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Abstract: The size of the bootstrap test of hypotheses is studied for the
normal and exponential one and two-sample problems. It is found that the
size depends not only on the problem, but on the choice of test statistic and
the nominal level. In some special cases, the bootstrap test is UMP, but in
other cases, it can be totally useless, such as being completely randomized or
rejecting the null hypothesis with probability one. More importantly, the size
is usually greater than the nominal level, even in the limit as the sample size
goes to infinity.
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1. Introduction

Owing to its practical convenience and wide applicability, the bootstrap method
[7] is used to test statistical hypotheses in many research studies. A sample of re-
cent applications includes evolutionary molecular biology [1], genetic structure [2],
gene frequency [11], cancer epidemiology [8], microscopy [3], quality of life [12],
economic cycles [5], livestock management [9], and meat demand [6]. Despite its
popularity, however, there have been few detailed studies of the theoretical validity
of the bootstrap for hypothesis testing. This article addresses this issue for some
simple parametric problems where the bootstrap null distributions can be stud-
ied analytically. Specifically, we consider one and two-sample problems involving
normally and exponentially distributed observations. Our goal is to determine the
finite-sample or limiting sizes of the bootstrap tests and compare them with those
of the traditional tests.

First, we recall some definitions. Let X,, = (X1, X5,...,X,) be a vector of
n independent observations from F),. In the bootstrap method, we first find an
estimate fip of u under Hy and estimate F), with F=F o~ Given a test statistic S =
S(X,,) for which large values lead to rejection of Hy, let G, denote the distribution
function of S. Let X = (X7, X3, ..., X}) be a vector of n independent observations
from F and define $* = S(X}). The distribution function G = G, of S* is the
bootstrap distribution function of S, i.e., G is the distribution of S under F.

For any nominal level of significance a (0 < o < 1), let ¢, (fip) be the upper-a
quantile of G. Thus ¢4 (fio) is the smallest value such that G(cq(fg)) > 1 — a. The
nominal level-a bootstrap test rejects Ho with probability 1 if S > cq(fi0), and
with probability [a — 1+ G(ca(fio))]/[G(ca (i) — Glealiin)=)] if § = caljio) and
Glealfio) > Clealjio) ).

2. Testing a Normal Mean

Let X1, Xs,...,X, be a random sample from N(u,o?), a normal distribution with
mean u and variance o2. Let ¢(z) and ®(x) denote the density and distribution
functions of the N(0,1) distribution and let z, be its upper-a critical value, that
is, 1 — ®(z,) = . Consider testing

(2.1) Hy:p<0 vs. Hyp:p>0.
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2.1. Known Variance

We assume without loss of generality that 0 = 1. Let X,, = n~! >, X;. The
unrestricted MLE of u is i = X,,. Let fi; be the MLE of u under H; (i = 0,1).
Then g = X, I(X,, <0), i1 = X, I(X,, >0), and X{,X3,..., X} is a bootstrap
random sample drawn from N(fig,1). Let X} =n=13"" | X/

2.1.1. Sample Mean Statistic

Theorem 2.1. If0 < a < 1/2, the bootstrap test based on X,, is uniformly most
powerful (UMP), but if 1/2 < o < 1, the test rejects Hy with probability 1.

Proof. Recall that the UMP test rejects Hy if X,, > zon~'/2. Since X is normal
with mean fig and variance n~!, its critical value is c,(fig) = flo + zam —1/2 =
X, I(X,, < 0)+z4n~'/2. Therefore the bootstrap test rejects Hy if X, I(X,, > 0) >
zon V2. 10 < a < 1/2, then z, > 0 and the bootstrap test is the UMP test. If
1/2 < @ < 1, then z, < 0 and the test rejects Hy w.p.1.

2.1.2. Standard Likelihood Ratio Statistic

Given the data and values po and 1, let

L(po, p1, X 10%{H¢ Hd)(éﬂz‘ —uo)}~

A general statistic for testing Hj is the log-likelihood ratio
i) < o {0 / o Tt}
=1 ,uEHg

Throughout this article, we let Z denote the standard normal variable and z} =
max(z,,0). We need the following lemma whose proof is given in the Appendix.

Lemma 2.1. Let 0 > 0. For fized 0 < a < 1, the function

(2.2) P(|Z46|>2)—(1-a)E{®(Z+6)'1(Z+60>z})}
is mazimized at 0 = 0 with mazimum value

(2.3) min(2a, 1) + (1 — ) log{l — min(a, 1/2)}

which is greater than « for all 0 < a < 1.

Theorem 2.2. The size of the bootstrap test based on the standard likelihood ratio
is min(2«, 1) + (1 — a) log{1 — min(a, 1/2)}.

Proof. Since

n_lL(ﬂOv i, Xpn) = (,U UO) (ﬂQ - ﬂg)/Q
= Xu(Xn — o) = (X3 — 15)/2
S Sy

= X2I(X, >0)/2

the test rejects Hy if S X, I(X,, > 0) > calfio), where the critical value is to be
determined. Let S* = XI(X} > 0) and consider two cases.
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1. X, > 0. Then S > 0, jip = 0, and X has a N(0,n~!) distribution. For any
r >0, P(S* < x) = P(X} <) = ®®@n'/?). Therefore if 0 < a < 1/2,
calfo) = zan~ /2. Otherwise, if o > 1/2, then ¢, (fig) = 0 and the bootstrap
test rejects Hy w.p.1. Thus for all 0 < o < 1, co(fio) = 2tn=1/2.

2. X, <0.Then S =0, jip = X,, <0, and S* has a N(X,,,n"1) distribution
left-truncated at 0 with P(S* = 0) = P(X} < 0) = ®(-—n'/2X,,). Thus

(i) = X, +n 2%z, if X, +n"1%z,>0
Callio) =9 o, if X, +n-12z, <0.

= (X,+ n_l/Qza)Jr.

Since S = 0, the bootstrap test never rejects Hy if X, + n~ 2z, > 0.
Otherwise, the test is randomized and rejects Hy with probability {a—1+
®(—n'2X,)}/®(-n'/?X,).

Thus for 0 < a < 1,

P{Reject Hy} = P{Reject Hy, X,, > 0} + P{Reject Hy, X,, < 0}
= PS>z, X,>0)
+ P{Reject Hy, X, + n 22, <0, X, < 0}
= P(X,>zin"Y?)
+ E[{fa— 1+ ®(—nt2X,)}/®(—n'/2X,)] [(-n'/? X, > 21)
= P(W| > 2h) — (1— ) B{O(W) " I(W > 21}

where W is normally distributed with mean —n'/2y and variance 1. By Lemma 2.1,
the supremum of the rejection probability under Hy is attained when p = 0 and is
given by (2.3). Figure 1 shows a plot of this function.

2.1.3. Cox Likelihood Ratio Statistic

Cox (1961) proposed the following alternative likelihood ratio statistic for testing
separate families of hypotheses:

L(jio, fir, X)) = log {sup [ ¢ —w / sup | [ ¢(xi — u)} :
Hy i Ho ;4

For the current problem,

L(ﬂo, i1, Xn) = n{Xn(ﬂl - /10) - (ﬂ% - /l(Q))/2}
= n(X,|Xn| - Xn|Xnl/2)
nX?2sgn(X,)/2.

Therefore rejecting Hy for large values of L(fio, fi1,X,,) is equivalent to rejecting
for large values of X,,, and the next theorem follows directly from Theorem 2.1.

Theorem 2.3. If 0 < a < 1/2, the bootstrap test based on the Cox likelihood ratio
has size a and is UMP. If 1/2 < o < 1, it rejects Hy with probability 1.
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F1G 1. Size (2.3) of bootstrap test for the normal mean based on the standard likelihood ratio, for
known o. The dashed line is the identity function.

2.2. Unknown Variance

Now suppose we test the hypotheses (2.1) without assuming that o is known. The
log-likelihood function is

l(p,0) = —nlogo — Y (X; — p)?/(20%) — (n/2)log(2n)

i

and its derivatives are 91/0u = —0=2 3 (X;—p) and 91 /00 = —no~t+073 > (X, —
w)?. Hence the unrestricted and restricted (under Hy and H;) maximum likelihood
estimates (MLEs) of u and o are, respectively,

ﬂ = Xn 6'2 = TL_I Z(Xz - X’n)2
fio = X, I(X,, < 0) oo =n""> (Xi — fin)?
i1 = X, I(X, > 0) 6 =01 (X — )

giving the log-likelihood ratio statistics:

Standard: nlog(60/6) = (n/2)log{>(X; — j10)?/ > (X; — X,,)?}
Cox: nlog(6o/61) = (n/2)log{> (X; — f10)?/ > (X; — u1)?}.

The corresponding bootstrap tests reject Hy for large values of Y (X;—fi0)?/ > (X;—
X,)?% and Y2(X; — 10)?/ D2(X; — 11)?, respectively.
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98 W. Loh and W. Zheng

2.2.1. Standard Likelihood Ratio Statistic

Let
_ _ —1/2
(2.4) T, = nt/2%, {37 (X - X2/ (n = 1)}
The standard log-likelihood ratio statistic is
DX — o) XX - XaI (X, <0))?
2(Xi = Xn)? 2(Xi = Xn)?
_ L, B ﬁrzgn/<i 0
N MNXZ/3(X; - X,)?, if X, >0
L ) if X, <0
1+nX2/3 (X, — X,)?%, ifX,>0

B 1 if X, <0
- 1+ (n—1)"172, if X, >0.

Thus Hp is rejected for large values of S = T, I(T;,, > 0). Let ¢, denote the
noncentral ¢-distribution with v degrees of freedom and noncentrality parameter &
and let t, 5, denote its upper-a critical point.

Lemma 2.2. For any v and o, t, 54 15 an increasing function of 6.

Proof. Let Z denote a standard normal variable independent of x?2. Since

Z+6
Plt,s<zr) = P|—<=x
wosa) = r(Zp <o)

7Z 1)
r (\/»X?//V =TT \Fx,%/u>

we see that P(t, s < x) is a decreasing function of §. Therefore ¢, 5 o is an increasing
function of §.

Theorem 2.4. If o is unknown, the size of the nominal level-a test of Hy : p <0
vs. Hy : p > 0 based on the standard likelihood ratio has lower bound

a=14®(~ty1y/nf/(n-1)) I(t n +)
d (—tn—l\/m) TV

where t,_1 has a (central) t-distribution with n — 1 degrees of freedom. As n — oo,
the bound tends to (2.3), the size for the case where o is known and n is finite.

min(a, 1/2) + FE

Proof. Again, consider two cases.

1. X,, > 0. Then S > 0 and ji9 = 0. The bootstrap distribution of T'* is a central
t,,_1-distribution and that of S* is a central ¢,,_;-distribution left-truncated
at 0. If 0 < a < 1/2, the test rejects Hy whenever T}, > t,_1,0,o. Otherwise,
if & > 1/2, the test rejects Hy with probability 1.

2. X,, < 0. Then S =0, fip <0, and S* has a left-truncated noncentral tn—1,5-
distribution with n — 1 degrees of freedom and noncentrality parameter

(25)  d=n'"?ho/60 =nXn/\/D> (Xi— Xn)? =Toy/n/(n— 1)
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Bootstrap tests 99

and probability P(X* < 0) = P{n'/2(X* — 19)/60 < —n'/?[19/60} = ®(—0)
at 0.

If t,—1,6 > 0, the bootstrap test does not reject Hy because S = 0. Other-
wise, if t,-1,5,« < 0, the test is randomized and rejects Hy with probability
{a =1+ ®(—0)}/P(—3). Note that the event t,_1 5 < 0 occurs if and only
if « > P(T* > 0] fio, 69)- But

P(T,: >0|ﬂ0,6’0) :P(X:; >O|ﬂ0,5’0) = 1—‘1)(—(5).

Therefore t,,—1 5, < 0 if and only if § < —z,.

Let P, denote probabilities when p = 7 and o0 = 7. The size of the test for
O<a<lis

sup P, -{Reject Hy}
H

0

= sup[P, ,{Reject Hy, X,, > 0} + P, ,{Reject Hy, X,, < 0}]
Ho

= Ssup PH,J[{TnI(Tn > 0) > tn—l,O,aa Xn > 0}
Ho

+ P, +{Reject Hy, th_1,5a <0, X, < 0}]
= sup[Pu,o{Tn > max(t,_1,0,a,0)}
Hy

+Euo{a—1+®(=8)}/®(=6)] I{5 < min(—z4,0)}]
Po1{T, > max(ty_1,0.0,0)} + Eo1[{a — 1+ ®(—=6)}/P(—=6) [{d < —z}]

a—1—|—¢’(—tn_11/ﬁ> n
= min(a,1/2) + F I (tn_u | — < —zi)
n—1 n—1

by equation (2.5). Since t,,—1 — Z in distribution as n — oo, where Z is a standard
normal variable,

=14 (—tyory [75) -
lim E I (tnu/ < _Zi)
n—oo (p<7tn—1 /#> n—1

Y

BENPETE Sy
- @-nf T B2/ (—2) dz + B(—2F)

= (a—1) /io ?(2)/®(2) dz + min(a, 1/2)
= (1-a)log®(z})+ min(a, 1/2)
= (1-a)log{max(1— «,1/2)} 4+ min(c,1/2)
= (1-a)log{l —min(a,1/2)} + min(e,1/2)
Thus the limiting size is 2min(«, 1/2) + (1 — «) log{1l — min(a, 1/2)} > a.
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2.2.2. Cox Likelihood Ratio Statistic

Theorem 2.5. If 02 is unknown, the size of the bootstrap test of (2.1) based on
the Cox likelihood ratio has lower bound

min(a, 1/2) + P(tnfl,tn,lm,a <tp—1 < 0) > a.

Proof. The Cox log-likelihood ratio statistic is

Y(Xi—mw)? YAX - X,I(X, <0)}?
Y(Xi— ) XX - Xal(X, > 0))?
{1+ (n-1T2}71, if X, <0
— 1, if X, =0
1+ (n—1)T2, if X, >0

where T, is defined in (2.4). Thus rejecting for large values of the statistic is equiv-
alent to rejecting for large values of S = T,.

1. X,, > 0. Then o =0,T, >0, and T, has a central ¢-distribution with n — 1
degrees of freedom. Thus the test rejects Ho if T, > tp—1,0,0- f1/2 < a <1,
then t,,_1,0, <0 and the test rejects w.p.1.

2. X, < 0. Then iy < 0, T), < 0, and T}* has a noncentral ¢-distribution with
n — 1 degrees of freedom and noncentrality parameter ¢ given in (2.5). Hence
Hy isrejected if T}, > t,,_1 5,4 Since T, < 0, rejection occurs only if t,,_1 5.4 <

0.
fo<a<1/2,
sup P, ,(Reject Hy) = sup[P, ,{Reject Hy, X,, > 0}
Ho HO
+ P,.o{Reject Hy, X,, < 0}]
= sup[Puo(Thn > th-1,0,a) + Puo(tn-1,6a <Tn <0)]
Hy
> Po1(Th >tn-10a)+ Po1(tn-160a <Tn <0)
= o+ P(tn_lﬁgya <th_1 < 0)
> Q.
F1/2<a<1,
sup P, »(Reject Hy) = sup[P, ,{Reject Hy, X, > 0}
Hyp Hy
+ P, »{Reject Hy, X,, < 0}]
= s;llp[ng(XH >0)+ Puo(thn—1,6a <Tn <0)]
0
> P071(Xn > 0) + P071(tn_1757a <T, < 0)
= 1/2 + P(tn—l,é,a <tp-1 < 0)
> 1/2 + P(tn,LQ’a <th_1< 0)
= «
by Lemma 2.2.
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Bootstrap tests 101
3. Testing a Normal Variance, Mean Unknown

Let x2 denote a chi-squared random variable with v degrees of freedom, X12/,o¢ its
upper-« point, and ¥, (.) its cumulative distribution function.

Lemma 3.1. ¥, _1(n?/x%_;,) — a and ¥,,_1(n) — 1/2 as n — occ.

Proof. Let Zy,Zs, ... be independent N (0,1) variables. Then

n—1
‘Ijn—l(RQ/X?L—l,a) = P(ZZZZSHZ/Xi—l,a>

i=1

_ 2?11(2 —1) n—1 .
B P( 2(n — 1) =V 3 { 12x Cla 1})
<I>< (71—1)/2{(n_1 . 1}) as n — oo.

By the Wilson-Hilferty (1931) approximation, v/x3 , = 1 — 20 (2/V)V2 +o(vh).

Therefore
n? 1
NN/l _
(n )/ {(n — 1)2X37,—1,a } — —Ra

which yields the first result. The second result is similarly proved.

Q

Let X,, = (X1,X2,...,X,) be a vector of n independent ob_servations from
N(p,0?), with 4 and o unknown, and let 62 = n=! 3" (X; — X,,)? denote the
unrestricted MLE of o2.

3.1. Hy:02<1ws. H :0%2>1

Let 67 be the MLE of 02 under H; (i = 0,1). Then 63 = min(6%,1) and 67 =
max(62,1). Define the log-likelihood ratio

1,07 ¢for (wi 2n)

M(MO?NJlaUOaUle ) 10g<1—[ 0 ¢{071($‘—M0)}
0 i

3.1.1. Standard Likelihood Ratio Statistic

Theorem 3.1. The size of the bootstrap test based on the standard likelihood ratio
for testing Hy : 02 < 1 vs. Hy : 02 > 1, with u unknown, is bounded below by
(3.1)

min{a, 1-9,,_1(n)}+E

Proof. The standard log-likelihood ratio statistic is M (f, fi, 69,0, X,,) and

o0~ M (i, 1, 60,6,X,) = log(62672)+6%(65% —672)
= 0200 —log(6%65%) — 1
_ 0, if62<1
- 62 —log(6?) — 1, otherwise.
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102 W. Loh and W. Zheng

Since the function z —log(x) — 1 increases monotonically from 0 for z > 1, rejecting
for large values of the statistic is equivalent to rejecting for large values of

S = nmax(4%,1) = max {Z(Xl - Xn)Q,n} .

Let S* denote the bootstrap version of S under resampling from N(X,,53). To
find the critical point of the distribution of S*, consider two cases.

1. 62 > 1. Then S > n, 62 = 1, and the distribution of S* is x2_; left-truncated
at n, i.e., it has probability mass ¥, _i(n) at n. f 0 < a < 1— ¥,,_1(n), the
critical point of the bootstrap distribution is X%—l,a- Otherwise, the critical
point is n and the test rejects Hy w.p.1.

2. 62 < 1. Then S = n, 62 = 62, and the distribution of S* is 62x2_; left
truncated at n. Thus the test does not reject Hy if 6°x2_; , > n. On the
other hand, if 6%x}_, , < n, then the critical point is n and the test rejects

Hy randomly with probability {a — 1+ U,,_1(néy %)}/ ¥, _1(néy?).

Since @ <1 —W,,_1(n) if and only if n < x}_, ,, we have

. . P,.(S>x? né? >n), ifn <2
2 _ Mo n—1,a ’ n—1,a
PM,U(RGJGC'E HO? "> 1) - { P)lhff(n(}2 > n)7 otherwise
— PM,O’(n&Q > Xiflya)v ifn < Xifl,oc
P, -(né? >n), otherwise
_ 1- \Ilnfl(o'_QX?lfl,a)? if n < Xifl,a
1— ¥, 1(no—2?), otherwise

= 1- \I/n_l(0'72 max{n, X?L—l,a})'
and
Pﬂya(Reject Ho, 6’2 < ]-) - Pp,J(Re.jECt HOv OA'ZXELfl,a < n, TL&Q < TL)

— 14T, (néy?>
= o [a ha 1(200 ) I(6(2)X3L—1 o S, né? < ”)]
Vn—1(ndy”) 7

a—1+", 1(n?c2/x2 1), , . o
= E |: \Ijnil(nzo_fz/xiil) I(Xn—l S g mln{n,n /Xn—l,a}) .

The choice 02 = 1 yields the lower bound
sup P, »(Reject Hy)
Ho

> P.1(Reject Hy, 6% > 1) + P, 1(Reject Hy, 62 < 1)
= 1- \Pn_l(max{n,xi_lﬂ})

(o — 1 W, 1 (n2/y2 2 i
o a + 1(n /Xn_l)f{xi_lgmin (n, 2n )}

\Ijnfl(nz/xngl) X 1o
= min{a,1—-T,_1(n)}

(0 —1 W, (n2/y2 2 i
L E « + 1(n /an)f{xilﬁmin (n, 2n )} .

Wyo1(n?/X3 1) Xn—1,a

Figure 2 shows graphs of the lower bound (3.1) for n = 5,10, 100, and 500.
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FIG 2. Lower bounds (3.1) on the size of the bootstrap test of Ho : 02 < 1 vs. Hy : 02 > 1 based
on the standard likelihood ratio, for n = 5,10,100, and 500. The 45-degree line is the identity
function.

3.1.2. Cox Likelihood Ratio Statistic

Theorem 3.2. If u is unknown, the bootstrap test of Hy : 0> <1 vs. Hy : 02 > 1
based on the Cox likelihood ratio has size o and is UMP for X%q,a > n. It rejects
Hy w.p.1 for other values of «.

Proof. The Cox log-likelihood ratio statistic is M (f, fi, 60, 61, Xy, ). Since

"9 AD {&2, if62 <1

9091 T\ 572, if62>1
and
A—D  A—D 6'_2—17 ifo° <1
9% T T 1-672, if62>1
we have
20" M (ji, i, 60,61, X)) = log(65617°) +6%(65% —677)

log(6?) — 62 +1, if62 <1
—log(6?) +6% -1, ifé?>1

which is strictly increasing in 2. Therefore rejecting for large values of the statistic
is equivalent to rejecting for large values of 62. Since the bootstrap null distribution
of né? is 65X, _,, the bootstrap critical point of 6% is n~'6gx% 1 ,. Thus the
bootstrap test rejects Hy if 62652 > n’lx,2%17w or equivalently, max(62,1) >
n_lX%q,a- If « is so large that n_lxifl’a < 1, the bootstrap test rejects Hy
regardless of the data. On the other hand, if n_lekl’a > 1, the test rejects Hy if
6% >n"'x}_, ,, which coincides with the UMP test [10, p. 88].
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104 W. Loh and W. Zheng
3.2. Hy:02>1wvs. H : 02 < 1

Next suppose we reverse the hypotheses and test Hy : 02 > 1 versus H; : 02 < 1.
Then 62 = max(62,1) and 6% = min(62,1).

3.2.1. Standard Likelihood Ratio Statistic

Theorem 3.3. For any 0 < a < 1 and p unknown, the size of the bootstrap test
for Hy : 0% > 1 vs. Hy : 0% < 1, based on the standard likelihood ratio, is bounded
below by

(3.2)

a— U (n2)x%,
min{a,\llnl(n)}—i—E[ Vo1 (n/Xo—1)

1= W, 1 (n?/x7 1)

Proof. Direct computation yields

I (X72171 > max{n,nz/xifl’lfa}) .

6% —log(6%) —1, ifée?2<1

1 A A A A .
20 M{(fi, 1, 60,0, Xon) = { 0, otherwise.

Since the function « — log(z) — 1 decreases monotonically for 0 < z < 1, the test
rejects Hy for small values of S = nmin(62,1). Let S* denote the bootstrap version
of S under resampling from N(X,,,53).

1. 62 < 1. Then 65 = 1 and the distribution of S* is x2_; right-truncated at
n, with probability mass 1 — ¥,,_;(n) there. If 0 < ao < ¥,,_1(n), the critical
point of the bootstrap distribution is Xifl,lfa' Otherwise, the critical point
is n and the test rejects w.p.1, because S < n.

2. 62 > 1. Then 62 = 6%, S = n and the distribution of S* is 62x2_, right-
truncated at n. The test does not reject Hy if 6%x3_; ;_,, < n. Otherwise, if
62X2_11_4 = n, the test rejects Hy with probability {o— W, (né—2)}/{1—
U, _1(n6=2)}.

Since a < ¥,,_1(n) if and only if x%fl’ka <mn,

P,.-(Reject Hy, 6% < 1)
_ Puo(S <X} 11 a0 n6?<n), if0<a<¥,_i(n)
P, -(né? <n), otherwise
Puo(né? < x2_ 11 4 n6%<n), if0<a<W, (n)
N (n6? < n), otherwise
(

\
T

Pio

Puo(n6? <x%_ 11 4), if0<a<¥, i(n)
N P, -(né? <n), otherwise
Pu,a(n&Q < min{X?Lfl,lfoun})

= U, (072 min{X?L—l,l—a? n})

x

and
P,.o(Reject Ho, 6% > 1)
= Puo(Reject Ho, 6°X5 110 >n, 6% > 1)
_ a — \Ijn—l(nf}72)
T 1T, (n62)
_ plem et /x )
1= W, (P07 2/x; )

I(&2X31—1,1—a 2 n, ng? > n)}

I(UQXi—l > maX{mTlQ/X?z—l,l—a})] .
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Bootstrap tests 105

Therefore

sup P, »(Reject Hyp)
Ho

> Wy (min{x;_y;-_a.n})
B |:O‘ — W (n?/x51)
1=, 1(n?/x5_1)
= min{a, ¥, _1(n)}
=T, 1 (n®/xp_1)
1=, 1(n?/x5_1)

Figure 3 shows graphs of the lower bound (3.2) for n = 5,10, 100, and 500.

I(X%—l > max{n, n2/X$L—1,1—a}):|

+E [ I(xo_, > max{n,nQ/XfL_Ll_a})} .

0.8 1.0

Lower bound

0.4

0.2

o
©0.0 0.2 0.4 0.6 0.8 1.0
Nominal a

FiG 3. Lower bounds (3.2) on the size of the bootstrap test of Ho : 2 > 1 vs. Hy : 02 < 1 based
on the standard likelihood ratio Mfll)‘ The 45-degree line is the identity function.

3.2.2. Cox Likelihood Ratio Statistic

Theorem 3.4. The bootstrap test of Hyg : 02 > 1 vs. Hy : 02 < 1 based on the
Cox likelihood ratio has size o and is UMP if X%—l,a > n. Otherwise, it rejects H
w.p. 1.

Proof. Since

and
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106 W. Loh and W. Zheng

we have
o0 M (i, i, 60,61, X,) = log(62672) +6%(64°% — 67 2)
—log(6?) +6%—1, ifé?<1
log(6%) —62+1, ife2>1

a strictly decreasing function of 62. Thus the test statistic rejects Hy for small

values of 52. The bootstrap null distribution of 62 is n=163x2 _;, with critical value

n~'68X% 1 1o Hence the bootstrap test rejects Hy if 62 6,2 < n~'x% 11 - But
the left side of the inequality is never greater than 1, because

6_2

5=2 — 62, ifé? <1
0 71 1, otherwise.

Therefore, if o is so large that n~'x2_;, , > 1, the bootstrap test rejects Ho
w.p.1. Otherwise, if n™'x2_,, , < 1, the test rejects Ho if 62 < n™'x2_ 1,
which coincides with the classical UMP unbiased test [10, pp. 154].

4. Testing Difference of Two Normal Means

Let X1,..., X, and Y7,...,Y, be independent random samples from N (u,o?) and
N(n,7?), respectively, and N = m + n > 2. We want to test

(4.1) Hoy:n<upu vs. Hy:n>p.
The likelihood function for this case is

L(p,7)
— (QW)*(ern)/Qa.fmTfn exp {7(202)71 Z(XZ B H)Q . (27_2)71 Z(YJ . 77)2}

= (@) e exp (= (20%) 71 3 (X = X)? - (2071 30 - Ya)?
—m(20%) " (- Xpn)? = n(2r) " (n — V)?}

and the unrestricted MLE of (u, ) is (f1,1) = (X, Y)-

4.1. Known Variances

Let V = (m72X,, + no?Y,)/(m7? + no?). The MLE of (u,n) under Hy is

0-10 v, V), W > X

and that under H; is
[y, Y, >X,
(i ) = { (X, Ya), Yy < K.

4.1.1. Difference of Means Statistic

Theorem 4.1. The size of the bootstrap test of (4.1) based on Y, — X, is a if
a<l1/2andis 1ifa>1/2.
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Proof. Let S =Y, — X,,. The bootstrap test statistic S* = Y,* — X has a normal
distribution with mean Ay — fiop = S I(S < 0) and variance m~'o? + n=172. Thus
its nominal level-oc bootstrap critical value is S I(S < 0) 4 zo{m~'o? + n~172}1/2
and the rejection region is max(S,0) > zo{m o2 +n~172}1/2. Clearly, the size of
the test is attained at the boundary p = n. If @ < 1/2, the probability of rejecting
Hy when p = 7 is exactly a. On the other hand, if @ > 1/2, then z, < 0 and the
test rejects Hy w.p.1.

4.1.2. Standard Likelihood Ratio Statistic
Theorem 4.2. The size of the bootstrap test of (4.1) based on the standard likeli-
hood ratio is min(2a, 1) + (1 — a) log{1l — min(a, 1/2)} > a.
Proof. The log-likelihood ratio statistic is
log{L(j1,7)/L(ji0,70)}
{m(

m(20%) NV — X,n)2 +n(2r) NV =Y, (Y, > X))
= mn(m7‘2 + 7?,0'2)72(}771 - Xm)2 I(Yn > Xm)

Thus the test statistic is equivalent to S = (Y;, — X,,,) I(Y,, > X,,). The bootstrap
distribution of S* is normal with mean 7o — fip and variance n=*72 + m =102, left-
truncated at 0 with P(S* = 0) = ®{(jig — 70)(n"'7% + m~10?)"Y/2}. Let § =
(p—n)(n" 24+ m o) V2 and W = (X,,, — Vo) (n 12 +m~1o?) "2 ~ N(4,1).
We consider two cases.

1. Y, £ X,n. Then S =0, ig—jio = Yy — Xpp, and @(W) > 1/2. If 1 -®(W) < «,
the test is randomized and rejects Hy with probability {a—1+®(W)}/®(W).
Otherwise, if 1 — ®(W) > «, the test does not reject Hy.

2. Y, > X,,. Then S =Y, — X,, >0, /o — 1o = 0, and P(S* =0) = 1/2. If
o < 1/2, then the test rejects Ho if Yy, — X, > zo(n 72 +m~10?)"1/2 ie.,
W < —2z,. Otherwise, if a > 1/2, then the critical value is 0 and the test
rejects w.p.1.

Therefore

P(Reject Hyp)
= P(Reject Hy, Y, < Xy, 1 — ®(W) < @)
+ P(Reject Ho, Y, > X)) I(a < 1/2) + P(Reject Ho, Yy, > X)) I(a > 1/2)
= E[@W) Ha—-14+dW)}I(W > 21)]
+ PW < —zo) I(a<1/2)+ PW < 0) I(a > 1/2)
E[@W) Ha—-1+dW)} (W > D)+ P(W < —z)

and the result follows from Lemma 2.1.

4.1.8. Cox Likelihood Ratio Statistic

Theorem 4.3. The bootstrap test of (4.1) based on the Coz likelihood ratio statistic
is the same as that based on the difference of sample means; its size is a if « < 1/2
and is 1 if a« > 1/2.

imsart-coll ver. 2008/08/29 file: Loh.tex date: April 10, 2009

© 0 N O 0o S W N

o o oS DD D DD DD D DWW W W W W W W W WNNNDNNNDNDNNN R R R e e e
H O © 00 N O O & W N »r O © 0 N O O » W N »r O © 00 N O O b W N +»r O © 0 N O O b W N » O



© 0 N O 0o & W N

o o D D D DD DD D R W W W W W W W W WNNNNDNNDNDNNDN R R R R R Rl e
B O © 00 N O O W N RPr O © 0 N O O P W N P, O O 00 N O Ok W N P O © 0 N O b W N = O

108 W. Loh and W. Zheng

Proof. The Cox log-likelihood ratio statistic is

L(fin, 7)) mn(Y, — Xn)? S )
8 { L(ﬂo,%o)} = Sz £ no?y 0> Xm) =10 < X))

Thus the test statistic is equivalent to S = Y,, — X,, and the result follows from
Theorem 4.1.

4.2. Unknown but Equal Variances

Suppose that 72 = o2 but their value is unknown. Then the likelihood function is

L(p,7,0) = (2r0®) ™2 exp | ~(20%)71 8 30X = )* + 3 (% -

%

giving the unrestricted MLE

i

(f1,7,6%) = | Xon, Yo, N7 O (Ko = Xn)? + ) (V; = ¥
J
Let V = N~Y(mX,, +nY,) and

7 o= N (X =V (V- V)?
i J
= &2 +mnN"2(Y, - X%
The corresponding MLEs under Hy and H; are, respectively,

P )_(m,}_/n,ﬁ ifY, < X,
(M0777070-3> = { ( )

(V,V,52), itY, > X,,
o, (VVJ) ifY, <X,
(A7, 671) (Xom, Y, 62), if Y, > X,

4.2.1. Difference of Means Statistic

Suppose S =Y, — X,,. Then S* = Y,;* — X* has a normal distribution with mean
flo — fip and variance N(mn)~163. Let Y, denote the ¢ distribution function with
v degrees of freedom and let s2 = 62N (NN — 2)~! be the usual unbiased estimate of

a2

Theorem 4.4. The size of the bootstrap test of (4.1) based on Y, — X,, is
sup P(Reject Hy)

Ho
0, ifa <1—®(/N)
(4.2) - 1—TN,2(za ]ﬁ——?) if1—®(VN)<a<1/2
a, fa<l/2
- {1, ifa>1/2
as N — oo.
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Proof. The hypothesis Hy is rejected if

Yn - Xm > 770 - /lO + Za5-0 N/<mn)
{ Y, — X + 266/N/(mn), ifY, < X,

2a0+/N/(mn), ifY, > X,,.

1. a < 1/2. If Y, < X,,, the test does not reject Hy. Otherwise, if
the test rejects Hy if

> X

?

(Yo — Xin)? > 256°N/(mn)
— (Yo —Xn)?*(1 = N7'22) > N226%/(mn)

Y, — X, N -2
— a>1-®1\N) and ,/% >

s N —22°

Therefore if & < 1 — ®(v/N), the test does not reject Hy. Otherwise, if 1 —
®(v/N) < a < 1/2, the rejection probability is maximized when 7 = p at
1 Thos (za VIN=2)](N - zg)).

2. «a > 1/2. The test rejects Hy w.p.1 because z, < 0.

Hence the result (4.2). The limit is due to Y, (z) — ®(z) as v — oo, for every z.
Figure 4 plots the size function (4.2) for N = 3,5, 10, and 100.

o
S .
[e0]
S
© |
o
]
N
n
N
o
~ | S T N=3
o N=5
————— N =10
Q | — N=100
o

00 02 04 06 08 1.0
Nominal a

Fic 4. Size of bootstrap test for a difference of normal means based on the difference of sample
means, for equal but unknown variances (4.2). The 45-degree line is the identity function.
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110 W. Loh and W. Zheng

4.2.2. Standard Likelihood Ratio Statistic

The log-likelihood ratio statistic is
(N/2)1og(52/62) I(Yy, > Xm) = (N/2) log{14+mnN2(Y,,—X,,)26 2} I (Y, > X )
which is equivalent to the positive part of the t-statistic:

S =/mn/Ns (Y, — X,,)".

Theorem 4.5. The size of the bootstrap test of (4.1) based on the standard likeli-
hood ratio is bounded below by

a1+ (VNN - 2tn )
o ( ﬁ\f/(]\f —5) tN72) I (\/th72 > Z;_)

— min(2a, 1) + (1 — a)log{l — min(e,1/2)}, N — cc.

min(«a, 1/2)+F

Proof. We again consider two situations.

1. Y, > X,,. The bootstrap distribution of S* is a ty_o distribution left-
truncated at 0 with probability 1/2. If a < 1/2, then the test rejects Hy
if S > tn_2q. Otherwise, if & > 1/2, the test rejects Hy w.p.1.

2. Y, <X, . The bootstrap distribution of S* consists of the positive part of
a noncentral t with NV — 2 degrees of freedom and noncentrality parameter

§ = /mn/Né (Y, — X,,) = Sy/N/(N — 2) and probability at 0 equal to
®(—4). Since S = 0, the test does not reject Hp if & <1 —P(—0) <— -6 <
Zo- Otherwise, if —§ > z,, then the test is randomized, rejecting Hy with
probability {a — 1+ ®(—6)}/®(-9).

Thus
P(Reject Hy)
= P(S>tN-2.4,Yn>Xn)I(a<1
+ P(Reject Hy, =0 > 24, Y < X;n)
= P(S>tn_2a)l(a<1/2)4+(1/2)](a>1/2)

+E{0“é;f‘§)(‘5)1(—5 > za, Yo < Xm>}

= min(a,1/2) —l—E{a_l—’—q)(_é)I(—é > 2oy Yo < Xm)}

= min(a,1/2) +E{a_;(+_§)(_5) (-6 > zi)}

Evaluating this probability at u = n yields
sup P(Reject Hy)
Hy

> min(a,1/2)

a—1+d (\/mmﬂ)
P <\/th—2) I (\/th_g > Zi)

— min(2¢,1) + (1 — o) log{1 — min(«, 1/2)

+FE

as N — oo by Lemma 2.1.
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Bootstrap tests 111

4.2.3. Cox Likelihood Ratio Statistic

Theorem 4.6. The size of the bootstrap test of (4.1) based on the Coz likelihood
ratio or the ordinary t-statistic is

P(tN_z,tN,Q\/W,a <tn-a <O0)+ P(tn-a>tf_5,) >
Proof. The Cox log-likelihood ratio simplifies to
(N/2)1log{1 +mn(Y;,, — X, )2 N 2672 H{(I (Y, > Xpm) — IV, < X))}
which is an increasing function of the Student ¢ statistic S = /mn/Ns~!(Y;,— X,»)

The bootstrap distribution of .S is a noncentral ¢t y_2 s with NV —2 degrees of freedom
and noncentrality parameter

§ = /mn/Néy'(io —,10
_ Vmn/Ne— (Y, — X,,), ifY, <X,
- 0, ifY, > X,,
B VN/(N=2)8, ifV, <X,
B 0, if Y, > X
Therefore
P(Reject Ho) = P(S > tN—2,6,047 Yn < Xm) + P(S > tN_Q,O“ Yn > Xm)

= P(tN72’§’a <S< 0) + P(S > t%—za)'

Evaluating the probabilities at u© = n yields

: +
S;lg) P(Reject H(]) > P(tN72,tN_2\/m,o¢ <tn—o < 0) + P(thg > tN72,a)
> P(tN72,O,a <tn—2 < 0) + min(a, 1/2)

= (a—1/2)I(a > 1/2) + min(«, 1/2)

= Q.

5. Testing an Exponential Location Parameter

Let Exp(6, 7) denote the distribution with density 7=t exp{—7"1(z — 0)}, z > 0.
We consider testing hypotheses about # with 7 = 1. The likelihood for a sample
X1,...,X, from an Exp(6,1) distribution is []exp{—(z; — 0)}I(x) > 0), where
x(1) is the smallest order statistic. The unconstrained MLE is 6= X1y

51. Hy:0<0ws. HH:0>0
The MLE of 6 is 6y = min(X(),0) and 6, = max(X(),0) under Hy and Hj,
respectively. Given X(;), the bootstrap data are independent observations from an

Exp(fo, 1) distribution.
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112 W. Loh and W. Zheng

5.1.1. Standard Likelihood Ratio Statistic

The standard log-likelihood ratio statistic is

= —(X; — O (X >0
§ = 3 g | DM 20
i=1 exp{—(X; — 00) }(X(1) > o)
= n(é—éo)
_ 0, X1y <0
B TLX(l), X(l)ZO

Given éo, the bootstrap distribution of S is Exp(néo7 1), left-truncated at 0 with
probability mass 1 — exp(nfy) there.

1. X1y > 0. Then S = nX(y), o = 0, the distribution of S* is Exp(0,1) with
upper-a critical point log(1/a), and the test rejects Ho if nX(1) > —loga.

2. X(1) £0. Then S =0, by = X(1), and the distribution of S* is Exp(nX), 1),
left-truncated at 0 with probability 1 —exp(nX(y)) there. If o < exp(nX(y)),
the test never rejects Hy. Otherwise, the test rejects Hy with probability

{a —exp(nX(1))}/{1 — exp(nX))}.
Since nX (1) has an Exp(n#, 1) distribution,

Py{Reject Hy}
Pyp{Reject Hoy, X(1) > 0} + Py{Reject Hp, X(1) < 0}
= Py(nX@) > —loga, X1y >0)
+ Py{Reject Hy, X(1) <0, exp(nf) < exp(nX(y)) < a}

—e X
= Py(nXu > —loga) + By oz opnXw) oo nXq) < loga)

1-— eXp(nX(l))
{ aexp(nb), nh > loga

aexp(nb) + f:;ga{a —exp(y)texp(nf —y)/{1 —exp(y)} dy, nf <loga.

Now for nf < log «,

/loga o — eXp(y)
n

, T el exp{—(y —nb)} dy

* a—z
= exp(nQ)/ ———dz
exp(nf) 22(1 - Z)

= exp(nb) /a ( 9)[@2*2 —(1—a){zt+(1—2)"}dz
= exp(nf) [~z + (1 — a){log(1 — 2) — log z}]

et
exp(nf)

= exp(nf)[(1 —a)log(a ™t —1) — 1 + aexp(—nb) — (1 — a) log{exp(—nfd) — 1}].

Therefore
aexp(nb), nf > log«

Fp{Reject Ho} = { Jalexp(nd)), nd <loga

where
go(2) =a+z(1 —a)logla™ —1) —log(z"' = 1)—1], 0<z<a.
Since lim, g ga(2) = a, lim, ., ga(2) = o2, and g7 (2) > 0 for 0 < 2z < «, we

conclude that supy, Pyp{Reject Ho} = limg_, o ga(exp(nd)) = a.
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Bootstrap tests 113
5.1.2. Cox Likelihood Ratio Statistic

The Cox log-likelihood ratio statistic is

log exp{ 70:1)}I(X(1)
Z LXP{( Xi—00)H (X (1)

_ { —0Q, (1) <0
nX(l), X(l) > 0.

S

IV [ IV
D>
<

It follows that the bootstrap test behaves the same as that based on the standard
likelihood ratio. We therefore have the following theorem.

Theorem 5.1. For testing Hy : 0 <0 vs. Hy : 0 > 0 for a sample from an Exp(0,
1) distribution, the bootstrap tests based on the standard and Coz likelihood ratios
have size a.

52. Hy:0>0wvs. HH:0<0

The MLEs under Hy and H; are §y = max(X(),0) and 0, = min(Xy,0), respec-
tively.

5.2.1. Standard Likelihood Ratio Statistic

Theorem 5.2. The bootstrap test of Hy : 8 > 0 vs. Hy : 6§ < 0 based on the
standard likelihood ratio test is completely randomized.

Proof. The standard log-likelihood ratio statistic is

S

Il
—
Q o)

e}
3 3

,—/~—~
/—\
|
D
(=}

N
-
—
c
IV [ IV
D>
<

Since 6y > 0, the distribution of S* is degenerate at 0. On the other hand, S =0
w.p.1 under Hy. Therefore the bootstrap test based on S is completely randomized.

5.2.2. Cox Likelihood Ratio Statistic

Theorem 5.3. The bootstrap test of Hy : 0 > 0 vs. Hy : 0 < 0 based on the Cox
likelihood ratio test rejects Hy w.p.1 for any 0 < a < 1.

Proof. The Cox log-likelihood ratio statistic is

S

n exp{—(X; — 0,)} (X 1) > 6)
; log [ >

exp{—(X; — 60)} (X (1) > bo)
_ o0, X(l) <0
a { n(6r —6), Xay>0
o { oo, (1) <0
—nX(l), X(l) > 0.
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114 W. Loh and W. Zheng

1. X(1) < 0. Then 6y = 0, the bootstrap data have an Exp(0,1) distribution,
and the distribution of S* is the negative of an Exp(0,1) distribution. Since
S = o0, the test rejects Hy w.p.1 for any 0 < o < 1.

2. X(1) 2 0. Then 6o > 0, and the bootstrap data have an Exp(X(1), 1) distribu-
tion. The distribution of S* is the negative of an Exp(nX(),1) distribution,
with support (—oo, —nX(1)). Since S = —nX (), the test rejects Ho w.p.1 for
any 0 < a < 1.

6. Conclusion

The results show that the size of the bootstrap test of hypotheses is unpredictable.
It depends on the problem as well as the choice of test statistic. For example, in the
case of testing a normal mean with known variance, the test based on the sample
mean or the Cox likelihood ratio is UMP for 0 < a < 1/2, but it is sub-optimal
when it is based on the standard likelihood ratio. On the other hand, if o > 1/2,
the test often rejects Hy w.p.1. The overall conclusion is that the size of the test is
typically larger than its nominal level. This may explain the high power that the
test is found to possess in simulation experiments.

Appendix
Proof of Lemma 2.1.

First note that
if 0
(61 o) ~oe =0 2. s S ofe
Let f(0) denote the function (2.2). We consider two cases.
1. o >1/2. Since 2z} =0, we have f(0) =1— (1 — ) [, ¢(z — 0)/®(z) dz and
HO10) [~ =0 sk,
0

1-« O (z)

[ g —0) — ¢(a) > ¢z —0) — ¢(x)
=, o) ), e@ "
0/2 0
> 2 {sla—0)—¢@)}de+ | {x—0)— d(z)}da
0 0/2

= 2{®(-0/2) — ®(—0) — P(6/2) + 1/2} — D(—0/2) + ®(0/2)
— 2{a(0) - 9(9/2)}
> 0

where we use (6.1) in the first inequality. Hence
f0) < f(0)
= 1-(-a) [ o)/a)ds

= 14+ (1 —a)log(1/2).
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Bootstrap tests 115

2. a < 1/2. Write f(0) = J1(0) + J2(0), where

Ji(0) = a(l—a)'®0 - 2,) + P(—24 — 0)
B (1-20)®(Z+6)— (1 —«)?
Jo(0) = E{ ) B(Z 1 0) I(Z+€)>za)}.

Since
0J1(0)/00 = a(l—a) o0 — z4) — d(0 + 24)
= 00+ zo){a(l - 04)71 exp(20z,) — 1},

J1(0) is decreasing-increasing, with minimum at 6y = (22,) ! log{(1—a)/a} >
0. Further, J1(0) = limg_,o J1(8) = a(1 — a) L. Therefore J1(0) < J1(0) for
6> 0.

To obtain a similar result for Js, let

g(x) ={(1 = 20)2(z) — (1 — a)*}/{(1 — ) ®(x)}

which is increasing in z with g(z,) = —a/(1 — @) and g(z) — —a?/(1 — @)
as x — 0o. Hence g(x) < 0 for x > z,.
(a) 0 <0 <2z,. Since ¢(z) < ¢(x —0) for z > z,,

J2(0) — J2(6) = /OO g(z)o(x) da — /OO g(x)p(x — 0)dx > 0.

a

(b) 0 > 2z,. From (6.1),
J2(0) — Jo(6)
_ / o(2)6(x) d — / g(@)é(x — 0) du

(;/2 ’ 0o
= [ s@low) — ow - o) do+ [ g@oe) - ol - )] ds
Za 0/2
o 6/2 a2 [e's]
> e @ el [ o)~ ot o) s

= a(l—a) [—{®(0/2) — (1 —a) — &(—0/2) + ®(z, — 0)}
+a{®(6/2) — 2(-0/2)}]
= ol -a) {Ki(0) + Ka(0)}

Ki(0) = ©(—0/2) - ®(z0 —0)
Ky(0) = 1—a—®(0/2)+ad(0/2) — ad(—0/2).

Now K1(0) > 0 for 6 > 2z,, K4(0) = (a—1/2)¢(6/2) < 0, and K>(0) —
0 as 6 — oo. Thus J2(0) — J2(0) > 0.

Therefore f(0) < f(0) = 2®(—2z4) — (1 — @) f;ao o(z)/®(x)dr = 200+ (1 —
a)log(1l — «).

It remains to show that f(0) > « for all 0 < a < 1. Let h(a) = f(0) — . Then

h(a) = a+(1-—a)log(l-—a), f0<a<1/2
YTl 1—a-(1-a)log2, if1/2<a<l1
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and h is continuous with h(0) = (1) =0, ~(1/2) = (1 —log2)/2 > 0, and

W (o) = —log(l—a) >0, f0<a<1/2
—1+1log2<0, ifl/2<a<l.

Therefore h(a) > 0 for 0 < a < 1, concluding the proof.
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