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MCMC algorithm. We describe the MCMC algorithm in detail here. For up-
dating the selection parameters +y;,, and regression coefficients 3;,, ¢ = 1,..., N, v =
1,...,V, we first generate number of subjects n from from Poisson distribution
with mean parameter N/2, with N the total number of subjects. If 0 < n < N,
then we stop and select n subjects with simple random sampling method without
replacement; If n = 0 or n > N, then we resample until 0 < n < N. We then
update the values of v;, and f;,, v = 1,...,V for each of the selected subjects
with a combination of add-delete-swap moves and the sampling algorithm for HDP
models proposed by Teh et al. (2006). The updates on delay parameters )\;,,, inno-
vation variance parameters 1;,, and long memory parameters o, v = 1,...,V
are for all subjects. To give the details of equations involved in MCMC steps, we
introduce the following notations:

e ¢;,: index variable of the “latent cluster” for voxel v within subject ¢, ¢ =
(cip : Vi, V), ¢_ip = E\Civs

® s;.: index variable of the mixture component taken by cluster ¢ within subject
iy 5 = (Sic = Vi, ¢), S—ic = 8\Sics

e 2;,: equivalent to s;., , and Z = (z;, : Vi, v);

e m;;: number of clusters within subject ¢ taking component &, and m.; is
the number of clusters taking component &k across subjects, m.. is the total
number of clusters, m = (my : Vi, k);

e n,;.,: the number of voxels in subject ¢ at cluster ¢ taking mixture compo-
nent k, and then ni_c?” is the number of voxels in subject ¢+ whose factor is
associated with ¢, _, leaving out the data item

e ¢ the kth mixture component;

o« VU= (Y Vi), Vi = (Vi Wrew = ). V7, = VY,

* .
w?
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Updating ~ and (3. Let S,, = {i1,12,...,i,} be the set of indices of selected
subjects, for subject ¢ € .S,,, we randomly choose among the three moves below:

e add step. we randomly choose one voxel v from the set where «y;, = 0 at the
previous iteration, and set 7}>" = 1. Then we update 55" from the follow-
ing steps:

Sampling c: The conditional distribution of c;,, is

T _“’fsw W( Y>), if c is previously used
p(ci'j - C|C*il” 8) x new g : new

nlp( iy‘c—iVﬂciV =cC 78)7 ifec=c
where fS (Y*) is the conditional density under mixture component s
given all data items except Y,*, which is given by

w
Byx +1/7 >
By + by + 1/7’

1 By + bgy)? B?
exp |—= [ — (Bay + bay) + zy +byy |
2 Biy + by +1/7 Biy +1/7

where b, = XIS 1X;;, by = YEISIIXE by, = YEISES 1Y;;,

. *— 1 * * Ly
Byx = Zz ",z =5 Xz V’Ez ! X vl Bﬂﬁy - ZZ V'7£WZ’ /=8 Y EZ v X
Furthermore,

K
* |~ n Y-T, * 2 Y iy
p(}/iy|C,iy, ciy = v g -~ + " fs (Y;l,)‘Fm snew (Y )

) = e Es r[

where K is the number of mixture components, and

T 1 1 b2
ne’(U Y* 2 2 T2 -, . - i_b .
) ( 5= (2m) 77 3|5y ,/1/T+bmexp lz (bm+1/7 yy)}

If the sampled value of c;, is one of the previously used values cg, then
Sic;, = Sicos Big qbsico; if the sampled value of ¢;;, is ¢*", we obtain a
sample of swnew from:

—Y*
st “’( ) if s is previously used

772f8nezlﬂy (Y*) if s = Snew

w

p(sicnew = S|6’ E,Z'cnew) XX

If the sampled value of s;cnew is one of the previously used value sg, then
W = g, if the sampled value of s;cnew is s, then sample 375" from
Normal(pg, o), where

= 05= 7.
Ho b:m:"’l/T 0 b:px“‘l/T
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o delete step. We randomly choose one voxel v from the set where ~y;, = 1 at
the previous iteration, and set v**V = 0, 8o% = 0.

e swap step. We randomly choose one voxel v, and change the value of v;,,
from 1 to 0, and then assign the value of 0 to B7. Simultaneously, we
choose another voxel v, and change the value of -;,, from O to 1, and then
update BV in the same way as that in add step.

The proposed move is accepted with probability

. {1 f(Y*‘BHCW’ ,.YHCW’ )\7 ¢’ Q)W(BHCW’,.)/HCW),H.(,YHeW) }
Y T[54, 404 X, o), @) (59940 (o) [
We repeat the add-delete-swap steps q times. For all k = 1,..., K, we sam-
ple a new value for ¢ from the posterior distribution based on the prior Fy and
all the data points associated with component k. For those data items, let I, =
{i1,.. . i} Vie = {v1,..., v, } be the indices for subjects and voxels, respec-
tively. We resample ¢y from N (puy, 02), where

Zielk ZVEVk Y*TE* 1X*
Ziélk ZVEVk XZ*EZ:V 1Xi*u + 1/7_’
1
Zie]k ZVEVk X:VTE:I;lX:V + 1/7—’

and assign the updated value of ¢y, to all the 5;,’s taking mixture component k.

pe =

o? =

Updating ). The full conditional distributionof \;,,¢ =1,... , Nyv=1,...,V
is

z1/| ) Biua ¢iu> Ay X

S29Y {_2(1/; /BW)TE* 1( i zyﬁll/):| I(m,ug)()‘il/)'

We propose A% ~ U(A4 — b, X9 1 1), and the proposed value is accepted with
the acceptance probability

min {1 ()‘HCW’ o Bzy, Viv, Oéw)q(/\(’ld‘)\new) }
()\Old| "z Blua ww, sz)Q()\?eW’)\OId)

Updating ). We propose ;" from truncated normal distribution N (wfid, )
with support (0, 00), and accept it with probability

min{L ( neW| 11/7621/,0[“/) ( Old|wHeW)}

( old| f;aﬁzmaiu) ( new‘wold)
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where

_ - bo+d
(¢w| iy 51'1/3 aiy) X wiy(ao—i_T/Q) ! exp (_0+$y)
wiu
with dgy = 3 (Y35, — X3, B0)" (diag((2°%)™))(Ys), — X, Biv)-
Updating «.. We propose ¥ from truncated normal distribution N (a4, o2)
with support (0, 1), accept it w1th probability
win 4 1 ( new‘ @y?/B’Ll/a w)Q( old|anew)
’ ( old‘ “/7/87,1/7 z‘y)Q( new|aold)
where
Y12 {zl—l 1 — a1
(all/| o B’L’llv )‘ZV) X ’ aw‘ o ( azy) ao+T/2°
(bO + %( B’w)Tzaw( Bll/))

Variational Bayes Algorithm. The second inference strategy is to combine the
variational inference and importance sampling algorithm. In the outer loop of the
algorithm, we update \;, and o, ¢ = 1,..., N, v = 1,...,V withe the impor-
tance sampling procedure; in the inner loop of the algorithm, we update (5;,, Vi,
and v;,, via variational Bayes method. First we introduce the notations as follows:

e c;,: index variable of the “latent cluster” to which the voxel v belong within
subject 7;

Sic: index variable of the mixture component with which cluster ¢ in subject
7 1S associated;

Kj: truncation on number of mixture components;

Cp: truncation on number of clusters within subjects;

&= k) |- top-level stick proportions;

= (WZC) 1 bottom-level stick proportions;

o o= (¢k) 21 mlxture components or atoms;

e A;:index set for active voxels in subject 7.

The outline of the algorithm is as follows:

(Outer loop)
Form=1, ..., M,

e Draw (aw , 521 )) from importance sampling distribution
P(a, A\) = Uniform(0, 1) x Uniform(uy,u2).

(Inner loop)
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e Fori=1,...,N,v € A;
— Repeat until convergence
* Iteratively update the variational distribution of ¢y, &, 7/, k =
L Ko,e=1,...,Ch.
- Update c;,, ~ Multinomial(1, {ol-,,c}cczol).
- Update s;. ~ Multinomial(1, {wick}ﬁ’l).
— Estimate Bl(;n ) as gi)sz.cl_y with the generated c;, and s;. in the previous
steps.
e Fort=1,...,.Nyv=1,...|V

Update variational distribution of ;..

Update variational distribution q(y-(m) =1).

w

Estimate z/zz(lt” ) as the mean of its variational distribution.

(m))

— Compute importance weights w(ag’”‘), AST)) = % with
q(a SV ), Agy )) the variational distribution of (« 1(21 ), )\EV )) and p(« EV ), )\Ef,n))
the importance sampling density of (« Ezn), )\EV )).
— Normalize importance weights w(« (V ™) , /\EV ))), denoted by
w(ofy” A,

Aver: age over parameters

* b =1) = M a(al AT (Y = 1)
L4 Bw == =1 w(az(;n)7 /\g/n))ﬁ(m)

‘ww:Zm 1 W(a g;n’ lr/n)

o Giy = w( W 7 ;n )0‘

i S\iu=2nj\f:1W( &y a T)
By the coordinate descent updates, the optimal variational distribution of ¢ is given
by

Ko
= H Normal(r1x /T2, 1/72k),
k=1
where
N 0
e = Z Z Yl BylS5 B (X5) D alein = )a(sic = k),
i=1vEA;
N A )
T2k = Z Z X*T 2* 1 Q[X:V] ZQ(CW = C)Q(Sic = k) + ;
i=1veA,; _
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The optimal variational distribution of £’ is given by

Ko
Q(§,> = H Beta(ullm qu)a
k=1
with
N Cy N Cop Ky
= Y q(sie=k)+ 1, ugp=> > > qlsic=1)+mn.
i=1c=1 i=1c=11=k+1

The optimal variational distribution of 7’ is

N Cy

H H Beta azm zc

i=1c=1
where
Co
Ajc = Z Q(Ciu = C) + 17 bic = Z Z q(cil/ = l) + 1.
llEAl‘ VGAi l=c+1
The optimal variational distribution of s is

N Cyp

q(s) = H H Multinomiall({wick}fzol),

i=1c=1

where

Wick o< exp | Ey(or) Z Vil B (25 Y E(X])q(ciw = ¢)—

vEA;
D) Y Ef(Xi By, ) E(XG (e = o)+
vEA;
k—1
Eq(log(&1)) + Y Eq(log(1 - &)
=1

The optimal variational distribution of c is

N
— H H Multinomial({oil,c}ccil),

=1 I/EAZ'
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where

Ko
Ojyec X €XpP Y;T/TEq[Ezjl]Eq (X3 Z Eq[d’k]q(sic =k)—

1 Ko
§Eq[XZLT 1Eq[S5, B (X5 Eqléfla(sic = k)+

k=1
c—1

Eqllog(m.)] + ) Egllog(1 — )]

=1

The optimal variational distribution of 1) is given by

N V
= [ ] Inverse-Gamma(gi, . hav),
i=1v=1
where
T
giw = a0+ 5,

2
Co Ko

T
hiy, = b0+;( ZZE ¢k sz/—c) (Szc:k)) X

c=1k=1

Co Ko
Eqldiag(2°)™] | Yy, — Eq[X;]1D )
c=1k=1
The optimal variational distribution of ~ is given by
Piv
w=1)= )

where

Eqlprla(civ = ¢)q(sic = k)) .

Co Ko
piv = exp{ZZ[Y*TE 25 BXLE érla(ca = c)alsic = k)-

c=1k=1

B X (55 VB X R lalen = Aalsic = B)] +

d+e CJ(%‘zzl)}-

lEN;,
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The optimal variational distribution of («, \) is given by

N Vg
(e, A) o< exp {Z > [—2 log(|diag(2%) ™) + log(I'(ag + T'/2))—
i=1v=1
N V
(a0 + T/2)log(Ci) + > D (a1 — 1) log(ai,) + (b1 — 1) 108;(%/)} ,
i=1v=1
where
1 Co Ko
Gv = 5(}/{; = X q(yir = 1)) > Eglonla(ci = c)q(sic = k)" diag(2%7)™ x
c=1k=
Gy Ko
Yo — X50(viw = 1) DY Eglerla(cin = c)q(sic = k)) + bo.
c=1k=1

Our model formulation does not allow analytically tractable updates for these pa-
rameters. Therefore, we employ importance sampling algorithm to update o and
A, with importance sampling density p(a, \) = ﬁl(0<a<1)f(ul<A<u2).

Additional Simulation Study. In order to assess whether performances of our
method can be affected by the size and location of the activated regions, we simu-
lated an additional scenario with activated regions at the boundary of the slice and
where the size of the activated patches are not even. In brief, we simulated data
using the same setting as in Section 4.1 of the paper but with activated patterns
chosen as shown in the first column of Figure 1.

We used the same hyperparameter settings as in Section 4.1. Figure 1 shows the
activation maps estimated via VB (second column), for one subject for each of the
true four activation patterns. Figure 2 shows scatter plots of the posterior estimates
of 5 and A parameters versus the true values, for the same four subjects of Figure
1. Figure 3 shows scatter plots for the ¥ and o parameters. Finally, Table 1 reports
results on the detection of activated voxels in terms of accuracy, False Negative
Rate (FNR), False Positive Rate (FPR), Matthews Correlation Coefficient (MCC),
and Area Under the Curve (AUC), averaged over 30 replicates, for each one of
the 30 subjects. Overall, results are very similar to those found in Section 4.1 and
suggest that the performance of our method is not affected by the size and location
of the activated regions.

References.
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VB
True Activation Maps Posterior Activation Maps

Subject 2
k¥
Subject 9 L
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o E

Fig 1: New simulation study: True activation maps (/st column), posterior esti-
mated maps estimated via VB (2nd column). Results are shown for one subject for
each activation pattern.
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Fig 2: New simulation study: Scatter plots of posterior estimates of the S and A
parameters versus their true values. Results are shown for one subject for each
activation pattern.
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Fig 3: New simulation study: Scatter plots of the posterior estimates of the ¢ and
« parameters versus their true values. Results are shown for one subject for each

activation pattern.
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VB
Subject 1 2 3 4 5 6 7 8 9 10
Accuracy(%)  93.400 93.670  93.996 93970 94315 94.011 94552 94304 93478 93.152
FNR(%) 50431 48.161  45.862 45977 43333 45259 41408 37.259 42321 45.062

FPR(%) 0.115 0.140 0.106 0.119 0.115 0.179 0.128 0.126 0.205 0.105
MCC 0.672 0.687 0.705 0.704 0.723 0.707 0.736 0.762 0.721 0.708
AUC 0.831 0.849 0.833 0.875 0.851 0.840 0.885 0.866 0.850 0.860

Subject 11 12 13 14 15 16 17 18 19 20

Accuracy(%)  93.130  93.641  93.211  93.222 93548 96.256 95559 95456 96.222  95.582
FNR(%) 44988 41.062 44519 44494 42346 42.094 50556 51.282 41.923  50.043

FPR(%) 0.144 0.235 0.131 0.122 0.118 0.105 0.065 0.110 0.158 0.089
MCC 0.707 0.730 0.712 0.712 0.727 0.738 0.681 0.672 0.734 0.683
AUC 0.862 0.839 0.864 0.852 0.860 0.866 0.827 0.831 0.864 0.835

Subject 21 22 23 24 25 26 27 28 29 30

Accuracy(%)  96.359  96.748  92.626  92.530  92.107 91.356 93.804 93.196 92.819 92.878
FNR(%) 40.684 36.111 44.828 45.632 48276 53.058 37333 41.333 43563 43.195

FPR(%) 0.126 0.134 0.181 0.141 0.137 0.115 0.216 0.172 0.194 0.194
MCC 0.746 0.776 0.704 0.700 0.681 0.646 0.756 0.730 0.712 0.715
AUC 0.856 0.883 0.852 0.858 0.854 0.844 0.862 0.861 0.847 0.829

TABLE 1

New simulation study: Detection of the activated voxels in terms of accuracy, False Negative Rate

(FNR), False Positive Rate (FPR), Matthews Correlation Coefficient (MCC), and Area Under the

Curve (AUC) for all 30 subjects, based on Variational Bayes (VB) estimates. Results are given as
averages over 30 replicated datasets.
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