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HSCM: Resolution Methodology 

!  The General Clustering Problem 

Consider  a  general observation point   
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!  Problem transformation 
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!  Problem transformation 

Canonic 
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!  Smoothing the problem 

Differentiable 



HSCM: Resolution Methodology 

!  Smoothing the distance calculation 
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!  Smoothing the Euclidian distance: 
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!  Problem resolution 
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!  Problem resolution 

 Some remarks about the problem (P8): 

 The variable domain space has  (nq + m)  dimensions. 

 All functions of this problem are  C!  functions in relation to  
the variables  (x,z). 

 Each variable  zj  appears only in one equality constraint h
(x,zj)  for all  j =1,...,m. 



HSCM: Resolution Methodology 

!  Problem resolution 

 Some remarks about the problem (P8): 

 The parcial derivative of  h(x,zj)  in relation to  zj  is not 
equal to zero for all  j =1,...,m. 

 In the face of the previous remarks, it is possible to use 
the Implicit Function Theorem in order to calculate each 
component  zj ,  j =1,...,m, as a function of the centroids 
variables  xi  , i =1,...,q. 
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!  Problem resolution 
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HSCM: Resolution Methodology 

!  Problem resolution 

 Some remarks about the problem (P9): 

 It can be solved by making use of any method based in 
the first and second order derivatives information 
(conjugate gradient, quasi-Newton, Newton methods, etc). 

 It is defined in a nq-dimensional space, therefore a smaller 
dimension problem in relation to the original problem (P8). 



Simplified HSC Algorithm 



Remarks about the HSCM Algorithm 

 The algorithm causes  !  and  "  approach zero, so 
the constraints of the subproblems it solves, given as 
in (P8), tend to those of (P5). 

 The algorithm causes  #  approaches to zero, so, in a 
simultaneous movement, the solved problem (P5) 
gradually approaches to problem (P4). 



HSCM - Computational Results: TSPLIB-3038 
Minimum Sum-of-Squares Clustering Formulation 
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So, the objective function can be expressed in the following way: 



5G0'B+1&/'!"*)"#0#/'"L'/G0'(F60A$40'B%#A$"#''

The component associated with the set of boundary observations, 
can be calculated by using the previous presented smoothing approach: 

where each  zj  results from the calculation of a zero of each equation: 
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For The Minimum Sum-of-Squares Clustering formulation, 
the second component, associated with the gravitational regions, 
can be calculated in a direct form: 

where    Ji    is the set of observations associated to centroid   i 

           is  the gravity  center  of  cluster   i 
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The gradient of the second component, associated with the gravitational regions, 
can be calculated in an easy way: 

where    Ji    is number the of observations associated to centroid   i 



Simplified Accelerated Algorithm: AHSCM 
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Comparison of Results:  Pla85900 
Minimum Sum-of-Squares Clustering Formulation 
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Performance of the HSCM 
!  The performance of HSCM can be attributed to the complete 

differentiability of the approach. So, each centroid sees 
permanently  every observation point, conversely, each 
observation point can permanently see every centroid and 
attract it . 
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La solución es el vector propio u de la matriz 
Asociado con el valor propio      más grande diferente de 1  
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sujeto a 

Cada vector propio                        , asociado a   
determina una un eje que pasa por el origen de la nube. 

Estos vectores propios son utilizados para definir los planos factoriales. 

sujeto a 
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Introduction 
Partitioning in Cluster Analysis 
We seek for K clusters, well separated and 
homogenous internally 
Objects:  = {x1,x2 xn}  Rp 
Clusters: C1,C2 K 
Partition: P = (C1,C2 K) 
K given a priori 



Homogeneity 
Minimize the within 
clusters variance: 
 
 
 
where gk is the 
barycenter of Ck 

K

k C
kin

ki

PW
1

21 ||||)(
x

gx



Separation 

Maximize the between-
clusters variance: 
 
 

  
 
Remark:   
    Total = W(P) + B(P) 
         min      max 
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Combinatorial Problem 
Number of partitions in non empty 
clusters: 
 
 
 
 
Optimal partition problem: NP-hard 
Approximative algorithms are needed 



The idea of moving the 
centers of the clusters 

Advantage:  
there are fewer cluster than individuals 



Metaheuristics in 
partitioning 

Classical methods (e.g. K-means) find 
local optima of W criterion 
 
We have applied several heuristics with 
good characteristics: 
 

a. Simulated annealing 
b. Genetic algorithms 
c. Tabu search 
d. Ant colonies 



Simulated Annealing 

Introduced by Kirkpatrick, Gelatt y Vecchi 
(1982,1983) and independently by Cerny (1985) 
and Pincus (1968) 

low energy states of a solid when heated to high 
temperatures. 
It has two phases: 

Increase the temperature until the solid melts. 
Decreasing the temperature slowly until the particles 
are balanced to form a very pure crystal.  



The Metropolis Algorithm 
Annealing has been modeled, Binder (1978) 
Monte Carlo technique : succession of states 

(I, EI J, EJ) 
If  EJ   EI < 0 then J is acepted  
Else J is acepted with probability 
 
 
T is temperature, B  Boltzman's constant 

 



Simulated Annealing Algorithm  
The solutions of the problem 

  states the physical system. 
The value of the solution      State energy 
 

Optimization problem   V, f ).  I  V 
J is a neighbor state I, J  VI 



Simulated Annealing Algorithm  



The idea of moving the 
centers of the clusters in SA 



compute the new state (moving a center). 
It is checked if this change altered the classes. 

if the individual is of the class of center moved, it 
have to change the minimum distance 
It should be checked if the center walked away 
from an individual and it changes to another class 
verify if individuals from other classes were 
moved to the class, of the center moved. 

Advantage:  
there are fewer cluster that individuals 

The idea of moving the 
centers of the clusters in SA 



Particle Swarm Optimization 
Particle Swarm Optimization (PSO):  

Kennedy & Eberhardt (1995) 
 

http://www.particleswarm.net 
 

Models social behavior: each individual tries to 
perform better according to its own experience 

 
 

It handles a set of M particles or agents in a 
multidimensional space 

http://www.particleswarm.net/
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Principles of PSO 

For each particle: 
 

Remember my best position in the past 
Ask the neighbors for their best position  

 
Tendencies:  
 

1. Follow my path (inertia)  
2. Go back to my best position (conservative) 
3. Imitate the leader (imitation) 



PSO: modeling 

where:  



PSO Model 

Inertia  

Go  back  

Imitation  



Illustration of PSO 



zm(t) z*
m 

z* 

imitation  

go  back  to  my  best  position  

inertia  
vm(t) 

zm(t+1) 

leader  

Illustration of PSO 
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Illustration of PSO 



Conditions 

Conditions for non divergence: 

Heuristics, partial results: 

Empirical result: 

Define:  



PSO in partitioning 

Each particle is a set of K centroids  
g1,...gK  Rp 

Each centroid has associated a cluster Ck 
by allocating the objects to the cluster of 
the nearest centroid 
The centroids move in Rp according to the 
principles of PSO and the partition is 
redefined by allocation 
Particles move in R Kp  



The idea of moving the 
centers of the clusters in PSO 



Algorithm 

Repeat for t=1,2,... max_iter or conv 
 For m=1: M (particles) 
  For k=1: K (clusters) 
   use PSO equation for each  
   numerical variable 

  Allocate objects to the nearest centroid 
  Update best position of particle m 
Update best overall particle 



Parameters 

 = 0.5: coefficient for vi(t) 
 

 = 1 + 2 4: sum of random coefficients 
 

 (tolerance): for convergence 
 

Maximum # of iterations (= 200) 



Preliminary results 

Four data tables from the literature: 
French scholar notes (9 x 5) 

 
 

 



Methods compared 

PSO: Particle swarm optimization 
MC:Moving centers + SA 
SA: Simulated annealing 
TS: Tabu search 
GA: Genetic algorithm 
ACO: Ant colony optimization 
KM: k-means (local search) 
Ward: Hierarchical agglomerative (cut the tree) 



Results: Scholar Notes 

K W MC 
#10+ 

PSO 
#=100 

SA 
#=150 

TS 
#=1000 

GA 
#=100 

ACO 
#=25 

KM 
#=10000 

Ward 

2 28.2 61 92 100 100 100 100 12 No 

3 16.8 95 57 100 100 95 100 12 No 

4 10.5 48 51 100 100 97 100 5 Yes 

5 4.9 100 29 100 100 100 100 8 Yes 

Table  9  x  5  



 

Table  23  x  16  

K W MC 
# =10 

PSO 
#=100 

SA 
#=150 

TS 
#=200 

GA 
#=100 

ACO 
#=25 

KM 
#=10000 

Ward 

3 32213 90 51 100 100 87 100 8 No 

4 18281 40 23 100 100 0 100 9 No 
5 14497 10 6 100 97 0 68 1 Yes 



Results:  

Table  24  x  24  

K W MC 
#=10 

PSO 
#=100 

SA 
#=150 

TS 
#=200 

GA 
#=100 

ACO 
#=25 

KM 
#=10000 

Ward 

3 271 90 7 100 100 85 100 2 No 

4 235 40 7 100 100 24 96 0.15 No 
5 202 40 7 100 98 0 84 0.02 No 



 

Table  150  x  4  

K W MC 
#=10 

PSO 
#=100 

SA 
#=150 

TS 
#=1000 

GA 
#=100 

ACO 
#=25 

KM 
#=10000 

Ward 

2 0.99 100 76 100 100 100 100 100 No 

3 0.52 60 79 100 76 100 100 4 No 

4 0.38 40 55 55 60 82 100 1 No 

5 0.32 
0.312 

? 
10 

28 0 32 6 100 0.24 No 



Concluding remarks 
Generally, results are better or at least the 
same as those of classical methods 
 

Simulated annealing and ant colonies are 
generally better 
 

Some work on tuning the parameters must 
be done:  
 

, , max_iter, population size 



Concluding remarks 

Monte-Carlo simulation: 
 

Gaussian random variables N ( ,  2) 
 

Number of objects (50,100,200,500) 
Number of clusters (3,5,7) 
Variance 2 (similar, different) 
Cardinalities of clusters (similar, different) 



Some References 

stochastic optimization techniques applied to 
Advances in 

Data Science and Classification, Springer, 
Berlin: 185-190. 
 

(Eds.) Classification, Clustering, and Data 
Mining Applications, Springer, Berlin, 25-32.  



Questions? 

E-mail:   
  

 mario.villalobos@ucr.ac.cr,  
mario.cr@gmail.com 

  
  

Thank you!  
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Organización

• Introducción – Problema Multiobjetivo.

• MO en clasificación

• Trabajo futuro.
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Problema de optimización multiobjetivo

Ejemplo: Selección óptima de portafolios de inversión.

El inversionista quiere

• maximizar su rendimiento y

• minimizar el riesgo.

Riesgo −→ Markowitz, Target Shortfall Probability (TSP)

Problemas con los datos en clasificación

• las variables no son del mismo tipo

• las dimensiones de estas

PASI 2011 Xalapa, México 3
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Problema de optimización multiobjetivo

En general, en un PMO tenemos:

F (x) = (f1(x), ..., fn(x)).

Enfoque usual: −→ un problema escalar o de un objetivo.

Esto puede no tener sentido si f1, ..., fn no son del mismo tipo.

Por ejemplo: si f1 denota distancia, f2 denota tiempo, ...

La escalarización puede perder sentido.

Nuestro enfoque: Tratar el PMO directamente.

PASI 2011 Xalapa, México 4
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Para comparar vectores en IRd −→ orden de Pareto.

!u = (u1, u2, . . . , ud), !v = (v1, v2, . . . , vd) ∈ IRd, entonces

!u $ !v ⇐⇒ ui ≤ vi ∀ i ∈ {1, . . . , d}.

Orden parcial . !u ≺ !v ⇐⇒ !u $ !v y !u *= !v.

!v domina a !u

F : X −→ IRd función vectorial,

fi : X −→ IR para cada i ∈ {1, . . . , d}.
!

"

•

•

•

!u

!v
!w

#
#

#
#

#
##

#
#

#
#

##

#
#

#
# ##

El problema de optimización multiobjetivo es:

Encontrar x∗ ∈ X tal que

F (x∗) = min
x∈X

F (x) = min
x∈X

[f1(x), . . . , fn(x)], (1)
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Optimización MO en Clasificación algunas ideas Villalobos Arias, M.

Definición 1:

x∗ ∈ X se llama una solución óptima de Pareto para MOP (1)

si no existe x ∈ X tal que F (x) ≺ F (x∗). Sea

P∗ = {x ∈ X : x es una solución óptima de Pareto}

el conjunto de óptimos de Pareto, y

F (P∗) := {F (x) : x ∈ P∗}

el frente de Pareto.

!

"f2

f1

!

!

!

!

!

A

B

C

D

E

F (X)

"

!
F (P∗)
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Ideas de uso de Optimización MO en clasificación

• Tomar

. f1 = Número de clases

. f2 = W (inercia)

llevar a encontrar los óptimos de los diferentes números de

clases

!

"
•

•

•

•

•

2 3 4 5 6 K

W
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Optimización MO en Clasificación algunas ideas Villalobos Arias, M.

Ideas de uso de Optimización MO en clasificación

• dividir W (inercia) en partes de acuerdo al tipo de las variables

W = (W1,W2, . . .)

debeŕıa encontrar la solución clásica y elimina el efecto por las

diferencias entre las variables

PASI 2011 Xalapa, México 8
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Trabajo Futuro

• programar los algoritmos presentados

• buscar otras posibilidades de usar optimización MO
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Preguntas

gracias
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