z| |fu(z) — f(z)] > €}) < u(As) < §. Therefore
{fn} converges in meausure to f. //

Lemma 12.4. Given a space (X, F,u), Given a sequence {f,} that converges in
mean of order p then it converges in measure.

Proof. Let (X,F,u) be a space, and {f,} be a sequence which converges in mean
of order p. Given € > 0 let E,, = {z| |fn(z) — f(z)| > €} then we can write
w(Ey) = fEn 1dp. We have also that |f,(x) — f(z)| > € = |fu(x) — f(x)|P > €.
Then u(Ea) = [y @ <[5 1fal@) = F@P < [ |falz) = F(z)? — 0 as n — oo,
therefore we have that e?u(E,) — 0 as n — oo which gives that u(F,) — 0 as
n — 0. //

Lemma 12.5. Given a space (X, F, u), then given a sequence { f,} which converges
in Measure, then there is a subsquence {fn, } such that converges almost uniform.

Proof. Given a space (X,F,u) and {f,} a sequence which converges in measure.
Then Vk € N we have that for E, = {z| |f.(z) — f(z)] > £} then u(E,) — 0
as n — oo. Choose ng such that Vn > n; we have u(E,) < 27%. Now let
Ap ={z| |fo.(x) — f(@)| > £} and let G; = Ur; Ak. Then for z € G§ = x € Aj
for k > j. This gives that |fn, () — f(z)| < 4 for k > j. Now let G = NG;.
Then we have u(G) < u(Gy) < 3.2, u(Ag) = Y02 ;27% = 279F for each j which
gives that u(G) = 0. Now for = ¢ G we have = ¢ G, for each j which gives that
| frn () = f(x)| < & for each k. Let € > 0, choose k such that ; < e. Then we have
for x ¢ G we have for n; > ny, then |f,, (z) — f(z)| < + < e. Since ny, did not
depend on = we have that the convergence is almost uniform. //

We have the following examples which offer counter examples for the rest of the
directions.

Example 12.6. Consider (R, M, m). Let fn, = X{nnt1)- Then we have that f, —
0, however E, = {z| |fu(z) — f(z)| > 3} = [n,n+ 1] and so m([n,n + 1]) =
1Vn. This gives that convergence p—a.e. does not give convergence in measure and
by transitivity we have that convergence pu—a.e. cannot give convergence almost
uniform.

Example 12.7. Consider ([0,00), M,m). Let f, = nxy 2y Then again we have
that f, — 0. However given € > 0 choose N such that % < N. Let A=10,2]. Then
m(A) = % < e. Now for any v € A° we have that x > % > 2 forn > N. Thus we
have that for n > N and x € A then |f,(x)| = 0. This gives that the convergence
is almost uniform. However consider [ |f[P = fnpx[%%] = nP - % =nrl >1
for p > 1. This gives that almost uniform convergence does not give convergence
in mean of order p. Likewise by transitivity we also cannot have convergence in
measure giving convergence in mean of order p nor convergence p—a.e. giving
convergence in mean of order p.

Example 12.8. Consider (R, M, m). Let {I,} be a enumeration of subintervals of
the unit interval by: I, = [0,1], 1, = [0,3],I; = [3,1], I3 = [0, %],14 = [%, %]715 =
[%, 1],.... Let fn = x1,. Then we have that f, does not converge p—a.e. However
forn > w we have that [ f, < % which gives that { f,,} does converge in mean

or order p to f = 0. Thus convergence in mean of order p does not give convergence
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p—a.e. This gives that by transitivity we have that convergence in measure cannot
give convergence pi—a.e., convergence in measure cannot give convergence almost
uniform, and that convergence in mean or order p cannot give convergence almost
uniform.

12.2. Finite Case. The finite case handels the added hypothesis when u(X) < oc.
This adds the implications AE — AU and AE — M. The latter implication follows
transitivly from the first. The first implications was proved above as Egoroff’s
theorem. We obtain the following diagram as a result:
AE=——AU

A Y 7 A

> l

I S
LP—M

12.3. Dominated Case. This case assumes the hypothesis that |f,| < g where
g € LP. In this case we can prove a version of Egoroff’s theorem even though the
space. Likewise we will show the implication M — LP which will give AE — LP
and AU — LP by transitivity. So we have the following diagram as a result:

AE =—— AU

A 7, A
N

|l 3 i

1Y~ S

LP=——M

Lemma 12.9. Let be a space (X, F,u), and a sequence {f,} such that |fn] < g
for g€ LP. Then if {fn} converges p—a.e. then it also converges almost unifrom.

Proof. Given a space (X, F,u), and a sequence {f,} such that |f,| < g for g € L?
and {f,} converges u—a.e. Let €,0 > 0. Let A; be the set of z € X such that
{fn(z)} does not converge to f. Then p(A;) =0. Now let G, = {z ¢ A1] |fr(x) —
f(x)] > €}. Let By, = Jy>,, Gk- Then X D E; D Ey O .... Likewise u(E;) < oo
as By = {z| |fu(x) — f(x)] > € for some k} C {z] 2|g(x)| > €} = {z] 2P|g(x)|P >
e’} < oo since g € LP. Further (N, E, = 0 since f, — fp—a.e. Then we have
that lim p(F,) = p(()FEn) = 0. Thus we can find N large enough such that
w(Ex) < 6 and Vn > N we have |f,(x) — f(x)| < € by definition. Vk € N let
€ = % and 6 = 27Fn. Use the previous argument to choose sets Aj and numbers
Ny, such that p(Ag) < 6 and Vn > Nj, we have |f,(x) — f(z)| < e on Af. Let
A ={JAk. Then pu(A) <> 27%n =n. Let € > 0. Choose k such that ¢ < ¢, then
Vz € A° C Af and n > Ny, we have |f,(z) — f(z)| < + <. //

Lemma 12.10. Let be a space (X, F, ), and a sequence {f,} such that |fn| < g
for g € LP. Then if {fn} converges in measure, then it converges in LP.

Proof. Given a space (X, F, u), and a sequence {f,} such that |f,| < g for g € L?
and {f,} converges in measure. Suppose { f,,} does not converge in mean of order p.
Then there is a € > 0 such that for each n we can find ny such that [|f,, — f|? >
€. Without loss of generality we have n; < ny < .... Then we have also that
{fn.} also converges in measure, so there is a subsequence {k;} such that { fnkj}
converges almost uniform, whence almost everywhere to a function f € LP since
L? is complete. Then we have that [ P = lim [ f,’l’kj by the Lebesgue Dominated

Convergence Theorem. Now let g, = |fnk,j — fIP. Then g; — Op—a.e. Let h; =
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2°(|fuy, [P + [fIP) and h = 2P fIP, then we have that h; — h and [h; — [h
since [ | o, [P — [|f|P. This gives then by the Lebesgue Dominated Convergence
Theorem and the fact that lg;] < hy, that [ [fu, = fIP = Jg; — [g=0. This is
a contradiction.

//

Note that each of the three examples above discounts a specific set of arrows.
The first one removes exactly the arrows that are added in by the Finite case. The
second one and the first removes the arrows that are added in by the Dominated
case ( because you basically pick up the Finite case from the Dominated case ).
The final example is never removed and this elimenates the arrows that are not in
the final diagram, essentially that Reisz lemma is the best transfer of convergence
upward in the diagram.

13. PRODUCT MEASURES

Consider two complete spaces (X, A, 1) and (Y, B, ). Then we wish to define a
measure space on the product (X xY'). We first wish to define our measurable sets.
Naturally we would like any set of the form A x B where A € A and B € B to be
measurable. Consider R = {A x B|A € A, B € B}. We wish to define A : R — R*®
such that A(A x B) = u(A)v(B).

Lemma 13.1. Let {A; x B;} C R such that |JA; x B, = A x B € R Then

Consider R’ = { finite disjoint unions of sets in R }. Then we have that R’ is a
algebra and we can extend define A (E) = [{>° A(R;)|R; € R' and E C |JR;}.
The we have a similar ’outer measure’ as we did in our constructlon of the lebesgue
measure, and similarly to this © we have a measure y x v on the measureable subsets
of R'.

In order to prove the following theorems about integration on product spaces,
we need the following lemma.

Theorem 13.2. (Fubini) Given (X, A,u) and (Y,B,v) two complete spaces and
f(z,y) a (u x v)—integrable function. Then
(1) For almost all z, f.(y) = f(x,y) is v—integrable
(2) For almost ally, f¥(x) = f(x,y) is u—integrable
(3) [y flz,y)dv is a p—integrable function
(4) fX x,y)du is a v—integrable functzon
) Jx fyfdydﬂ—fXfod pxv) = [ylfy fduldv

Likewise we can gain a similar theorem if we restrict our spaces and weaken the
condition on f.

Theorem 13.3. (Tonelli) Given (X, A, u) and (Y,B,v) two complete o—finite
spaces and f(x,y) a (u X v)—measurable function. Then

(1) For almost all z, f.(y) = f(x,y) is v—measureable

(2) For almost ally, fY(x) = f(x,y) is p—measureable

(3) [y f(z,y)dv is a p—measureable function

(4) fX z,y)du is a v—measureable function

6the proof of extensions is contained in (3], and has been omited due to time
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5) fx[fy fdvldp = fXxY fd(pxv)= fy[fx fduldv

We will now use these theorems to discuss an important technique. We will
define the convolution of two functions as follows:

Definition 13.4. Given the space (R, M, m) and two functions f,g such that f €
L' and g € L N L' then we define for x € R the function (f x g)( fR

y)g(z)dy.

We note that for a given x the convolution (f x ¢g)(x) is the area intersecting the
two curves f(t — x) and g(¢), weighted by the fuction g. We have one very nice
property about convolution, and we will show how convolution can be used to solve
seemingly unrelated problems.

Proposition 13.5. On (R, M, m) then for two functions f, g such that f € L' and
g € L™ N L' convolution f % g is continuous

Proof. Let zp € R. Then We will to show that for [t| < 6 we have |fxg(zo+1t)— f*
g(xo)| = | [ f(wo+t—y)g(y)dy— [ f(zo—y)g(y)dy| < [ lg(w)I|f(zo+t—y)— f(xo—
y)|dy. Given e > 0, then we can find a continuous function ¢ with compact support
[a, b] such that [ |f—¢| < 3H9H . Since ¢ is continuous on [a, b] it is uniformilly so,
and we can choose ¢ such that when |r —s| < & we have [f(r) — f(s)| < s5=5m7=

We would then have for [t| < d, that | fxg(zo+t)— f*g(xo)| < [ |g(y)||f(xo+t—y)—
fxo—y)ldy = [|gW)||f(zot+t—y)—p(rot+t—y)+p(ro+t—y)—p(zo—y)+@(T0—y)+
fxo—y)ldy < [1gW)||f(zo+t—y)— 90(500+t*y)|+f: lo(zo+t—y)—p(xo—y)|dy+
[ ¢(0—9)+ £ wo—)ldy < llglloo 375+ I9llo0 7 omiror=dy+llglloogrine <
/!

We can use this to show the following;:

Proposition 13.6. Given sets E, F such that m(E) > 0 and m(F) > 0 then we
have that E + F contains an interval.

Proof. First consider xg*xp. If either m(E) = oo or m(F') = oo then choose finite
subsets of them, so without loss of generality m(E) < oo and m(F) < oco. This
gives that both xg and xr are integrable and essentially bounded. We have that
Jx xexxrde = [y [ xe(z—y)xr(y)dyde = [, [y xe(x—y)xr(y)dedy by Fubini.
We have also that [ xgxxrde = [ [y xe(@—y)xr(y)dzdy = [, xr(y) [y xe(z—
y)dedy = [, xr(y)m(E)dy = m(E)m(F) > 0, so since [y xp *x xpdz > 0 we
have that xg * x# > 0 at some point, say xg. Since convolution is continuous
we must have that xg * xp > 0 on some interval (a,b). For any t € (a,b) since
xe*xr(t) = [ xe(t—y)xr(y)dy > 0 we have that xg(t —y)xr(y) > 0 for some y.
This condltlon gives that y € F and t—y € F which says thatt =t—y+y € E+F,
hence (a,b) C E+ F. //
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14. ASSIGNMENTS

Homework assignments were composed of problems that were to be graded and
problems that were not required. I will list the problems ( almost all out of [3],
the complement being a set of measure zero ), by bolding the problems that were
assigned.

Assignment 0

Let f = goh where h is a Riemann integrable function on [a, b], h([a,b]) C [s,],
and g is continuous on [s,¢]. Then f is Riemann integrable.

Proof. Since [s,t] is compact we know that g attains its maximum value on the
interval [s, ], so let M = sup,c(s4|9(x)|. Let € > 0. We seek a partition P of [a, ]
so that Us(P) — Ls(P) < e. Since g is continuous on a compact set, it is uniformly
so, thus we can ﬁnd a § so that for any y,z € [s,t] such that if |y — z| < §, then
lg(y) —g(2)| < 0=y ay- Now since h is Riemann integrable we can find a partition
P ={xo,x1,...,xn} of [a,b] so that 3¢ iar ) —mu(ny>sy < 737~ Then we consider
the difference Uf(P) — L§(P) = >0 Mi(f) — my(f)Axy. We split this sum
into two categories. Let k € G if My(h) — mg(h) < 0 and k € B otherwise. For
2ikee Mif) — mi(f)Axg we have that My (h) — my(h) < 6 = Mi(f) —mx(f) <
2(b =ay- Thus ZkeG My (f)—mi(f)Dag < mzkeG Az < ﬁ*(b—a) =Z.
For ), cp My (f) — mi(f)Axy, we know that at worst My (f) — mp(f) < 2M, so
we have that ), 5 Mp(f) — mi(f)Axr < 2M )7, 5 Axy, but by our choice of
partition ), . p Az < 557 so we have >0, p My (f) — mp(f)Azy < 2M x 57 =
5. Thus Up(P) — Ly(P) = 375 Mi(f) — mu(f) Dz = Xyeq My — mulzy, +
> wen My — mpAxy, < 5+ 5 = € which shows that f is Riemann integrable over

[a, b]. //
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Assignment 1

Problems 19/20, 58/5, 58/6

1) Let C' be a nonempty family of subsets of X, and let 2 bethe algebra of
subsets of X generated by C. Let ¢g = C. Let C* = {X \ A|A € C'}. Then define
g1 =CUC*. Let g9 = {Alﬂ...ﬂAn|Aj € 61}, and g3 = {Al U...UAm|Ak S 82}.
We have that C =¢¢ C g1 C g9 C g3 C 2. We now show that e5 = 2.

Proof. We show that 2 C e3 by showing that €3 is an algebra containing C' and is
contained in any other algebra containing C.

However first we show that €3 is an algebra. Let A;U...UA, and By U...UB,,
both be elements of €3, then A U...U A, UB U...UDB,, € e3 as each A;
and B; are in €2, thus €3 is closed under union. Similarly we can show that e3
is closed under intersection. Let A; U...U A, and By U...U B,, € e3, then
(AjU...UA,)N(B1U...UB,,) = (A1U...UA,)NB;)U...U(A1U.. .UA,)NB,,) =
(AiNB)U...UA, NB)U...U(A1NBp)U...U(A, N By) € €3 as each
A;NBj € e2¥i,j Now let Ay U...UA, €eg, then (A1 U...UA,)" = ATN...NAS.
However since each A; € e = A; = B; 1 N ... N B, 1y, therefore A{N...NAS =
(Bf1U...UBY ,,, NBS U...UBy ;,,NB3 1U...UBy, 4, NB;,U...UBy, ). With
B; ; € e1 C 3. Since we have already shown €3 to be closed under both union and
intersection, we have now that e3 is closed under complement. and is so an algebra.
Now let 2’ be any algebra such that C' C 2. Then since C C ' = C* C . This
gives then that A; N...N A, € A where A; € £; which gives that e; C 2. Again
since 2 is an algebra, we have that A; U...UA,, € A’ for A; € 5 which gives that
€3 C 2 which completes the proof. //

19/20) Let C be a collection of sets and denote the smallest o —algebracontaining
C to be o(C). Let E € o(C). Then we show that there is a o—algebra generated
by a countable collection C' C C such that E € o(C’).

Proof. Consider o.(C) = J 0(C") where C’ ranges over all countable subsets of C.
If we can show that o(C') C 0.(C) then VE € o(C) we would have E € o.(C) which
gives that there is a countable collection C' C C such that E € o(C"). We show that
o(C) C 0.(C) by showing that o.(C) is a o—algebra containing C. First C' C 0.(C)
as Ve € C then o({c}) C 0.(C) which gives ¢ € o.(C). Now, let A € 0.(C). Then
A € o(C") for some countable C' C C, then A° € o(C') = A° € 0.(C). Let
{4;}22, C 0.(C) be a countable collection of sets. Then each A; € o(C;) for some
countable collection C; C C. Let ¢" = [J;2, Ci. Then C’ C C is countable, and
A; € o(C")Vi. This gives that |J;=; A; € 0(C”") C 0.(C). This gives that o.(C) is
a o—algebra containing C, thus ¢(C) C 0.(C).

//

58/5) Let A = QN [0,1]. Let {I,}%_, be a finite collection of open intervals
covering A. Then > I(I,) > 1.

Proof. Let {I, = (an,b,)}F_, be a finite collection of open intervalscovering A.
Then some element (aj,b;) € {I,}¥_; must be such that a; < 0. As otherwise
an > 0Vn. Let m = min{ay,...,ar}. Then since Q is dense, any ¢ € (0,a,,) N Q
would not be covered. So up to renumbering let a; < 0. Now we can repeat the same
argument for by. If by is rational, then it must be contained in one of the intervals,
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and without loss of generality we would have as < by. If by is irrational, then a
similar argument shows that at least one of the a,s must be such that a,, < b;.
Either way let Is = (a2, bs) be such that as < b;. We can continue one, and since
our collection of intervals is finite we must terminate. More importantly, without
loss of generality we must have a; > 1. This is because if a,, = maz{aq,...,ax},
and a,, < 1, then we can find ¢ € (a,,, 1) that is not covered. So we have finally
that {I,}52,; such that a; < 0 and by > 1, and a; < b; — 1. This gives that
Z Z(In) =bi—a;...bp—ap =bp—a;+bi+ba—as+...+ap_1—ar > bp—a; > 1. //

4) Let {E,} be an infinite sequence of measurable sets. We define limFE,, =
{z|x € E,, for infinitely many n} and limFE,, = {z|z € E,, for all but finitely many n}.
a) We will give limE,, and limF,, in terms of u@s and intersections of
elements of {E,,}. We recall the definitions for lim and lim for sequences
of points x,,. Namely that
limx,, = inf s d limx,, = sup inf
mx inf Zgg(xk) and limx Zli% Igzlnxk
If we extend these for our sequence of sets we see that we should have:
limE, = inf sup(E}) and limFE,, = sup inf Ej
n>0p>n n>0k2>n
Now we recall that for a collection of sets {E,}, then sup{E,} = U,, En
and inf{E, } =, En. So we make the following claim:

%Enzﬂ UEkandHﬂEn:U ﬂEk

n>0k>n n>0k>n

Proof. Let x € limE,. Then Vn > 0,3k < n such that z € E, = z €
Uk<n Bx = © € N,50Up<n Ex- Conversly let = € (), . U<, Ek, then
Vn > 0,2 € [Jy<,, Er which gives that there is a k& < n such that x € Ej,
or that = € limE,. Dually limFE, = Unso ﬂkgn Ey as x € limFE, gives
that ¢ E, for finitely many n. Let m be the maximal index so that
¢ Ep. Then Vk > mx € Ex = (45 Er = © € Uyoopsp Bre Also if
T € UpsoNi>p Er = 3n such that V& > n,x € (,~,, Ex This gives that
the collection of indicies for which = ¢ E}, is limited to {1,2,...,n}, which
is thereby finite, so z € imF,.

/!

b) We will show that lim m(E,) < m(limFE,) given that E,, C A and m(A)
is finite.

Proof. Now using the definitions in part (a), we can show that lim m(E,) <
m(limE,). We note that J;~, 1 Ex C Uy, Ex so that {U,~, Ex}n is a
decreasing sequence. Now we start with m(limE,) = m(N,~o Ux>n Er) =
limy, oo m(Uy>,, Ex) by proposition. Further by subaddativity we have
lim,, o0 m(Uan Ey) > lim, oo Zan m(Ex) > limy, o supys,, m(Ey) =
lim m(Ep). //
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Assignment 2

Problems 71/22, 71/23, 71/24, 71/25, 71/28 ( assume 46,/2.37, 50/2.48, 64/3.14(a),
66/3.16), 85/2(b), 89/9

Exercise 71/28 Let C be the Cantor Set. Now for each x € [0, 1] write x with its
ternary expansion £ = ajas . ... Define N = o if a,, # 1V¥n. If this condition is not
met, let N be minimal such that ay = 1. Define b,, = 1an forn < N and by = 1.

Define fo(z) = va 1 5w- Then fc is continuous, monotone, and constant on each

interval I C [0,1] C. Define f: [0,1] — [0,2] to be f(x) = fc( ) + x, Then:

a) f is a homeomorphism

Proof. We show that f is a bijective continuous and open. f is continuous
as it is the sum of two continuous functions. f is injective as z # y then
without loss of generality < y, and we have that fo(z) < fo(y) = fo(x)+
z < fo(y)+y = f(x) # f(y). fissurjective as f(0 ) fe(0)+0=0, f(1) =
Je)+1but fo(l) =372 on =Y g —1= 12 =
f(1) =141 = 2, and so since f is continuous by the intermediate value
property, f is surjective. We now show that f is open. Any open subset
of [0, 1] is generated by the basis elements [0,a), (b,1], (a,b) for a,b € [0, 1].
Now £([0,a)) = [0, f(a)), £((5,1]) = ((b), 2], f(a,b) = (f(a), (b)) since f
is continuous and monotone, again using the intermediate value property.
Thus f is an open map, and is so a homeomorphism. //

b) m(f(C)) =1

Proof. We know that m(C) = 0 which gives that m([0,1]\ C) = 1. Further
since f is a bijection we know that f(C)UJ0, 2]\ f(C) = [0, 2], so m(f(C))+
m([0,2]\ f(C)) =m([0,2]) = 2. Now we can write [0, 1]\C = U (ai,b;) as a
disjoint union of open intervals. This gives that [0, 2]\ f(C) = f([0,1]\C) =
f(U;(ai b:)) = U, f(ai, b;) as f is a bijection. Now since z € (a;,b;) =
fe(z) = ¢;, then we have that [0,2]\ f(C) =, f(as, b;) = U;(a; + ¢, bi +
¢;). However this gives that m([0,2]\ f(C)) = m(U,(ai + ¢, b +¢)) =
Yo imlai+ci, bi+c;) =Y, m(ai, b)) = m([0,1]\ C) = 1. Thus we have that
m(F(C) =2 - m([0, 2\ F(C) =2—1=1 /]

c) Let g = f~!, then there is a measurable set A such that g=1(A’) is not
measurable

Proof. Consider f(C) in the previous problem. Then m(f(C)) = 1, so there
is a non-measureable subset, say A" C f(C). Let A = g(A’). Then since
f is a bijection, so is g, hence A C C which gives that A is measurable.
However g=!(A) = A’ which by construction is not measureable. //

d) There is a measurable function h such that h o g is not measureable

Proof. Let h = xa. Then h : [0,1] — R is measurable and we have that
hog is not measurable. This is so as (hog)~'((3,00)) = g~ (R (3,00)) =
g 1 (A) = A’ which is not measurable. //

e) There is a measurable set which is not Borel
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Proof. We know that A is measurable, however A cannot be a Borel set.
We begin by noting that the continuous inverse image of a Borel set is
Borel, as continuous inverse images preserve set operations and open sets.
Therefore since g is continuous, we have that g=*(A4) = A’ would have to
be Borel if A were, however A’ is not measurable and in so cannot be Borel.

//

Exercise 85/2b: (Lebesgue’s Theorem) A function f : [a,b] — R is Riemann
integrable iff f is continuous almost everywhere

Proof. (=)Let f be Riemann integrable. Let D = {x|f is not continuous at z}.
Then we show that ¥n > 0, then m(D) < n. This gives that f is continuous a.e.
Let n > 0, and choose {\;},{u;} positive real sequences such that {\;} — 0 and
>_; #j < 7. Then Vj we can find a partition P; such that Z{k\Mk,j—mk,p)\j} Az 5 <
tj- Let Uj = Upnre,—my, <x, 3 (@h-1,,Tkj). Now let G = (72, U;. Then
Ve € G,z € U;¥j. Then Ve > 0, choose j such that A\; < e. then we have
that « € U; = 3k such that & € (xy_1j, 2k ;) such that Vy € (zy_1;,xk,;) We
have |f(z) — f(y)] < My; — mi; < Aj < € so f is continuous at z. This gives
that D C [a,0] \ G. Now m([a,b] \ G) = m([a,b] \ ;2o U;) = m(UjZola, b] \ Uj) <
Z;‘;Om([a,b] \U;) < E;io p; <n. Thus f is continuous a.e.
(«<=)Now assume f to be continuous a.e., and let A\, > 0 be given. Then let
D = {x|f is not continuous at z} Let U be an open set such that D C U and
m(U) < u. Now consider F = [a,b] \ U. Then F is both closed and bounded,
hence compact. Now for each point p € F, choose §, such that |z — p| < §p,
then |f(z) — f(p)| < %, which we can do because f is continuous on F. Then
this forms an open cover, to which there must be a finite subcover, generated by
P1,...,pn in F. Let P = {x;}7_, be the partition generated by the endpoints
(pj —0p,;,pj +0p,)N|a,b]. Then P is a partition of [a,b]. Now given (zx_1,71) C F,
then My—my, < 343 = A, thus Uk a1 —mp a3 (@e—1,2) C U, and since m(U) < p
we have that f is Riemann integrable.
//

Exercise 89/9: Let {f, : (—o0,00) — R} be a sequence of non-negative measur-
able functions such that f,, — f a.e. and [ f, — [ f < co. Then we show that for
each measurable set E, we have that [ (fn) — [5 f.

Proof. Let E be a measurable set. By Fatou’s lemma we have fE f < me fn-
Now we consider lim [}, fr, = im( [ fr,— [e fn) < Im([ fo)+lim(= [ fo) = [ f—
him(fEc fn) Again Fatou gives us fEc f< hﬂ(fEc fn) = _fEiZ _m(fEC fn)a
thus we have [ f —lim([,. fn) < [f— [ge f = [z f. Thus lim [, f, < [, f =
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Assignment 3

Problems 89/4, 93/15, 94/16, 94/18, 94/19, 102/4, 104/5, 105/10

Exercise 94/18 We prove the Riemann-Lebesgue theorem. Let f be an integrable
function on R. Then lim, . [ f(z) * cos(nz) = 0

Proof. Let e > 0. Choose a step function ¢ = Zle CiX[as,bs] SUch that [ |f—¢| < §.

Then we have that [ f — [¢ < §, and so [ f x cos(nz) — [ ¢ cos(nxz) < §. Then

we can integrate [ ¢ * cos(nz) = %Zle(sin(nbi) — sin(na;). Choose N such that

Vn > N we have [ ¢ * cos(nz) = %Zle(sm(nbl) — sin(na;) < 2 < £, then
Vn > N, [ f*cos(nz) < [¢xcos(nz) +§ <eso lim [ fxcos(nz)=0.

//

Exercise 102/4: Let f be such that f is continuous on [a.b] and DT f > 0, then
f is nondecreasing.

Proof. Tt suffices to assume that DT f > e for some € > 0 as given f in the de-
scription then f is nondecreasing exactly when f 4 € % x is nondecreasing and

D+(f+e*x) — hm+ f($+h)+€*(x—}|;h)—f(x)—e*h _ hm+ w +e>e€ Solet f
—0 —0

be such that DT f > €. Let x <y. Then [z,y] C [a,b]. We show that f must attain
its maximum on [z,y] at y. Suppose f attains its maximum at 2’ € [z,y). Then

f(z'+ h) < f(2') which gives that f(z' +h) — f(z') < 0= h@+ w <0
which is a contradiction. //

Exercise 104/10:
2% x sin(L) ifx#0

W sy ={ 7o) W

is not of bounded variation on [—1, 1]

Proof. Consider the points x; = ,/m. Then we compute T, (f, P)
1
2

where P is the partition consisting of the points x;. We consider Y 7%, [a?sin(-z)—

o1 2 1 2 1 1
%27151”(%271)‘ = ;Z?il 21‘11 L= ;(Zio; Zir1 T it 51) =

2/ 1 o 1 y_ 2 o 1 2 S
=10 21 > im0 2i+1) =z(1+237, 2¢+1) > 2(1+200 i+1)’ as
2 1 2 o0 1 . . . .
GrEn > 5 Howexier.; Yo Y d1v§r'ges .by comparision to a harmO.nlc
series, thus our variation for this partition is unbounded and our function
is not of bounded variation. //

2 5 sin() i
f(x):{x som(l) fxx:;éOO

is of bounded variation on [—1, 1]

Proof. So our function is continuous on [—1, 1] and differentiable atany = #
2 .1

0, and since limtﬂ()% = tsin(1) — 0 we have that f is differentiable

at = 0. Further f’ is Riemann integrable since it is discontinuous at only

one point, and since we have |z * cos(-5 ) * (52) + sin(-5 )| = [sin() — 2=

cos(Z5)| < 3 we have that f is bounded and so f is of bounded variation.

//
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Assignment 4

Problems 110/12, 110/14, 111/16, 111/17, 112/20, 116/26, 117/27, 119/1

119/2,

119/3, 119/4, 126/13, 127/17

Exercise 112/20

(1)

Every lipschitz function is absolutly continuous

Proof. Let f be such that |f(x) — f(y)] < M|z —y|. Now € > 0 and choose
6 < +7. Then we have that for Y7 | o} — x;| then Y7 | |f(2]) — f(as)| <
S Mz} — ;] < M§ =e. So fis absolutly continuous. //

For absolutly continuous functions lipschitz is equivalent to having a bounded
derivative

Proof. Any lipschitz function f has a bounded derivative as | f(z) — f(y)| <
M|z —y| = % < M for any x,y. So it suffices to show that an
absolutly continuous function with bounded derivative is lipschitz. So we
must show that |f(x) — f(y)| < M|z —y|. Without loss of generality choose
x = a and y = b as for any smaller interval all of the same properties hold.
Let € > 0 and let § be the corresponding tolerence for f to be absolutely
continuous. Let [([a,b]) = {z|Vy € (x,x+h) we have %;j(y) < M}. This
is a vitali covering, so we can choose {(x;,y;)} o+ 1 such a =y < 1 <
y1 < z9 < ... < xpy1 = bso that Z.Z:O |Zk+1 — yx| < 6. So now we have
that >0 o [f(zr+1) — fyr)| <€ and [f(zi) = f(y:)] < M|2; —y;. Thus we
have |£(2) — F(y)| = [sumf_ol f(wpsn) — Flun)] + Xp_y |Fwn) — Flun)] <
e+ MY |xk —yk| < e+ M|z —y|l. And since epsilon was arbitrary
|f(z) — f(y)| < M|x — y| which gives that f is lipschitz. //

A function with DT bounded is lipschitz

Proof. We have that if f has a bounded derivate then, f must be of bounded
variation since we can choose a partition 7 = {a = =g, 21,...,2, = b}
so that |f(z;) — f(zi31] < M. Therefore f is given as a difference of
nondecreasing functions. So it suffices to assume that f is nondecreasing.
Given this, for each n choose x,, > y, such that %{:ﬁy") > n. Without
loss of generality let (z,,y,) — (z*,y*). Then since |f(z)| < K we have
that |f(zn) — f(yn)| < 2K so because Han)=Fm) ) we have that x, —

Tn—Yn

yn — 0 or that z* = y*. However this contradicts the fact that D™ must be
bounded at 2* so we have a contradiction, and thus f must be lipschitz. //

Exercise 116/26 For which functions f do we have [ef = e/ 7 on [0,1]

Proof. We note that any function which is constant almost everywhere provides
equality. Now let f be given and let a = f f. Then we choose m so that ef >
m(f—a)+e* Nowlet E = {f # a}. Then if f is not constant almost everywhere,
we have that m(FE) > 0. then we know that e/ —m(f—a)—e® > 0 on E. Integrating
gives a strictly positive result, which gives strict inequality above. //

Exercise 119/2 Show that for f bounded measurable we have limp_.oo||fll, =

[ loo
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1

Proof. First note that since | f| < ||f]|s we have that || f]|, = ([|f1?)> < ([|If]IE )»
[|f]loo sO our sequence is bounded. Likewise for p; < po, let p = pf >, Let q

be such that %—i—% = 1. Then we have that [[f[[Fr = [[f["* = [|f["* +1 <
1771l [[1lly = [1£7]l, by Holder’s inequality. Now ||f7*[l, = ([(If[})*)> =

(S 1f15)72)} = || fIIb, which gives that ||f|],, < I|f][, so our sequence is increas-

ing, and hence convergent. This gives that the sequence {‘l‘lfll‘l" } is also conver-

gent and that its limit is less than 1. If we have that the limit is 1 then we
are done. So we will show that the limit is greater than 1 — e for any e. Let

e > 0. Then there exists E a set such that m(E) > 0 and IIfH > 1 —e€. This
gives that (f(llljl”chlloc )P)e > ([l ||f||ifoL)p > (1 — €)(m(E))* which as p — oo then
(1—¢e)(m(E))? — 1 — e thus limp_ I‘I‘ff\ll‘; > 1 —e. This gives the result. //

Exercise 127/17 Let f, C L? be such that f, — f a.e. Then for g € L? where
% + % =1, we have that lim [ f,g = [ fg

Proof. Let {fn} C LP, ||fnll, < M]||, and f, — f € L? a.e. Let g € L9. Then
since m([0,1]) < oo we have that g € L' and so [|g| = o < oo. Likewise g €
L1 = |g|? € L' so we can find a number n > 0 such that if A is a set with
m(A) < n then [, g7 < m Now since we are again in a finite space,
Egoroff gives that we can find a set A such that m(A) < n and f,, — f uniformly
on A¢. Then choose N such that n > N gives |f, — f| < W and we have

that f|fng - fg| f‘fn - f”g| = fA|fn - f||g‘ +fAc|f’fL f||g| < fA|fn -

fPy» fA l9]?) QamE(AC) fAc |g|S(||fn||l7+||f”P)(2q(M+||f||p)q)q+2 <sts5=e
//
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Assignment 5

Problems: 130/19, 134/21, 135/22, 135/23, 135/24, 258/5, 263/14, 268/21,
268,/22, 270/24, 270/25, 270/26.

Exercise 130/19

For a partition A = (&,...,&,) let Ta(f) denote the A-approximate. Show
NTA()lp < [Ifllp for 1 < p < oo.

Proof. Let A&, = &1 — &, and ap = fi’““ f. Our proof is split into two
S ] = S fff“ fl <
Srzo Sl = |If |l Casep > 1: ConsldernTA( >||§=f|TA< ) =00 [ TA(f)IP =

cases. Case p = 1: Consier ||[Ta(f)|1 = > pe

n 1 \ock|p n—1 H‘ngrl P n—1 [£k+l [fIP
REDF =30 (Agkr’ T <Zk OWNOWIetqbesuchthatE—i—E:
1. Then we have that by Holder’s inequality ff’““ If1 < |If|lp*lgllq> so we have that
()7 (P Ty LU DT (B80T e [T AP (AE0) T
Yo (AE)r-1 =i (AEp)PT = 2uk=0 " (Ag&p)r-T
€t1 VR
but since £ = p — 1 we have 33} 7, ! % = 5:“ |7 = [|fI|} this
gives the result //

Exercise 134/21
Let g be an integrable function on [0, 1]. Find a bounded measurable function f

such that ||f|] # 0 and [ fg = ||g]|1]|f]]s-

Proof. Let f = sgn(g). Then ||f|lc = 1 and fg = |g|. This gives that F(f) =
[ fa=[lgl = llgllr = llgll1lllloe- //

Now let f € L*, then Ve > 0 show that 3g € L' such that [ fg > (||f]lec —
)lglh-

Proof. Let E = {z||f| > ||f|lcc — €}. Let ¢ = xg. Then we have that fg = 0
off of E and fg > [|f]lec — € on E. Thus we have [ fg > (||f||lc — €)m(E) =

(1 flleo = E)llgll1-

Exercise 263/14

Let (X, B, ) be a measure space and (X, By, 19) be its completion. Then f is
measurable with respect to By iff there is a function g measurable with respect to
B such that f = g on the complement of a set E € B such that u(E) = 0.

Proof. Let f be measurable in By. Then Va € Q, let B, = {z|f(z) < a}, we have
then that B, € By. Let B, = B/, U A, where B/, € B and A, C C, with C, € B
and p(Cq) = 0. Then for a < 8 we have B, U A, C BjU Ag, and B, \ Bj € B.
Further since By, \ By = B, N (X \ B;) C B, NAg C Ag C Cp and pu(Cp) =0
we have u(By, \ Bj) = 0. Then the collection {B,} satisfies the condition of the
proposition 11.10 so there is a function g measurable in B such that f = g a.e.
Now let f be such that there is a function g measuable in B such that f = ¢
on X \ E where £ € B and u(E) = 0. Let « € R. Let B/, € B such that
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B!, = {z|g(z) < a}. Consider B, = {z|f(z) < a}. Let C = B, \ B/,. Then we
have that C C E and B, = B/, U (B, \ B,) and further x(E) = 0 so that B, € By.
//

Exercise 270/24: Let (X,B) be a measure space and {u,} be a sequence of
measures. such that p,1(E) > un(E). Let p = limy,, then u is a measure on B.

Proof. Since p,(0) = 0 we have that p(f) = 0. So we must show that u(|J Fx) =
> u(Ey) for {EL} a disjoint collection. Since un(Er) < u(Ex) we have p(l|J Ex) <
> u(Ey). Now for any fixed I, we have that > p, (Ey) > 22:1 pn(Eg) = Mn(Uic:l Ey).
Taking limits on n gives us that u(|J Ex) > 22:1 w(Ey). However this was true
for any I so we have that u(|J Ex) > > u(Eg).

//

Exercise 270/25 Give and example of a sequence {u,} of measures such that the
set function p = limpu, is not a measure.

Proof. Let {Ay} be a countable collection of disjoint sets. Let X = |JAk. Let B
be the smallest oc—algebra containing {Ay}. Let p,(Ag) = 1 and for B € B let
pn(B) =3 7o, ptn(B N Ag). Then p, are each measures. Let pu = limpu,. We have
then that p,(X) = oo for all n so u(X) = co. However pu(|JAx) = > pu(4x) =
S limpn (Ax) =5, 0 =0, so u is not countably additive. //

Exercise 270/26 Let (X, B) be a measure space and {u,, } be a sequence of meaus-
res such that pn41(F) < pn(E) and p = limpu, such that pu(X) < co. Then show
[ is a measure.

Proof. Since p,(0) = 0 we have that u() = 0. So we must show that u(|J Fx) =
S u(Eyg) for {Ex} a disjoint collection. Since p,(Er) > wp(Fg) we have that
w(UEx) > > u(Ey). So we need to show that u(|J Ex) < > u(Ey). Without loss
of generality we can assume X = | J E),. Now defined A; = U;’il E;. Then we have
that A;41 C A; and () A; = 0. By proposition for each n, p, () A;) = limy p,, (A7) =
0 so lim; u(A;) = 0. Now we have that E = Ag \ Ag41. This gives that p,(Ey) =
tn(Ag \ Agy1. Since p, is a measure, we have that p,(Fx) > pn(Ax) — pn(Agt1)
and passing to the limit we have p(Ey) > p(Ax) — p(Ag+1). Then we have that

S u(ER) = 5 p(Ag) i Ars1) = p(Ao) —limup(A) = (U Ex)—0 = u(U B). /)
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15. MIDTERM 2005

1. Let X,Y be nonempty sets, let A be a o—algebra of subsets of X, and f be
a function from X to Y. Define £ to be the family of all subsets E of Y such that
f7[E] € A. Prove that & is a o—algebra of subsets of Y.

Proof. Let A € £ then f~1(A°) = f~1(A)¢ € A which give that A° € £. Likewise
let {A,} C &, then f~1(A,) € A which gives that J, [~ (4a) = f71 (U, 4a) € A,
thus U, Ao € €. Now f71(Y) = X so we have that Y € £ and so ) € £. This
gives that £ is a o—algebra. //

2. Let f : R — R be a differentiable function whose derivative f’ is bounded.
That is there exists a positive finite constant K such that |f'(x)] < K for all
x € R. In this problem, you may assume all the standard properties of Lebesgue
out measure m*.

(a) Show that if F is any subset of R then m*(f[E]) < Km*(E) where f[E] is
the image of E under f. [Suggestion: Begin by doing it for E an open interval
(a,b), using the Mean Value Theorem from calculus.]

(b) Deduce that if E is a set of (outer) measure 0 in R, m(E) = m*(E) = 0,
then f[E] is a measurable set.

Proof. (a)First consider E = I = (a,b) an open inteval. We may suppose m*(I) <
oo. Let A =inf{f(x)|z € I} and u = sup{f(z)|x € I}. If s,t € I then f(t)—f(s) =
1/ (c)(t — s) for some ¢ € I, by the Mean Value Theorem if s # ¢, or for any ¢ € [
if s =t Let |f'(c)] < K, so f(t) — f(s) < |f'(o)|]t —s| < K(b—a). For fixed
sel, f(t) < K(b—a)+ f(s) for each t € T and by taking supremum over t we
have p < K(b — a) + f(s). Then p is finite and u — K(b — a) < f(s) for each
s € I. Taking infimum over s we have then that y — K(b—a) < A so A is finite,
and we have that © — A < K(b — a). The since f[I] C [, u] we have m*(f[I]) <
m*([A\ p]) = p—A < K(b—a) = KI(I) = Km*(I). Now suppose E C R is arbitrary.
We may suppose m*(E) < co. Given € > 0 then we have that there is {I,} such
that £ C (J, In and Y I(I,) < m*(E) + 3. Then f[E] C | f[I,] so we have
w (fIE) < Som* (1)) < 32 KU(L) = K 3o 1(1) < K(m*(E) + &) = Km*E+-¢
which gives m*(f[E]) < Km*(E).

(b) If m*(E) = 0 then we have that m*(f[E]) < Km*(E) = 0 thus f(E) is
measurable. //

3. Reacll that if f is a nonnegative measurable function on R and f is integrable
then f is finite almost everywhere, that is, m({z|f(z) = oo}) = 0. Suppose that
{u,} is an infinite sequence of nonnegative measurable functions on R such that
> [, < co. Show that the series Y u,, converges almost everywhere, that is, the
series Y uy,(x) converges for all = except for a set of measure 0.

Proof. Let f = > u, be a nonngeative measurable function. By ( a corollary to )
the Monotone Convergence Theorem, [ f =3 [, < co. Thus f is integrable, let
A= {z|f(x) = 00} so m(A) = 0. If z € R\ A then Y u,(z) = f(x) < o0, so the
series > u,(x) converges. //
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16. FINAL 2005

1. Let f be a bounded real-valued function on the square [0,1] x [0,1]. Let
fa(y) = f(2,y), fY(x) = f(x,y) and suppose that:
(i) For each number z € [0, 1] f; is continuous
(ii) For each rational y € [0, 1]then f¥ is Lebesgue measurable

Show that g(y f[o 1 (x,y)dx is a well-defined continuous function on [0, 1]

Proof. We have by (ii) that g(q) is well-defined for each rational ¢ € [0,1]. Now let
y € [0,1] and r,, — y where r, is rational. Then we have that f(x,r,) — f(z,v)
since g(x,-) is continuous, and so we have that f(z,y) is a bounded measureable
function, hence integrable and so g(y) is well-defined. Now let y € [0, 1] and let
{yn} be any sequence y,, — y. Then we have that g(y,) = [ f(z,yn) — [ f(z,y)
by bounded convergence so g is continuous at y. //

2. This problem studies the value of lim+ || f||p for a lebegue measurable function
p—0
fon [0,1]

a) Show that if f is measurable on [0,1] and 0 < p1 < p2 < oo then ||f][p, <
[ 1lpe (Hint: [[£][52 = [[fP-1)

Proof. If || f||p, = oo then we are done, so without loss of generality assume
| fllp. < oo. Let p=£2 > 1. Let ¢ be such that %—i— % = 1. Then we have

that [[fI[5y = [IfIPr = [l =1 < ||f”1\|p* ||1||q = [[f7*]l, by Holder’s

inequality. Now ||f7:[l, = ([(f[})7)* = ([ 1£13)7 } = ||f[52 which gives
that || f[lp, < [[flp.

b) Suppose 0 < p1 < pa < 0o. Give an example of a measurable function f on
[0,1] such that ||f]|p, < oo but [|f]|p, = co. ( Of course, the formula for
you answer will involve p; and/or ps )

Proof. Let f(x) =

then we have that ||f][b! = pl which is finite
ZJ xP

%:f;:*OO' //

since % < 1. However ||f[|P> =

¢) Show that if ¢ is a (strictly) positive simple function on [0, 1] then lim+ llellp =
p—0
el 108(#) (Suggestion: Apply "Hopital’s rule to log||¢]|,)

Proof. Given ¢ = > | a;xa, a strictly positive simple function, that is
> u(A;) = 1and a; > 0 then we compute 1im+ log |||, = lim+ log((>2 af,u(Ai))%) =
p—0 p—0

lim+ M. Here evaluating the limit gives an indeterminate form,
p—0
so using L’Hopitals rule we have lim log||¢||, = lim loe((%. a/u(A)
p—0+ p—0t p
. (> a¥ log(a;)u(As) . .. . (X" log(ai)p(A;)
plirél+ —(Z A uAD) Now taking the limit we arrive at N R
Y- log(ai)p(A;) = [log(e). So we have that hm log llellp = [log(p) and

after exponentiating we obtain hm+ llellp = ef log . //
p—0
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Show that if f is measurable on [0, 1], then for all p for which |f|” is inte-
grable, e/ 1981/l < || f||,, where integrals may be infinite, log) = —o0,e> =
oo and e~ = 0.

Proof: We have that e.f log(| f])? = epf log(|f) — e.f log(|f1*) g fel‘)g‘flp =
J1fIP = 11£1[5 which gives that e/ °s(0fD < || f]|, /!

Show that if f is bounded measurable on [0,1] ( that is f € L°), then
lim[|£]|, = e/ /1.
p—0F

Proof. Let ¢, \, |f| be a sequence of strictly positive simple functions.
Then we have that |f|P < ¢P and log g, \, log|f|, so we have by mono-
tone convergence that [log(y,) N\, [log|f|. For each n we have that
Tim [|f||, < Tm |[|gnll, = e/ °2). If we let n — oo then we have that
p—0+ p—0+

Iim ||f]|, < e/ 281/l and so by (d) we have that lim ||f||, = e/ l&l/l.//
p_>0+ p—>0+

3. Let (X, A, 1) and (Y, B, v) be finite measure spaces ( that is u(X) < oo, v(Y) <
00). Let R = {A x B|A € A, B € B} and let R’ consist of finite unions of sets in
R. Let Ax B denote o(R)For EC X xY andz € X let B, = {y € Y|(z,y) € E}.
Take as given that there is a unique measure A on A x B that satisfies A\(A x B) =

n(A) v

(a)

(B) for each A x B € R. Our goal is to study the equation

() AE) = [ v(B)a
Show that if £ € A x Band x € X then F, € B

Proof. Let C = {E € A x B|E, € B}. We have that VE € R,E = A X B
then E, € {B, 0}, so we have that F € C so R C C. We have also then that
X xY €C. Now, given E € C then we have that E, € B which gives that
(E°),) = (Ey)° € Bso E¢ € C. Now given {E,} a disjoint collection in C,
then we have that Vn, (E,), € B which gives that |J(E,): = (UEn). € B
thus |JF, € C and C is a o—algebra, and since R C C we have that
AxBcCC. //

Let R, consist of those sets that are finite or countable unions of sets in R
(or R'). Assuming that (*) holds for every E € R’, prove that (*) holds
for every F € R,

Proof. Let E € R, and write E = |J E,, a disjoint union of members of
R’. For any = we have E, = |J(E,), and this union is also disjoint, so
we have v(E;) = > v((E,)s). so by monotone convergence [v(E,) =

S v((Bn)e) =2 [v((En)e) = X A(ER) = MU En) = ME). //

With the same assumption as in part (b), let {E,} be an infinite sequence
in R, such that E,, D E, 1, for every n, and let E = [ FE,. Prove that (*)
holds for E.

Proof. Given E,, \ E then A(E,) \, \(E) since we are finite spaces. This
gives then for each x that (E,), \, Ez, and so v((Ey)z) \, V(Ez). So we
have that [v(E;)du =lim [v((Ey).)dp = lmA(E,) = A(E). //
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17. PRELIM MATERIAL

17.1. Syllabus. Lebesgue Measure and Integration in R”

a) Lebesgue measureable sets, Borel sets

b) Measurable functions, modes of convergence (uniform, pointwise, a.e., in
measure).

c¢) Lebesgue integral, convergence theorems

d) Functions of bounded variation, absolutely continuous functions, differen-
tiation, Lebesgue decomposition of measures

e) Relationship between Riemann and Lebesgue integration

General Measure and Integration

a) Measurable spaces, measurable functions

) Measure spaces, Caratheodory’s theorem

) Integration, convergence theorems

) Signed measures, Complex measures, Hahn and Jordan decompositions
) Radon-Nikodym theorem

) Basic inequalities( Cauchy-Schwartz, Jensen, Holder, Minkowski)

) LP spaces completeness duality

) Riesz Representation theorem

i) Fubini-Tonelli theorem

17.2. Things to prove. I have annotated page number references to where the
proofs of these results can be found.

Jufdu < efor u(A) <6 57

Fatou Lemma <= Monotone Convergence Theorem 14

Egoroff 9

%ff(x,t)dxz f%f(x,t)dx 53

=~ W

(1)
(2)
3)
(4)
(5) Modes of Convergence Section 31
(6) Young = Holder = Minkowski 26
(7) BV [|f ()] < T!f and equality if a. cts. 78
(8) When is are Lebegue integrable functions Riemann integrable 66
(9) E+ F contains an interval 35
(10) LP is complete 28
(11) f * g is continuous for f € L'(R) and g € L*(R). 35
(12) T [l — /]l 69
(13) When is L" (X, ) C LP(X, ) 29
(14) For {fu} < L7 then [|fally — [1f]ly iff [1fu = fll, =0 28,
(15) lirél+ 1f]l, = e/ 091D for f € L"(R for some r. 69
p—
(16) ffn~g—>ff-gfor{fn}CLpandgELq,With%—i—%:l 70.
(17) 111 *glly < 1fllllglls for f € L7(R) and g € LI®) 56
(18) General Minkowski 68

17.3. Things to Know.

) Radon-Nikodym

) Fubini/Tonelli

) Riesz Representation

) Vitali Covering and the Vitali Covering Lemma
) Jensen’s inequality
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17.4. Techngiues/Rules of thumb.

(1) All Littlewood principles

(2) For f € L' you can obtain a step function ¢ with [ f = [¢ +e.

(3) To show bounded variation or absolutely continuous, try bounding the de-
rivative

(4) For dominated sequences you can gain almost uniform convergence

(5) To show that [ f has some property, first show the property when f is
simple, then use convergence theorems and a simple approximation of f to

get for [ f
(6) Write your function f as a sequence of functions, ( like f' = lim f, where

fu(@) = nlf(z+ ) = f(2)])
(7) Simple functions are dense in L4
(8) On a finite space, 1 € LP for any p so you can pretty much Holder whenever
you want.
(9) Write u(A) = [, 1dp
(10) p << |l
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17.5. Problems and solutions.
2004

1. State clearly and completely all major results that you use and cite in
your work.

2. Prove or disprove:

a) If a sequence of Lebesgue-measureable functions on [0,1] converges a.e.,
then it converges in measure

b) If a sequence of Lebesgue-measureable functions {f,} converges to f in
L'([0,1]) then f,, — f a.e. on [0,1]

c) If f € LY X, F,p) and f,, € LY(X,F, ) for each n € N then if f,, converges
a.e. and [ |fn,| — [|f] then f, — fin L'(X,F, p)

d) If f € LY(R) and f is uniformly continuous on R then f € Co(R).

e) If f € LY(X,F,p) and G C F a o—algebra. Then there exists a G—measurable
function g such that for each A € G we have [, gdu = [, fdpu.

3. Suppose f is a non negative integrable function on a space (X, F, u).
a) limysooMu(f > A) =0
b) Produce a non-negative Lebesgue measureable function f on [0, 1] such that
above holds but f ¢ L([0,1]).
¢) Suppose that 4 is a finite measure, such that f is a non-negative F—measurable
function. Prove f € LY (X, F,p) <= Yo" pu(f > n) < co.

4. Let p € [1,00) prove that if f € LP(R) and g € L'(R) then fxg(z) = [ f(z—
y)g(y)dy is well defined a.e. and f* g € LP(R) such that ||f *g||Le < ||f]|ze||g]lz:-

5. Let (R, M N (0,1),m) be the Lebesgue measure space on R. For a space
(X, F, p) consider a R valued o(M x F)—measurable function f on (0,1) x X such
that

i Fort e (0,1) then f(t,-) € L'(u)
ii For x € X, then f(-,x) is differentiable on (0,1)
iii There is a function g € L'(u) such that for s € (0,1) and x € X we have
|55 (s,2)| < g(a)].
Then define ¢ : (0,1) — R by ¢(¢t) = [ f(¢t,2)du. Then
a) Prove that ¢ is differentiable at every point of (0,1) and that for s € (0,1)
we have ¢'(s) = [ 2L (s, z)dp.

¢
b) Determine whether ¢ is absolutely continuous (0, 1).
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2004 Solutions

1. State clearly and completely all major results that you use and cite in
your work.

2. Prove or disprove:

a) If a sequence of Lebesgue-measureable functions on [0,1] converges a.e.,
then it converges in measure

Proof. Prove. This is so as we are in a finite space, thus Egoroff’s theorem
gives convergence almost everywhere gives convergence almost uniform and
this in turn gives convergence in measure. //

b) If a sequence of Lebesgue-measureable functions {f,} converges to f in
L([0,1]) then f,, — f a.e. on [0,1]

Proof. Disprove. Consider (R, M,m). Let {I,,} be a enumeration of subin-
tervals of the unit interval by: Iy = [0,1],1> = [0,4],I3 = [3,1],13 =

[0, %],14 = [%,%]715 = [%,1],.... Let f, = x1,- Then we have that f,
does not converge u—a.e. However for n > @ we have that [ f, < %
which gives that {f,} does converge in mean or order 1 to f = 0. //

c) If fe LYX,F,u) and f, € LY(X,F, ) for each n € N then if f,, converges
ae. and [ |fn| — [|f] then f, — f in L'(X,F, p)

Proof. This is true. Let g, = |fn — f| and h,, = |fa| + |f|- Then g, —
Op—a.e. Since f € LY(X, F, u) we have that 2f € L' (X, F, u). Let h = 2f.
Then we have that [ h, — [ h by hypothesis and |g,| < h,, by the triangle
inequality, hence by Lebesgue dominated convergence theorem we have that

Jon— [g=0 //

d) If f € L'(R) and f is uniformly continuous on R then f € Cy(R). 7
e) If f € LY(X,F,u) and G C F ao—algebra. Then there exists a G—measurable
function g such that for each A € G we have [, gdu = [, fdpu.

Proof. Let X = N and F = p(X) with p the counting measure. Let
G = {0,N}. Then for 0 # f € L'(u), any such g that is G—measurable
must be constant. However then [ g = oo and since f J L' we cannot

have [y fdp = [y gdp. //

3. Suppose [ is a non negative integrable function on a space (X, F, u).
a) limysooMu(f > X)) =0

Proof. We have that Au(f > X) = X [ xy>rdp. Now we have also that
Axf>x < fandsince f € L' (u) we have that lim\ [ x>y = [limAxs>adu =

J 0du = 0. /!
b) Produce a non-negative Lebesgue measureable function f on [0, 1] such that
above holds but f ¢ L([0,1]).

"Due to some argument as to the exact definition of Cp on this prelim (Different references
define this differently, and the question is which one was used on this particular years prelim), I
have omitted the proof.
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Proof. Let f = W then f ¢ L'(u) as fol 71(1%7130) limy_o+ fo =du —
limy_g+[—In|l — Inz|]} — oco. However we have that limAu(f > \) =
limaﬁmftye’“(lia) = lzmH—a =0. //

¢) Suppose that 4 is a finite measure, such that f is a non-negative F—measurable
function. Prove f € LY (X, F,p) <= >.0° pu(f > n) < oo.

Proof. Let f € L' () then 3°0° , u(f >n) = 3207, [ Xpon = [ Dopii Xpon <
[ f <oo. Let 0% u(f >n) < oo. Then we have that f(z) < > 07 | Xysnt

1. Thus we have [ f < [(307  Xfon + 1)du = [ Y07 Xfon + [ 1du =
Yoo u(f >n)+ p(X) < oo as p is a finite measure. //

4. Let p € [1,00) prove that if f € LP(R) and g € L'(R) then fxg(z) = [ f(z—
y)g(y)dy is well defined a.e. and f* g € LP(R) such that ||f *g||Ls < ||f]lze||g]lL2-

Proof.

£ sall, = ([ (7=gta)ran)’

//fx— dy)pdx)%

By General Minkowski < /(/(f(x — y)g(y))pdac)%dy
[ w7y
= [fllpllglh
This also shows that f * g is well defined a.e. //

5. Let (R, M N (0,1),m) be the Lebesgue measure space on R. For a space
(X, F, 1) consider a R valued o(M x F)—measurable function f on (0,1) x X such
that

i Fort e (0,1) then f(t,-) € L'(u)

ii For x € X, then f(-,x) is differentiable on (0, 1)

iii There is a function g € L'(u) such that for s € (0,1) and x € X we have
|55 (s,2)| < gla)].

Then define ¢ : (0,1) — R by ¢(t) = [ f(t,z)dp. Then

a) Prove that ¢ is dlﬂeren‘mable at every point of (0,1) and that for s € (0,1)
we have ¢'(s) = [ %t (s,z)dp.
Proof. Fix s € (0,1). Let hy(x) = n[f(s + 2,2) — f(s,2)]. Now hy(z)
%(s,x). Let h(z) = %(s,x). Further we have that |k, (z)| = |E( x)|
g(x) € L*(p) by the mean value theorem. This gives then that [ h, — [
However we have now that ¢'(s) = lim,_on[[ f(s + +,z) — [ f(s,z)]

limnﬂofhnth:f%(s x)

b) Determine whether ¢ is absolutely continuous (0, 1).

iu?mi

Proof. Part (a) gives that ¢ is absolutely continuous as it is an anti-
derivative. //
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2003

1. Let (X,F,u) be a measure space. Let f be a realvalued measureable
function. Then for p € (0,00) let o(p) = [ |f[Pdu = ||f|[5. Let E = {p|p(p) < oo}.
Assume that ||f||cc < 00 then:

a) Prove that either F # @) or F is an unbounded interval of (0, co) and that if
©(p) > 0 for some ( equivalently all ) p > 0 and F # @ then log ¢ is convex
on E.

b) Prove that if F # () then ¢ is a continuous function.

¢) Is E necessarily open? Closed?

2. Prove: for p € [1,00) then if f € L¥(R,M,m) and g € L*(R, M, m) then
L * gllp < I fllpllgll1-

3. Let (X, F, u) be a finite measure space.

a) Prove or disprove: If a sequence {f,} of real valued F—measureable func-
tions on X converge p—a.e. then {f,} converges in measure.

b) Prove or disprove: If a sequence {f,} of real valued F—measureable func-
tions on X converge in measure then {f,,} converges p—almost everywhere.

¢) Prove or disprove: If a sequence {f,} of real valued F—measureable func-
tions on X is Cauchy in L' () then {f,} converges in measure

4. Let (X, F, u) be a measure space.

a) Prove that if f € L'(u) then for every € > 0 there is § > 0 such that
p(A) <6 then [, |fldu <e.

b) A sequence {f,} is said to have uniformaly absolutely continuous intergrals
if for € > 0 there is § > 0 such that p(A) < d then [, [fn| < € for each n.
Suppose pu(X) < oo and {f,} — f has uniformaly absolutely continuous
integrals. Then f, — f in L' (u).

¢) Show that (b) imples the Lebesgue Dominated Convergence Theorem

5. Let p be a signed measure on F a o—algebra. Prove by applying Radon-
Nikodym that there is a unique F—measureable function h such that |h(z)| =
lp—a.e. and p(A) = [, hd|p| where |p| is the total variation measure.
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2003 Solutions

1. Let (X,F,u) be a measure space. Let f be a realvalued measureable

function. Then for p € (0,00) let o(p) = [ |f[Pdu = ||f|[5. Let E = {p|p(p) < oo}.
Assume that || f||cc < 0o then:

a)

Prove that either E # () or F is an unbounded interval of (0, c0) and that if
©(p) > 0 for some ( equivalently all ) p > 0 and F # @ then log ¢ is convex
on E.

Proof. We first show that E is connected by showing that if r, s € E then

(r,s) C E. Thisis so by Holders inequality. If welet r < p < s, thenlet A =

{z]f(2) > 1} can split [ [fP = [, [fP"+ [4o [fP < [, [fI° 4 [4e [f]7 < oo

Now we have that since f € L> and lim ||f||, = ||f]lc , that if p € E then
p—o0

[p,0) C E. This gives then that E must be an unbounded interval as when
po = inf(E) then we have that [p,00) C E for p > pg thus E = (pg,o0) or
[po, 00). Now to show that log ¢ is convex on E. We note that for A € [0, 1],
and z,y € E we have that o(Az + (1 — N)y) = [|f|**|f]3~N¥. Now
|f]** € L and |f|(Mv ¢ L. This gives that by Holder’s inequality
we have p(Ae+ (1= N)y) < P 1O o= (F1A) (1) =
o(z) p(y)'~*. Now since log is monotonic we have that logo(\x + (1 —
Ny) < log(p(2) e (y)' =) = log(p(x)*) + log(p(y)' ™) = Alog(p()) +
(1= ) log(eo(y))- /

Prove that if E # () then ¢ is a continuous function.

Proof. Since log(y) is a convex function then it must also be continuous,
and so we have that ¢ = €°8(%) is also continuous. //

Is E necessarily open? Closed?

Proof. E does not necessarily need to be closed as f(z) = 1 is in LP([1, 00])
for p > 1 but not in L'([1,00]). E does however need to be open. We have
that ¢(E€) = oo. So consider (0,00) C (0,00] in the range. We have
then that (0,00) = @(E) U ((0,00) \ ¢(F)). Now taking inverse images
©7H0,00) = ¢ Hp(E)) U (¢71((0,00) \ ¢(E)) = EU (p71(0,00) \ E).
However as we have ¢(E)¢ = oo we have then that (¢~1(0,00) \ E) = 0
which gives that »~1(0,00) = E so E is open as ¢ is continuous. //
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2. Prove: for p € [1,00) then if f € L¥(R, M, m) and g € L'(R, M, m) then
Lf = gllp < [[f1Ipllgllr-

Proof.

%l = </X (f * g(a)Pda)?
( / ( / f(x — y)g(y)dy)dz)?
/ ( / (f(x — y)g(y))Pdz) * dy

/ o ()|1f1ldy
£ 11pllg]1:

By General Minkowski

IN

//

3. Let (X, F, ) be a finite measure space.

2)

Prove or disprove: If a sequence {f,} of real valued F—measureable func-
tions on X converge p—a.e. then {f,} converges in measure.

Proof. Disprove. Consider (R, M,m) as a space, and let f, = X[nnt1],
then f, — 0 a.e. However Vn we have m({z| |f.(z)| > 3}) =1, so f,, does
not converge in measure to 0. //

Prove or disprove: If a sequence {f,} of real valued F—measureable func-
tions on X converge in measure then { f,,} converges p—almost everywhere.

Proof. Disprove. We do this in two steps. First we show that convergence
in mean of order p gives convergence in measure. Then we show that conver-
gence in mean of order p does not give convergence p—a.e. The statement
is then false by transitivity. (1) Convergence in LP gives convergence in
measure. Let {f,} — f in mean of order p. That is [ |f, — f| — 0. Let
e > 0. Consider E,, = {z| |fn — f| > €¢}. Now consider e lim u(E,) =
limePu(E,) = lim [, €. Since [fn — f|P > ¢ = [|fu — fIP > [€
and [|fn — f[? — 0 we have that €’ limp(E,) = lim [ € — 0, thus
limp(E,) — 0, and so we converge in measure. However if we con-
sider the space (R, M,m), and give a enumeration of the unit interval
Iy = [07 1]7[1 = [07 %]712 = [%7 1]7‘[3 = [07 %]714 = [%7 %]715 = [%70]7 RS
Let f, = x1,- Then we have that for n > W then [[f,| < L and
so {fn} — 0 in mean or order p namely p = 1. However {f,} does not
converge to 0 a.e., and so this sequence is a sequence which converges in
mean of order p, hence in measure, but does not converge u—a.e. //

Prove or disprove: If a sequence {f,} of real valued F—measureable func-
tions on X is Cauchy in L'(x) then {f,} converges in measure

Proof. Prove. Since LP is complete and the above argument showes that
convergence in mean of order p gives convergence in measure, the statement
is true. //
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4. Let (X, F, u) be a measure space.

a) Prove that if f € L'(u) then for every € > 0 there is § > 0 such that
p(A) <6 then [, |fldu <e.

Proof. Let € > 0 and f,, = max(f,n). Then we have that {f,} converge
monotonically to f. Therefore by monotone convergence we have that
[ fn — [ f. Thus we can find N such that [(f — fx) < §. Now choose

6 < 55 Then we have that for any set A such that pu(A) <6 then [, f =

fAf_fN“"fN = fA(f_fN)+fAfN < f(f_fN)+fAN < %"';JX/ =€ //

b) A sequence {f,} is said to have uniformaly absolutely continuous intergrals
if for € > 0 there is § > 0 such that p(A) < d then [, |f.| < € for each n.
Suppose p(X) < oo and {f,} — f has uniformaly absolutely continuous
integrals. Then f,, — f in L'(u).

Proof. We want to show that [|f, — f| — 0. Let ¢ > 0. Then we can find
6 > O such that both [, |f| < § and [, |fu| < § for u(E) < §. Now since we
are in a finite space, choose A such that u(A) < ¢ and f, — f uniformally
on A°. Now this gives that we can find N such that for n > N we have

lfn—f] < w. Now we have that [ |f, —f] < [, [fa—FflF+ [4c [fn—f] <
Jalfal + S U1+ pe 1= f] < §+§+M(Ac)~ﬁ:6. Therefore {f,}
converges to f in L!. //

¢) Show that (b) imples the Lebesgue Dominated Convergence Theorem

Proof. Lebesgue dominated convergence follows from this as when we have
{fn} € L'(u) such that |f| < g € L', then let ¢ > 0. Now let § be such
that [, g < e for u(A) < 8. Then we have that [, |fu] < [, |g| < € for
u(A) < § as well. This gives that {f,} has absoluetly continuous integrals,
which by part (b) gives that [ |f, — f| — 0 which gives [ f, — [ f. //

5. Let p be a signed measure on F a o—algebra. Prove by applying Radon-
Nikodym that there is a unique F—measureable function h such that |h(z)| =
lp—a.e. and p(A) = [, hd|p| where |p| is the total variation measure.

Proof. We have that ut << |u| and = << |p| and in so by Radon-Nikodym each
generates a derivative f; and f, respectively. Further given a Hahn Decomposition
(A, B) of X we have that fi(z) =1on A and fi(z) = 0 on B, and visa versa for fs.
Now we have that u(E) = pm(ENA) —p~ (ENB) = [y, frdlpl — [pnp fodlul =
Ju(fr-xa— f2-xB)d|pul. Let h = f1-xa— fo-xB. Now given x we have that either
x € Aorx e B. If v € Athen xp(z) =0 and so |h(z)| = |fi(z)|=1. Ifz € B
then x4(x) = 0 and we have that |h(z)| = | — fa(x)] = 1. //
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2002

1. Prove that lim [/ 1sin(z)dz exists but that the function L sin(z)dx is
a— o0

not lebesgue integrable on [1, 00).

2. Show that if F' is non-decreasing function on [a,b], then F(b) — F(a) >

f; F'(t)dt. Give meaning to the difference between the two quantities when F' is
right continuous by relating them to the Lebesgue decomposition of F' ( or of the
associated measure ), and an example showing that equality does not always hold

3. Prove that the space L,(X,F, ) is complete for 1 < p < oo.

4. Assume the borel set A C [0, 1] satisfies the following property: there exists
0 < 7 < 1 such that m(ANT) < rm(I) for all intervals I C [0,1]. Prove that
m(A) =0 ( Here m is any finite Borel measure on [0,1] )

5. Let (X, S, ) and (Y, 7,v) be o—finite measure spaces, and let f : Sx7 — R
be a § ® 7 —measurable function. Let p > 1. Show that if f(z,y) is in LP(u) for
every fixed y € Y, then the integral [ f(z,y)dv is also in LP(u), even better, prove
the generalized Minkowski inequality:

(/X(/Y\f(x,y)dv)pdu)% g/y(/X|f(m,y)|Pdu)%dy
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2002 Solutions

1. Prove that lim [/ 1sin(z)dz exists but that the function 1 sin(z)dx is
a— o0

not lebesgue integrable on [1, 00).

Proof. Let f = Lsin(z). Consider lim [" fdz. On each interval (1,a) we have
a— 00

that f is bounded and Riemann-integrable, hence lebesgue integrable and that the
two integrals are the same. We have then that lim fla fdr = lim R fla fdx =

R fla fdx. Now f is Riemann integrable on (1,a). So we show that the limit
lim R fla Sinwﬂd:r converges. We integrate each by parts with u = % and dv =
sin(z). Then we have that du = =% and v = —cos(z)dz then we have that

fla sin(x) do — —co;(a:)](ll o Rfla (,();g.l/) do — —COS(l) + cos(a) Rflb u);g»b) dz. So we

x a

evaluate lim (—cos(1) + %@ +R [ %g"”)dx) < lim [" & 4 cos(1) < oo, thus
a—00 a— 00

fla f exists. However this function is not lebesgue integrable. Consider floc lf] =
>t i 7k + 1)7|f|. Now on each set [kr, (k + 1)7] we have that |f| is bounded
and Riemann-integable, hence it is Lebesgue-integrable with the same integral.

k+1 1
However on each such set we have that |, k(ﬂ+ " If] > w2ms = ﬁ So we have
2

that 3°°° fk(:ﬂ)w If] >3, zklﬁ Now since 2k + 1 < 3k we have Tlﬂ > :lev

so we have [ |f| > 377, 2= = co. Therefore f is not Lebesgue-integrable. ~ //

2. Show that if F' is non-decreasing function on [a,b], then F(b) — F(a) >
f: F'(t)dt. Give meaning to the difference between the two quantities when F is
right continuous by relating them to the Lebesgue decomposition of F' ( or of the
associated measure ), and an example showing that equality does not always hold

Proof. Let f be a non-decreasing function on [a, b] and let g(z) = f'(x), and g, (x) =
n[f(z + ) — f(z)], then {g,(z)} — g. Redefine f so that f(z) = f(b) for z > b.
Then g,, is measurable and since f is monotone we have g,, > 0. This gives by Fatou,
1 1
g <tim [ gy =limn [ (f(z+2) = f@))dm = Tmn(f,"* fdm— [*17 fdm) =
atl
lim(f(b) = n [, fdm < f(b) — f(a).

This equality does not always hold, consider the function f(z) = 1on[0,1) and 3
at x = 1. Then f is differentiable almost everywhere and its derivative is f/(z) =0
almost everywhere, thus f: ' = 0however f(1)— f(0) = 3—1 = 2 so the inequality
is strict. 8 //

3. Prove that the space L,(X,F, ) is complete for 1 < p < oo.

Proof. Tt suffices to show that any absolutely summable series in L? is summable.
Give Y 2, fx such that {fy} C LP, and > 2=, ||fellp, = M < oo, then we will
show that >;2, fx = g € LP is summable. Consider h, = > ;_,|fs]. Let h
be a measurable function such that h, — h p—a.e. We have that ||h,||, <

8Lebesgue decomposition was not covered in depth in our class, and so we will omit this section
of the proof. If any future generations of UConn math graduate students would like to, please
add this section to the proof
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> net |[fxllp < M by Minkowski’s inequality. This gives then that ||h,|[} = [ hE <
MP and so we have [ h? < MP which gives that h is finite u—a.e. Where h(z) < oo
we have that g(z) = Y7, fe(z). Since Y 7o, fi is absolutely summable we have
that Y27, |fe(z)| < co and so we have that Y ;7 fx(z) is a real number. Let
g(xz) = 0 where h(z) = co. Now let g, = > ;- ,, then we have that |g,| < |h,| < h
which gives that |g| < h and so g € L. Now we have that g, /g p—a.e., and
since |g, — g|P < 2P| g|P we have that [ |g, — g|? — 0 by dominated convergence,
and so0 Y_p—, fx = ¢ is summable, whence L? is complete. //

4. Assume the borel set A C [0, 1] satisfies the following property: there exists
0 < 7 < 1 such that m(ANT) < 7m(I) for all intervals I C [0,1]. Prove that
m(A) =0 ( Here m is any finite Borel measure on [0,1] )

Proof. Since A is borel, we can find an open set O = | I, a disjoint union of open
intervals such that m(O) = m(A) 4+ e. This gives that A= ANO =AnNJI =
UAN I, so we have that m(4) = m(UANI;) =Y m(ANIy) <> mm(ly) =
7y m(ly) = 7m(0) = 7(m(A) + €). this gives that m(4) < 77 //

5. Let (X, S, 1) and (Y, 7,v) be o—finite measure spaces, and let f : Sx7 — R
be a § ® 7 —measurable function. Let p > 1. Show that if f(z,y) is in LP(u) for
every fixed y € Y, then the integral [ f(z,y)dv is also in LP(u), even better, prove
the generalized Minkowski inequality:

(/(/ |f (@, y)|dv)Pdp) s g/(/ \f(z,y)[Pdp) > dv

Proof. Consider h(y fY x,y)dv. Let q be the conjugate index of p. Then we
have that F : L9 — R be the functional F(g fX 9(z)(fy |f(z,y)|dv)dp. Then

we have that by definition ||F(g)|| = sup fXg (Jy If(z,y)|dv)dp. And so we
lgllq=1

|51?°=1/X9<x>< /Y £ y)ldv)dp

Tonclli = sup [ ([ gta)ls(epldn)as

llgllg=1

have that:

1F(9)]l

Holder <  sup / gllgl] 17 9)] [lpxcdw

llgllq=1

IN

/ 117 (9] [lpxdo
Y

This being the right hand side. We have also that [, || [f(z,)| ||,,xdv otherwise
the inequality would be trivially solved. This gives then that F' is a bounded linear
functional on L?, and so by Riesz-representation we have that [|[F|| = || [, [f(z,y)|dv|[, x =

1y 1f @ )ldvllpx < [y 11 1f (@ 9)] [lpxdv
//

9Note that this technically does not solve the problem in the case when Y is an infinite space,
as the right hand side may still be infinite, though the inequality will still hold
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2001

1. a) Let (X,F,pu) be a measure space. Define what is meant by saying f is
F—measureable.
b) Give precise definitions of the following modes of convergences:
i The sequence {f,} converges to f uy—a.e. (AE)
ii The sequence {f,} converges to f y—almost uniform (AU)
iili The sequence {f,} converges to f in measure (M)
iv The sequence {f,} converges to f in mean of order p.

¢) Prove the two implication AU — AE and LP — M.

d) Give a diagram for the modes of convergence in the general case where a
solid arrow means the first mode always implies the second, and a broken
arrow means convergence in the first mode implies a subsequence which
converges in the second.

2. a) Give a precise statement of Fatou’s Lemma
b) Suppose {f.} is a sequence of non-negative F—measurable functions con-
verging p—a.e. to the function f, and suppose [ fodp — [ fdp < oc.
Using only part (a) and the properties of sequences of real numbers, show
that for any A € F we have [, fodp— [, fdp.
¢) Indicate where you used the fact that f fdup < oo.

3. a) Let p be the counting measure on p(N. Define g by g(n) = n# where p is
a fixed index in [1,00). Show that g € L" iff p < r < co. Deduce that L"
is not a subset of LP for p < r.

b) Now let p(n) = 25, and define f(n) = n+ where r is a fixed index in (1, 00).
Show that f € LP iff 1 < p < r. Deduce that L? is not a subset of L" for
p<r.

¢) For a general X assume p(X) < oo and 1 <p < r < oo show L™ C LP and
that for f € L" we have ||f]||, < HfHTu(X)%f% ( Hint: Note |f|P € L#»
and 1 € L® forall s > 1).

4. a) Consider two measure spaces (X, F, u) and (Y,G,v) where X =Y = [0, 1],
and both F = G are the o—algebra of Borel subsets of [0,1]. If p is the
Lebesgue measure and v is the counting measure and D = {(z,y)|z =
y} then D is in the product of the o—algebras, however [v(D,)du #
[ u(D¥)dv. Why does this not contradict Tonelli’s Theorem?

b) Consider the reals with the Lebesgue measure and the plan with the induced
product measure. Let f be the function f(z,y) =1ifz > 0and z <y <
41, fle,y) = —1ifze >0and 2+ 1 <y < x+2 and f(z,y) =0
otherwise. Show that [[[ f(z,y)dz]dy # [[[ f(z,y)dy]dz. Why does this
not contradict Fubini’s Theorem?

5. Let A and p be measures on the o—algebra F for a space X. State what it is
means for A to be absolutely continuous with respect to u ( A << p ). Define what
is meant by a Radon-Nikodym derivative d\/du Let A and p be o—finite measures
on (X, F), let A << p, and let f = d\/du. If g is a non-negative F—measureable
function on X, show that [ gd\ = [ gfdu.
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2001 Solutions
1.

2)

Let (X,F,un) be a measure space. Define what is meant by saying f is
F—measureable.

Proof. A function is F—measureable provided that for each o € R, then
{z|f(z) > a} € F. //

Give precise definitions of the following modes of convergences:
i The sequence {f,} converges to f p—a.e. (AE)
ii The sequence {f,} converges to f p—almost uniform (AU)
iii The sequence {f,} converges to f in measure (M)
iv The sequence {f,} converges to f in mean of order p.

Proof.
AE p({z|fn(z) does not converge to f(x)}) =0
AU is  ¥n > 0 there is a set A such that u(A) <n
and f, — f uniformily on A°.
M is  Ve>0 then lim p({z||fr(x) — f(2)| > €}) — 0

-
9]

LP is /\fnff\pHO
//

Prove the two implication AU — AE and LP — M.

Proof. (AU — AE). Let f,, converge to f AU. Then for k € N we can find
Ay such that p(Ag) < % and f, — f uniformily on Af. Let A = () As.
Then we have that for x € A° = |JA§ then f,(xr) — f(z), and since
1(A) < 1Vk we have that u(A) =0 and so f, — f AE.

(LP — M) Let [ |fn— f|P — 0. Then for any € > 0 let E,, = {z| |fn(z)—
f(2)] > €}. Then we have that [, |fn — f[P > €’ u(Ey). But since [ |f, —
f|P — 0 as n — oo, we have that e?u(E,) — 0 which gives that u(E,) — 0
as n — oo. //

Give a diagram for the modes of convergence in the general case where a
solid arrow means the first mode always implies the second, and a broken
arrow means convergence in the first mode implies a subsequence which
converges in the second.

Give a precise statement of Fatou’s Lemma

Proof. Let {f,} be a sequence of non-negative functions converging almost
everywhere. Then for any measurable set A we have that [ L im f, <

lim [, fo- //

Suppose {f,} is a sequence of non-negative F—measurable functions con-
verging pi—a.e. to the function f, and suppose [ fodp — [ fdp < oo.
Using only part (a) and the properties of sequences of real numbers, show
that for any A € F we have [, fodp — [, fdp.
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Proof. Let {f,} be a sequence of non-negative F—measurable functions
converging almost eveywhere to f where f fdp < oo. Let E be any
measurable set. By Fatou’s lemma we have f g/ < lim f g o Now we
consider mefn = lim([ f, — Jge fn) < Lm( /[ f,) +M(—IEC fa) =
J f = 1m( [y fu). Again Fatou gives us [, f < Im(fp. fu) = — [p. f >
—lim( [ fu), thus we have [ f —lm(fy. f) < [ f — [ f = [ ] Thus
lm [y fo < [pf= [pfa— Jpf //

Indicate where you used the fact that | fdu < occ.

Proof. We used this when we computed the expression f f — lim( f Be fn)-
If [ f = oo then this expression makes no sense.

Let 1 be the counting measure on p(N. Define g by g(n) = n7 where p is
a fixed index in [1,00). Show that g € L" iff p < r < co. Deduce that L”
is not a subset of LP for p < r.

Proof. We compute [ g"dp = 307, [ g"dp = 30" g"(n) = 307, nw
which will converge exactly when % >1lorr>np. //

Now let 11(n) = 25, and define f(n) = n+ where r is a fixed index in (1, 00).
Show that f € LP iff 1 < p < r. Deduce that L? is not a subset of L" for
p<r.

P ( P
Proof. Now we compute [ fdu =307, [ fPdu=3 7" fn2) =3 iy
> n+~2 which converges exactly when 2 P_2<-lorp<r. //

For a general X assume p(X) < oo and 1 < p<r<oo show L™ C L? and

that for f € L™ we have ||f|||, < ||f]|lrp(X )7_7 ( Hint: Note |f|P € L»
and 1 € L° for all s >1

Proof. Let 1 < p < r < co. Then we have that fP € Lv. Let q be the
congugate index for %. Since our space is finite we have that 1 € L? for any

g- Thus we have that [|f[|j = [[f|P < ||f”||§||1||q (JUFP)E) T (f )7

|\f||£,u(X)%. by Holders inequality. Since 2 + E = 1 we have that 1 7
=2 = 1- 2 Now taking p—th roots of both sides we have ||f||,

1R = |7l (x) P /)

IN

Consider two measure spaces (X, F, 1) and (Y, G, v) where X =Y = [0, 1],
and both F = G are the o—algebra of Borel subsets of [0,1]. If p is the
Lebesgue measure and v is the counting measure and D = {(ac y)\x =
y} then D is in the product of the o—algebras, however [v(D,)du #
[ u(D¥)dv. Why does this not contradict Tonelli’s Theorem?
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Proof. D is in the product o—algebra. Let (x,y) € X xY such that = # y,
and choose rational < ¢ < y. Then we have that either (z,y) € (¢,1) X
(0,9) or (0,q) x (¢,1). And so we can D° = J,cq(q,1)(x(0,9) U (0,q) x
(¢,1)) € ]-" x G, and so D is also. Now D, = {x} and DY = {y} which gives

that [v(Dy)dp = f ({z})dp = [1dp =1 but [p(DY)dv = [ pu(D¥)dv =
J0dv = O so [v(Dg)dp # [ p(DY)dv. This does not contradict Tonelli’s
theorem since (Y, g 1/) is not a o— ﬁmte space. //

b) Consider the reals with the Lebesgue measure and the plan with the induced
product measure. Let f be the function f(z,y) =1ifz > 0and 2 <y <
x+1, fle,y) = -1ifx>0and a+1 <y < 2x+2and f(zr,y) =0
otherwise. Show that [[[ f(z,y)dz]dy # [[[ f(x,y)dy]dz. Why does this
not contradict Fubini’s Theorem?

Proof. Let f be the function described. For fixed z we have that [ f(z,y)dy =
1. Ody—i—fac—|r1 ldy—l—f“_z 1dy+f;j_2 0dy = x+1—2x—2—2+2+1 =0, and
hence [[f f(z,y)dy]dx = 0. Wehavealbothatffxy dx =0 for y < 0.
ForyZQwehaveff(:z:,y)dxf L dx fy dr = y— y+1 y+1+y—2 =

0. However for 1 < y < 2 we have [ fz,y)dx = v 1dm— Oy Ydx =
y—y+l—y+2=2—y, andfor0<y<1wehaveff (z,y)de = [} dv =y.
Thlsglvesthenthatfffxydmdy fo ydy—i—f1 (2—y)dy=1—-4-
2-2+ 1 —1andsofffx,ydazdy;éfffxydy]datThlsdoesnot

contradict Fubini’s theorem since our function f is not lebesgue integrable

JI1f1 = oo. //

5. Let A and p be measures on the o—algebra F for a space X. State what it is
means for A to be absolutely continuous with respect to u ( A << p ). Define what
is meant by a Radon-Nikodym derivative [d\/dy] Let A and p be o—finite measures

n (X, F), let A << p, and let f = d\/du. If g is a non-negative F—measureable
function on X, show that [ gd\ = [ gfdu.

Proof. We mean by A << p that if u(A) = 0 then A(4) = 0. A Radon-Nikodym
derivative [d\/dp] is a unique (almost everywhere) non-negative measurable func-
tion such that A(E) = [.[d\/du]du. We begin by first showing the result for
the case when g is simple. Let g = ZZ=1 arXxa, be a simple function. Then
we have that [gd\ = [35)_ axxa,dh = 250 axM(Ax) = Y0y an [, fdu =
Jh_akxa,) - fdu = [g- fdu. Now let g be a non-negative F—measurable
function. We can find a sequence of simple functions {¢, } such that ¢,, /" gu—a.e,
whence A—a.e. Now by monotone convergence we have that [¢,d\ — [ gd\.
However by our previous results we have also that [ ¢,d\ = [, - fdu. Since
on /" gu—a.e. then ¢, - f / ¢g- fu—a.e. and so again by monotone conver-
gence we obtain [ ¢,d\ = [, - fdp — [ g+ fdu. Uniqueness of limit gives that
Jgdx= [g- fdp. //
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2000

Note All spaces are assumed to be o—finite.
1. Prove or disprove:

i Every Riemann-integrable function on [0, 00) is Lebesgue-integrable.
ii Every positive Riemann-integrable function on [0, o0) is Lebesgue-integrable.
iii Every Lebesgue-integrable function on [0, c0) is Riemann-integrable

2. Suppose (X, F, u) is a finite measure space. Prove or disprove:
i Every sequence of F—measurable functions that converges in the L (1) —norm
converge a.e. ()
ii Every sequence of F—measurable functions that converges a.e. (u) con-
verges in measure .
iii Every sequence of F —measureable functions that converge in the L' (x)—norm
converges in measure

i Prove that if f € L'(u) then A(E) = [, fdu defines a C—measure on
(X, F).
ii. What is the Radon-Nikodym derivative of A with respect to mu?
iii Prove from first principles ( without invoking any ”big-name” theorems )
that if A\(E) =0 for all E € F then f =0 a.e. (u)

i Prove the Generalized Minkowski inequality: If (X, F, ) and (Y, G, \) are
measure spaces, f a (F X G)—measurable function on X xY and p € [1, 00),

then
1 1
([ ([ 1 aianedn? < [ ([ 15opdna
x Jy y Jx
ii Explain how the inequality above generalizes the Minkowski inequality

5. Suppose that f is a C—valued measurable function on a measure space (X, ).

i Prove that if || f||, < oo for some < oo then ||f||, — || f]|oc as p — 0.
ii Prove that if u(X) = 1'% and ||f||, < co for some r > 0 then

lim [|£]], = el o871
p—0

i Supppose {f,} is a sequence of functions in LP with p € (1,00) which
converge a.e. (i) to f € LP. Prove that if ||f,||, <1 for all n, then for all
g€ LI (L +;=1) then

/fngduﬁ/fgduasnﬁoo
X

ii Does your proof ( of the statement in i ) extend to p =1 and ¢ = co? If it
does, then show how, if it does not , then show where the proof fails, and
produce a counterexample.

10This was added in during the prelim
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2000 Solutions

Note All spaces are assumed to be o—finite.

i

ii

1. Prove or disprove:

Every Riemann-integrable function on [0, 00) is Lebesgue-integrable.

Proof. Disprove. Consider f(z) = 22%) on [1,00) and 0 on [0,1]. This is

x

Riemann-integrable provided the limit blim R flb Singﬂﬁdx converges. We
— 00

integrate each by parts with v = % and dv = sin(x). Then we have
that du = =% and v = —cos(z)dx then we have that fb bmm(w dx =
7505@ be 03(2) g = —cos(1) + < b) be Coi(x dz. So we evaluate

hm (—cos(l) + Coz(b) +Rf1b cos(2) 1) g lim fl -5 +cos(1) < oo, thus f is
b—oo z b—oo z

Riemann-integrable. Conversly to compute [~ |f| =32, [, 7'k +1)7|f].
Now on each set [k, (k + 1)7] we have that |f| is bounded and Riemann-
integable, hence it is Lebesgue-integrable with the same integral. How-

k+1
ever on each such set we have that f( +hm lfl > (%H)W = ﬁ So we

have that Zk 1j‘(k-~_1)7r|f\ > Yl s Now since 2k + 1 < 3k we

SErT > 350 S0 we have [ |f| > Y722, 4o = oo. Therefore f is not
Lebesgue-integrable. //

have

Every positive Riemann-integrable function on [0, o) is Lebesgue-integrable.

Proof. We prove this in two steps. First we show that if f is Riemann-
integrable on a set [a, b] then it is lebesgue integrable. Then we will extend
this result to be true on (0,00). Let f be a Riemann-integrable function
on [a,b] then we will show that this is lebesgue integrable and the two
integrals are equal. Let h be any bounded measurable function h < f.

b
Then, Rﬂ;h < Slill)z ff p < ;r;fh f: ¢ < R[ h where ¢ are simple functions.
© 2

These are true since simple functions are step functions. Then we have
that Vh we have that f:h < RTZh < RTZf = Rfabf < oo thus we have
that fbf = suph<ffbh < bef < oco. Now we have that bef =
Rf f=supy < fRf 1 where 1) are taken to be step functions. Since

these are all bounded Riemann-integrable functions on a finite interval we
have that they are lebesgue integrable and the two integrals are equal, thus

supy < fR f;w = supy < ff:w and since every step function is also

bounded measurable we have that Rfab f =supy < ff;w < sup f: h =
h<f

2 f by definition, so R [’ f = [ f. Now we will extend this to (0,00).

Let f be Riemann-integrable on (0,00) and consider f, = fx(,n) then
fn /" [ and are non-negative, thus lim R [' f = lim [ f by the previous

argument. And so we have lim ['f = lim [ f, — [;* f by monotone
n—oo n—oo

convergence. Likewise we have lim R [' f = R [;* f < oo by definition,
n—oo
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and so by uniqueness of limit we have that [~ f = R [;° f < co so f is
lebesgue integrable.

iii Every Lebesgue-integrable function on [0, c0) is Riemann-integrable

Proof. Prove. Consider the function f(x) = xg on [0,00) is a function
which is not Riemann-integrable as it is discontinuous at every point in
(1,00). However this is Lebesgue-integrable and its Lebesgue-integral is 0
as it is only non-zero on a set of zero measure. //

2. Suppose (X, F, 1) is a finite measure space. Prove or disprove:

i Every sequence of F—measurable functions that converges in the L'(x)—norm
converge a.e. ()

Proof. Disprove. Consider (X, M,[0,1]) and Iy = [0,1],I; = [0,3],]> =
[3,1,Is = [0,4], 1y = [5,2],15 = [2,0],.... Let fn = x1,. Then we
have that for n > m(#ﬂ) then [|f,] < -+ and so {f,} — 0 in mean or
order p namely p = 1. However {f,} does not converge to 0 a.e., and so
this sequence is a sequence which converges in mean of order p, hence in

measure, but does not converge p—a.e. //

ii Every sequence of F—measurable functions that converges a.e. (u) con-
verges in measure .

Proof. Prove. This is true by two steps. First we show that for finite
spaces convergence p—a.e. gives convergence almost uniform. Then we
show that convergence almost uniform gives convergence in measure. Let
fn — fu—a.e. Then given ¢, > 0. Let A; be the set of x € X such that
{fn(z)} does not converge to f. Then u(A;) = 0. Now let G, = {z ¢
A1| |fk($) - f($)| > 6}. Let E,, = Uk>n Gr. Then X D E1 D Ey D ...
Further N, E,, = 0. Since u(X) < oo we have that lim pu(E,,) = pu(N E,) =
0. Thus we can find N large enough such that u(Exy) < § and YN > n
we have |f,(z) — f(z)| < € by definition. Vk € N let ¢, = ; and &, =
27%y. Use the previous argument to choose sets A and numbers Nj, such
that p(Ag) < 0 and Vn > Ni we have |f,(x) — f(x)| < e, on Af. Let
A = A Then u(A) <> 27Fn =1n. Let ¢ > 0. Choose k such that
1 <€, then Vo € A° C Af and n > Ny, we have |f,(z) — f(z)] < § < e
Now given this we show that f,, — f in measure. We have that Ve > 0
there is an N such that Vn > N we have |f,(z) — f(x)] < € on A°, thus
w{z| |fulz) = f(x)] > €}) < p(A) <n for n > N. Therefore since n was
arbitrary, we have {f,} converges in meausure to f. //

iii Every sequence of F —measureable functions that converge in the L' (x)—norm
converges in measure

Proof. Prove. Let {f,} be a sequence which converges in mean of order p.
Given € > 0 let B, = {z| |fn(x) — f(x)| > €} then we can write u(E,) =
Ji ldp. We have also that |fn(z) — f(z)] > € = [fu(z) — f(x)P > €.

Then e?u(E,) = fEn e’ < fEn |fu(z) = f(@)|P < [|fulz) = f(@)]P — 0 as
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n — oo, therefore we have that e?u(E,) — 0 as n — oo which gives that
w(E,) — 0 asn — oo. //

Prove that if f € L'(u) then A(E) = [, fdu defines a C—measure on
(X, F).

Proof. We have that A(0) = [, fdu = 0 as p is a measure. Likewise let
{Ex} be a countable disjoint family of sets. Then A\JEj = fU g, fdn =
>0, fxedu. Now let g, = >}, fxE,. Then we have that g, —
fu—ace. and |g,| < f € L' so we can write [ > ro | fxg.dp = [limg,du =
lm [ gndp =lm [ 370 fxpedp =lm >0 [ fxedp =320, fEk fdp =
> req A(E)). This is finite and absolutely convergent as [ |f|du < oo, and
hence A is a complex measure.

What is the Radon-Nikodym derivative of A with respect to mu?

Proof. The Radon-Nikodym derivative of A with repsect to u is only defined

when A\ << p, or when u(E) = 0 = A(E) = 0, which is true in our case.

In this case, the Radon-Nikodym derivative [%] is the unqiue ( almost

everywhere ) non-negative measurable function such that A(E) = [ E[Z—/’)]du.

//

Prove from first principles ( without invoking any ”big-name” theorems )
that if A(E) =0 for all E € F then f =0 a.e. (u)

Proof. Let f # 0 on a set E such that u(FE) > 0. Without loss of generality
assume f > 0 on E ( either f > 0 or f < 0 on a smaller set of positive
measure ). Then let Ey = {z € E|f(z) > 1}, and E, = {z € E|L >
f(z) > n%_l} Then if p(E,) = 0 for any n € NU {0}we have that E =
UE, so p(E) = > u(E,) = 0 which is a contradiction. Let n be such
that p(E,) > 0. If n = 0, then [, fdu > 1u(E,) > 0 and otherwise

S, fn =52 > 0. //

Prove the Generalized Minkowski inequality: If (X, F, ) and (Y, G, \) are
measure spaces, f a (F X G)—measurable function on X xY and p € [1, 00),

then
(/X(/Ylf(r,y)ldA)”du)% S/Y(/XIf(a:,y)\”du)%d)\

Proof. Consider h(y) = [, f(z,y)d\. Let ¢ be the conjugate index of p.

Then we have that F' : L9 — R be the functional F(g) = [y g(x)( [y |f(z,y)|d\)dpu.

Then we have that by definition |[F(g)|| = sup [y g(z)([y [f(z,y)|dN)dp.

lgllg=1
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And so we have that:

= su T x,y)|d\)d
@I = sw [ @) [ 15
Tonelli = ||g||q—1/ / )| f(x,y)|dp)dX

Hoder < s [l 1760 50
g q*
< L1l xax

This being the right hand side. We have also that [ || |f(z, )| ||p,xdX
otherwise the inequality would be trivially solved. This gives then that F
is a bounded linear functional on L9, and so by Riesz-representation we
have that ||F[| = || [y [f(z,y)|dA]|p,x =

(L(Llf(r,y)ldA)pdu)% S/Y(/X|f(x,y)\”d,u)%d)\
//

ii Explain how the inequality above generalizes the usual Minkowski inequal-
ity
Proof. Let Y =N, G = p(N) and X be the counting measure. Then we have
1 1 . 1
that ([ (fy 17(.9)aNPdun)7 < [ (fx |7 (e, y)Pdu) Fax sives ([ (5 f(ak)Pdu)s <

1 . o
> (Jx |f (@, k)[Pdp)7. That is to say || 3 fllp.x < 321 fkllp.x which is a
generalization of Minkowski’s inequality to infinte sums. /

5. Suppose that f is a C—valued measurable function on a measure space (X, ).

i Prove that if || f]|, < oo for some 7 < oo then ||f||, — || f]lcc as p — .

Proof. Let f € L™. We have the following cases. If f € L= let M = ||f||oo-
Then we have that Ve > 0 we have that for B, = {z| |f(x)| > M — €}, then

we have that (f\f|p > ([ 1fP) Z (BE)%(M —¢). We have that

w(Be) < oo since ([ [f]") )r > u(Bo)r (M — ¢€). Therefore we have that
Lm [[fll, = [[fllec- Now [If|[} = [[fPdu = [If["|fIP~". We have then

p—0o0

that f7 € L*°. And since f € L* then fP~" € L°, thus by Hoélder
S dp < (7P oo = [IfII7]f1[5ST. Taking p—th roots we

have |[7]l, < (17171117 . and taking limits T [|7]], < [|fl and so
p—00

lim ||f|l, = ||f]l- Given that f ¢ L then trivially lim [|f], <|f]lcc-

p—00 pP—00

Then we have that VM > 0 we have that for By = {z| |f(x)| > M}, then
f|f|p )p > > (5, |f|p)% > M(B]VI)%M. We have that pu(Bp) < oo since
([1£I")* > u(Bar)7 (M). Therefore we have that Lim ||f|l, > ||flec- //

p— 00
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ii Prove that if 4(X) =1 and || f]||, < oo for some r > 0 then

lim || f||, = e/= o8 |/1dn
p—0

. . _ P % S B 1 p
Proof. Consider plir(r)lJr log || f]lp plir(r)l+ log((f [f[7)¥) plféi > log(f |£IP)

Now we have an indeterminate form, and so by L’Hopitals rule we have

a P
lim+ log || fll, = lim+ d”[{ f‘lj;l . In the numerator since we are not differen-
p—0 p—0* -

tiating with respect to the variable of integration, we can pass the derivative

. . o ST TP log(f])
under the integral sign to obtain pli%lJr T = plir(r)l+ i Now tak-

ing the limit we have lirg+ log || fll, = ! lofg(llfl) = [log(|f]) by hypothesis.
p—
Exponentiating both sides yields the result. //

i Supppose {f.} is a sequence of functions in LP with p € (1,00) which
converge a.e. (i) to f € LP. Prove that if ||f,||, <1 for all n, then for all
g€ Ll (%Jr%:l) then

/fngdu—>/fgduasn—>oo
X

Proof. Let {f,} — f in LP. We will first prove our theorem for the case
when g is simple, and then extend to the more general settings. Let g =
Zle a;X 4, Since our space is o—finite we can make ¢ finitely supported.
Now consider ffng - ffg = fUAi fn — f||g| < ||g||<>o fU A, |fn - f| Let
€ > 0. then by Egoroff, we can find a subset A C |JA; such that u(4) <
m and f, — f uniformly on E =(J A; \ A. We have also that
there is N such that Yn > N then |f,(z) — f(z)]| < MoT—n(Ey- Lhen we

have that HgHoo fUAi fn — f‘|g| = fEl.fn - f||g|d,u + fA ‘fn - f‘|g|dﬂ <

§ FHllglloo [ 1fa— FI < 5+ lgllooll fr — fllpp(A) by Holder. We have then
by hypothesis that § + ||g]|o|[fn — fllpu(A) < §+§ < e forn > N.
So we are done for g simple. Then for the general case ¢ > 0 choose

¢ a simple function such that ||g — ¢l|, < s 7T,y Then we have that
St = fllgl = [ 1fn = fllg = el + ol = [ 1fu = fllg =@l + [ 1fn— fllel. We
can make [ |f, — fll¢| < § by the previous argument. Likewise by Holder
we have [ |f, — fllg—o| < |[fn—fllpllg—¢lls < § and so we are done. //

ii Does your proof ( of the statement in i ) extend to p =1 and g = co? If it
does, then show how, if it does not , then show where the proof fails, and
produce a counterexample.

Proof. This does not hold. Consider (R, M) and take g = 1. Then g € L°.
However given f, = nxo,1). Then [ fn =1 for all n however f, — 0 a.e.

and so [ f=0. //
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1. Prove that if {f,} are non-negative measurable functions that converge
a.e. on R and [, fr, — [ f < co. Then show:

a) [ f=1lim [ f, for any measurable sets
b) Show that this needs not be the case if [, f = oo

2. f= x%lx(oyl). Then
) Show f is integrable on R
) Let {r,} be an enumeration of the rationals and let g(z) =Y 72, 27" f(z—
rn). Show g is integrable.
¢) Show that g is discontinuous at every point and unbounded on every inter-
val, hence not Riemann integrable on any interval.
d) Show g? is finite a.e. but that it is not integrable on any interval.

a
b

3. Let (X, A, n) and (Y, B,v) be complete o—finite measure spaces.
1
a) Tn LP(X, A, p) for p > 1, define d(f,g) = |If — glly = (J(f — o) du)?.
Prove LP is complete.
b) Express ( but do not prove ) ||f||, as a supremum of integrals of the form

[ fodp

c) Let f be a uxv measurable function. Prove that ||||f||1,.||p.. < ||| f]lp. || £,5-

4. Let f(z) = 2?sin(2) and g(z) = x?sin(Z%) for z # 0 and f(0) = g(0) = 0.
Show that
a) fand g are differentiable everywhere in R
b) f is of bounded variation on [—1,1] and g is not of bounded variation on
[_17 1]
¢) Are f and g absolutely continuous on [—1,1]?
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1999 Solutions

1. Prove that if {f,} are non-negative measurable functions that converge

a.e. on R and [, f, — [ f < co. Then show:

a)

Ji f=1im [, f, for any measurable sets

Proof. Let {f,} be a sequence of non-negative F—measurable functions
converging almost eveywhere to f where [ fdu < oo. Let E be any
measurable set. By Fatou’s lemma we have | g/ < lim I} g fn- Now we
consider Tm [, fo = Tm([ fa — foe fo) < Tm([ fu) + Tm(— [ fu) =
[ f—lim([p. fn). Again Fatou gives us [, f < lm([p. fn) = — [z f >
—lim( [y, fn), thus we have [ f —lim( .. fn) < [f— [pe f =[5 f- Thus
m [y fo < [pf= Jpfn— Jpf //
Show that this needs not be the case if fR f=o

Proof. Consider X = (0, co) with the lebesgue measure. Let f, = x®\@)n(0,n)

Then we have that f, — f =1 ae. and [ f, =n — co = [ 1. However
we have that [, f, = 0 for each n but [, 1= oco. Therefore [, f, does not

converge to f@ f. //

2. f= a:%lx(o’l). Then

a)

Show f is integrable on R

Proof. Let f, = fx(%’l). Then f, / fp-a.e, and so by monotone conver-
gence we have [ f, — [f. Each f, is a positive Riemann integrable
function and so its lebesgue integral is its Rieamnn integral. Further
Rfolf = lim R[if = lim (2 — (1)2) = 2 < co. Hence f is inte-
n—oo n n—oo

grable. //

Let {r,} be an enumeration of the rationals and let g(z) = > ">, 27" f(x —
rn). Show g is integrable.

Proof. Since f is non-negative we have that [¢ =" ,27" [ f(z —r,) =
S 2 — 2 < o //

Show that g is discontinuous at every point and unbounded on every inter-
val, hence not Riemann integrable on any interval.

Proof. Note that for any interval I and ¢ € I N Q then lim+ f=o00so fis

T—q

unbounded on I. This shows also that f is discontinuous at every point as
supopse ¢ is continuous at some r € I. Then we have that for some § then
lg(y) —g(r)| < 1for |[y—r| < 4, at any rational ¢ € (r,r+J) we would have
lim f < 1 which is a contradiction. Hence g is not Riemann-integrable on

T—q

any interval. //
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d) Show g? is finite a.e. but that it is not integrable on any interval.

Proof. We note that since g is finite a.e. then g? is also. However f g® =
S 27" [ f*(x — 7). Let k be such that r, = 0, then we have that

[g*>27"F fo =27k fl 9% — 0. However by arguments above we have
1 dz _ Lde s o 2 . .
that [, < Rf; + = lim In(n) = oo So ¢g? is not integrable.  //

TL*?OO

3. Let (X, A, n) and (Y, B,v) be complete o—finite measure spaces.

a) In LP(X, A, p) for p > 1, define d(f,9) = [|f — gll, = (J(f — 9)"dp)?.
Prove LP is complete.

Proof. Tt suffices to show that any absolutely summable series in LP is
summable. Give >°77, fi such that {fx} C LP, and > po, || fxll, = M <
oo, then we will show that 2211 fi = g € L? is summable. Consider
hy = > 4_1 |fx|- Let h be a measurable function such that h,, — h p—a.e.
We have that ||h,||, < > 5 [|fellp < M by Minkowski’s inequality. This
gives then that [|h,|[E = [ h% < MP and so we have [ h? < MP which gives
that h is finite p—a.e. Where h(z) < co we have that g(x) = > po; fi(2).
Since "7~ fx is absolutely summable we have that Y .-, |fx(z)] < oo
and so we have that Y, fi(z) is a real number. Let g(z) = 0 where
h(z) = co. Now let g, = > p-;, then we have that |g,| < |h,| < h which
gives that |g| < h and so g € LP. Now we have that g, / g p—a.e.,
and since |g, — g[P < 2PT|g|P we have that [ |g, — g|? — 0 by dominated
convergence, and so Y, | fx = ¢ is summable, whence L? is complete. //

b) Express ( but do not prove ) ||f||, as a supremum of integrals of the form
J fadu

Proof. Let g be the conjugate index to p. Then we have that H (g f gfdu
is a linear functional, and [ provided f € LP ] we have that |H|| =

sup [ gfdu <||f||p is bounded so Riesz Representation gives that || f||, =
llgllq=1

sup [ gfdp. //

llgllq=1

¢) Let f be a i xv measurable function. Prove that ||| f||1,.llp.e < 11 f1lp.o!l f,-

Proof. Consider h(y) = [y |f(z,y)|dp. Let g be the congugate index of p.
Then we have that F L9 — R be the functional F(g fY 9) (S5 | f (@, y)|dp)dv

Then we have that by definition ||F(g)|| = sup fY g ([ |f (@, y)|dp)dv.
llglla=1
And so we have that:

1@l = s o[ 15 vl

Tonelli =  sup /X ( /Y o ()| ()| dv)dp

llglla=1

Holder < s [ gl (0] v

llgllq=1

IN

J 15 T
X
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This being the right hand side. We have also that [ || [f(x, )| ||p,ydu <
oo otherwise the inequality would be trivially solved. This gives then that
F' is a bounded linear operator on L%, and so by Riesz-representation we
have that [|F|| = [| [y [f (2, y)|dpllpy =

[ 1salanrant < [ ([ 15Garaba

//

4. Let f(z) = a?sin(+) and g(z) = x?sin(Zz) for # # 0 and f(0) = g(0) = 0.
Show that

a)

f and g are differentiable everywhere in R

Proof. f and g are both differentiable away from 0. So we compute

. (Ax) . 2 . 1 _ .
Alglcgo glo) A];QO(AQT) sm(m) = 0 by the sandwhich theorem, so f
is differentiable everywhere. Likewise we compute for f
N )
Ahm0 f(mf) Al;rg()(&:v)sm(ﬁ) = 0 by the same argument. //

f is of bounded variation on [—1,1] and g is not of bounded variation on
[_17 1]

Proof. We have that f is of bounded variation on [—1,1] since |f'(z)| =
|22 sin(1) 4 cos(2)| < 3 away from zero, and since f'(0 ) = 0 we have that
|f'(z)] is bounded on [—1,1] and hence must be of bounded variation. It
will suffice to show that g is not of bounded variation on [0,1]. We first

want to consider points xp = 4/ (k 5- Then we have that |sm( )| € {1,0}.
We have then that T, g(x) > Tag(x). Now since Tjg(x) is larger than the
supremum over all partitions {0 = zg,...,z, = 1} where zj, are taken as

above, so we have Tig(x) > 3232, lg(aw) — glan—1)l = 232y l9(y/ &) —

9(4 /ﬁﬂ >3 a(y /ﬁ) — 9(1/3%)], as we are taking few sum-
mands. We have then that >~ |g(, /ﬁ) —9(y/5=)| =

2k+1 2
PO |(2k+1)7r bm( ) — i sin(3F )| = pe |(2k+1)7r sin(
1
Sy (2k+1)ﬁ = 2k+1 Sy T 2 2k+1 pOE- + which diverges, hence
g is not of bounded variation.
//

2k+1)| —

Are f and g absolutely continuous on [—1,1]?

Proof. This is clear since f again has a bounded derivative on [—1, 1] and
so it is also absolutely continuous. However since we showed that g is not
of bounded variation on [—1, 1] and hence cannot be absolutely continuous.

//
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1998

1. Prove

Lo 1 > 1
/0 1—Jilog(5)_k§::(p+k)2

1

2. Answer two of the following three questions

a) State the monotone class theorem and use it to show that if (X, .4, u) and
(Y, B,v) are finite measure spaces, then the family of subsets E of X x Y
for which the double integrals

/[/ xeduldv = /[/ xedv]du

make sense and are equal is a c—algebra that contains the product oc—algebra
A® B.

b) State the Fubini-Tonelli theorem

¢) Use the Fubini-Tonelli theorem to show that if p is a finite borel measure
on R then

oo

xPdp = p/ P (x| > t)dt
0 0
for all p > 0.

a) Prove the Generalized Minkowski inequality, that is prove that if (X, .4, u)
and (Y, B,v) are o—finite spaces and f : X XY — R is A® B—measurable,

then [[[|f[[1ullp. < [l fllp,vll1, for all p > 1.
b) Show that if p > 1 and f € LP then the mean functional of f given by

F(z) =12 [ fy)dy = fol f(at)dt is also in LP and moreover ||F||, < ql|f||,
where ¢ is the conjugate index of p.

4. Let T?f, P’f and N?f be the total, positive and negative variations of f on
[a,b].
a) Show that if f is of bounded variation on [a,b], then f(f |f/(z)|de < TLf
b) Show that if f is absolutely continuous on [a,b] then P’ f = f;(f’(x) v 0),
Nbf = — [2(f/(x) A O)de and TPf = [7|f'(z)|dz. (Notation a Ab =
max(a,b) and a V b = min(a,b)).
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1998 Solutions

1. Prove

x
1
/0 T loe(g Zl p+ k)2
Proof. We have that -~ = Z;O o 2" for |z| < 1, hence almost everywhere on [0, 1].
This gives that fl 2" log (L fo > ne aF P (—log(x fo > rey —xF P log(z).
Define f, = —ak+t? log( ) on (07 1] and f5(0) = 0, then fo fr = fol —2k*P log(z),

and since fr > 0 on [0,1] then we have that fol ZZC ofe =D reo fol f by mono-
tone convergence. Now take a, = % and b, =

n+1 then a, — 0 and b, — 1 so

we have that fol 2 log(L) =302, lim ff: fr = lim fa: —2%+Plog(x). On each
(@n,b,) we have that —z**Plog(x) is bounded and Riemann integrable and that

the lebesgue integral is equal to the Riemann. So we can compute f;” —zk P log(x)

by parts using u = log(z) and dv = —z**Pdx giving du =% and v = k+_1+ ghtptl
bn ket _ M log(a) S
and so we have that [ —2**Plog(x) = o, ] + k+p+1 fa P
—ghtrtl log(z)1b 1 k+p+11bn _ 7bk+p+1log(b ) 7ak+p+ log(an)
i lon + ge AR FFp+l + FrpHl + (1 +k+

p)2bETPHL — (1 + k + p)2ak TP+, Now we take limits as n increases without bound.

k+p
We have nler;o w = 0. Further hm (1 + k + p)2pitrtl =

lim (1 + k + p)2ak™P+1 = 0. Now we compute
n—oo

= e and

lim . If welet ¢ =k + p+ 1 then we are trying to compute the

00 k+p+1
st T —9nloglan) -1 _ -1 log(an)
limit nlin;o . = R, hm ap log(an) = 577 nlerolo et If we attempt

to plug in we get the indetermlnate form 22 and so we can use L’Hopitals rule to
—1
—1 I = =1 -1 _ =1 =1 _c+1
obtain T nh_r)r;o el | nh_r)r;o ca T = Fgpl nh_{r;() —a; — 0. Now

—bE P+l i6g(h,) —ak P+ og(a,,)
putting this all together we obtain nlggo T + ] +(1+k+
p)2oE TPl — (1 4 k + p)2aktrtl = m. Hence we have that fol = log(L) =
oo 0] lim fb" e = > reo m. Reorder by letting 5 = k 4+ 1 we have then
1 P
I 1 1 g( ) = Z]oil (j+1p)2

//

2. Answer two of the following three questions

a) State the monotone class theorem and use it to show that if (X, .4, 1) and
(Y, B,v) are finite measure spaces, then the family of subsets F of X x Y
for which the double integrals

[t xduiar = [1 [ xdvian

make sense and are equal is a o—algebra that contains the product oc—algebra

A® B.
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Proof. The monotone class theorem essentially states that if a o—algebra
contains a collection of sets C then it contains the smallest c—algebra which
contains the collection C 1.

Now let ¢ = {E| [[[ xgdpldv = f fXEdV dp < oo}. First note that
JU xxxydvldp = [v(Y)xxdp = p(X = [ (X)xvdv = [[[y xxxydpldv.
So X xY € C. Now if E € C then we have that X XY = xg+xge. This gives

that [[[ xxxvduldv = [[[ xgdpldv + [ xpedpldy and [ xxxydvldp =
[1f xgdvldu + [[f xEp-dv]du However since X x Y and E are both in C
we have that [[[ xgdvldu+ [[[ xgedv]dp = [[[ xpdpldv + [[[ xgedp]dry
which gives that [[[ xgedpldv = [[[ xgedv]dp and so E¢ € C. Now given a
countable disjoint collection {E;} € C, we have that x| g, = > xr;- Then

we have that [[[ xy g duldv = [[[ Y xedpldv = 3 [ xe.dpldv =
Y [ xedvldp = [[[ > xe.dvldu = [[[ x| g,dv]dp. By monotone con-
vergence, thus we have that C is a o—algebra. Since for any measurable
rectangle A x B where A € A and B € B then we have that yaxp is
a measurable function. Tonelli’s theorem gives that [[[ xaxpduldv =
J1f xaxpdv]du and so by the monotone class theorem we have that C
contains the algebra A ® B.

/!

b) State the Fubini-Tonelli theorem

Proof. Fubini and Tonelli are similar theorems. We will state one and note
where the other differes. Given (X, A, i) and (Y, B,v) are o—finite spaces,
and f be a non-negative A ® B—measurable function. Then we have the
following:
(a) f x( ) = f(z,y) is a measurable function on Y for almost all x
( ) fY(z) = f(x,y) is a measurable function on X for almost all y
(¢) [ f(z,y)dv is a measurable function on X
) J f(z,y)du is a measurable function on Y’

&) JIf fdvidu =[] fdp)dv.
Now Fubini gives essentially the same conclusion with integrable in ex-
change for measurable. This stronger version comes at the price of requir-
ing our A ® B—measurable function to be integrable and we require our
spaces to become complete. //

¢) Use the Fubini-Tonelli theorem to show that if p is a finite borel measure
on R then

oo

xPdp = p/ P (| > t)dt
0 0

for all p > 0.

Proof. Let f(x,t) = pt?"!x4>¢. Then we have that f is measurable in the
product space and so we have thatpfo P p(x|x > t)dt = fo S PP X o> idpdt =
I fo ptP~Ldtdp, By Tonelli. The bounds on the outer integral come from
the fact that f(z,t) = 0 for < t. So we have that p [ t*~'u(x|z >

= /7 fgptp_ldtdu = [, aPdp. //

HThis theorem was not covered in class and I understand that it is a much more far reaching
statement, but to solve the problem this will be sufficient
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Prove the Generalized Minkowski inequality, that is prove that if (X, A, )
and (Y, B,v) are o—finite spaces and f : X xY — R is A® B—measurable,
then [[[|f][1,ullpy < ||||f||p,u||1,u for all p > 1.

Proof. Consider h(y) = [y |f(z,y)|dp. Let g be the congugate index of p.
Then we have that F L9 — R be the functional F(g fy 9W) ([ |f (@, y)|dw)dv

Then we have that by definition ||F(g)|| = sup fY g ([ | f (@, y)|dp)dv.
llgllq=1
And so we have that:

1@l = s o[ 15 vl
Tonclli = swp [ ([ a0l

llgllq=1

Hilder < sup /Hmuufxwu

llgllq=1

p,Yd/J’

S(AHU@&NWXW

This being the right hand side. We have also that [ || |f(z,y)| |[p,vdu <
oo otherwise the inequality would be trivially solved. This gives then that
F' is a bounded linear operator on L9, and so by Riesz-representation we
have that [|[F|| = [| [y [/ (=, y)ldullpy =

(/Y(/le(x,y)Idu)pdu)% S/X(/Y|f(x7y)\pd1/)%du
/!

Show that if p > 1 and f € LP then the mean functional of f given by

=1 fy)dy = j;) f(xt)dt is also in LP and moreover ||F||, < ¢||f||,
where q is the conJugate mdex of p.

Proof. Consider ||F||, = ([( fo f(zt)dt)Pdu)» l < fo (fx flat)Pdp)» Bt by
general minkowski. By bubstltutlon u = xt we have du = tdu Then we

have fo fX f(xt)Pdu)» fo (fx flu)Ptdp)> fo (fx flu)Ptdp)» pdt =
Jo I fllpt7dt = %+1|\f||p— llfllp < p,1\|f||p—fJ|\f||p
/!

4. Let T2 f, P2 f and N!f be the total, positive and negative variations of f on
[a, B].

Show that if f is of bounded variation on [a,b], then f |f/(z)|dx < T f

Proof. We have that since f is of bounded variation then we can write
f =g — h where g(x) = P? and h(z) = N¥. Then we have also that f is

a

differentiable almost everywhere then we have that [ b |f' ()] = [, b lg'(z) —
"(z)] < f; lg’ (x |+f |/ (x)] Now we have that f lg'(x)| < g(b)—g(a) and
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[P0 ()] < h(b)—h(a) and so we have [ |f'(x)| < g(b)—g(a)+h(b)—h(a) =

Pof+Nof =T f. /!
Show that if f is absolutely continuous on [a, b] then P°f = f )V 0),
Nf = — [2(f/(x) A O)dz and TOf = [°|f(z)|da. (Notatlon anb =

mazx(a,b) and a V b = min(a,b)).

Proof. We already have that f |f'(z)| < TP. It suffices to show the reverse
inequality. If f is absolutely continuous then we have that then we have that

Tf = sup 22:1 |f(@i) = f(ziz1)] = sup Zk 1|f;1 ()| =

P partltlon P partition

sup |f fl(x)| = |f fl(x)| < f;|f’(x)| It suffices to show that
P partition
PP = f;(f’(x)\/O), since T° f = PP f+N?f. Now from part (a) we have that
fab(f’(m)\/()) < Pbf. And as before we compute P? = R 51111 Sr L (@i)—

partition
Ti_ b .
flai)t = sup 3L [f @I = sup [ ()] Since
P partition P partition

on any interval [z;_1, x;] such that fw ~! f'(z) < 0 then we have that f’ <0
almost everywhere and so fa ()]t = Zk l[fx ~' f'(x)]T. Now we have

that  sup [f: ()]t = [f: f(x))t < f (z)]* by a similar argument
P partition

and so P’ = ff[f’(x)]Jr //
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