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Chapter 1. What is econometrics?

It is the application of statistical theories to eco-
nomic ones for the purpose of forecasting future
trends.

It takes economic models and tests them through
statistical trials. The results are then compared
and contrasted against real life examples.

Chapter 2. Demand and Supply

Demand: A consumer’s desire and willingness to
pay for a good or service.

Supply: The total amount of a good or service
available for purchase by consumers.

They are all affected by the market price.

Demand Function: ¢ = f(p), here p denotes for
the price of a commodity and g represents the de-
mand of consumers.

Supply Function: ¢ = g(p), here p denotes for the
price of a commodity and ¢ represents the supply
of producers.

Postulates about the market:



Law of Downward Sloping Demand: When the
price goes up, the demand diminishes.

Law of Upward Sloping Supply: The higher is the
price, the more is the supply.

Law of Demand and Supply:
When demand is higher than supply, the price goes
up; otherwise, the price goes down.

Geometric Expression of Demand and Supply Func-
tion:
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Chapter 3. Utility

Utility: The satisfaction obtained by a consumer
from consuming a good or service.

Marginal Utility: The additional satisfaction ob-
tained by a consumer from consuming one more
unit of a good or service.

Marginal analysis is a method used in economics
similar to the differential method in mathematics.
If we denote y = f(x), « is an integer, then f(n)—
f(n—1) is called the marginal value of y at x = n.
If x can be continuous value, and f is differentiable,
then dy/dx is the marginal value of y at z.

Postulate of Marginal Utility:
Law of Diminishing Marginal Utility: When the
consuming quantity x increases, the marginal util-
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ity dy/dx decreases.

Chapter 4. Production Function

Production Function: Suppose that xq, ..., x, are
input levels of n production factors, production
function is the biggest output of this kind of input
combination (z1, ..., z,).

It f(kxy,..., kx,) > kf(xy,...,x,), then this pro-
duction is called increasing-on-production scale.
If f(kxy,...,kz,) = kf(xy,...,2,), then this pro-
duction is called invariable-on-production scale.

If f(kxy,...,kx,) < kf(x1,...,x,), then this pro-

duction is called decreasing-on-production scale.

Chapter 5. Kuhn-Tucker Condition

Suppose f(21, ..., Tn), §i(T1, ooy Tn)y Rj(X1, oy ), 0 =
L,....0,5=1,....,mare 1 + [+ m continuous dif-
ferentiable functions in X C R".

Let us consider the maximization problem:

mazx f(xy, ..., Ty)
s.t. gi(fl, ,ZL’n) = O,Z = 1, ,l
hi(z1,....,2,) <0,5=1,....,m
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If (z3,...,x%) € X is the optimum solution, and
satisfies the regularity, that is, at the point z* =
(27, ...,x)), all the Vg; and Vb such that h;(x*) =
0 are linear independent, then there exist [ real
numbers A1, ..., \; and m nonnegative real num-
bers pu1, ..., thm, such that

ZUC(CU) _Zézl )‘zgz(x) _ZTzl :ujhj (x)] ’:c:(x’{ ..... k) —

0
ST by, . xy) =0
Here, V is the gradient operator:

Vip(a) = (82, .. 2N

Oxr1’ """ Oxp,

— T

and 0 = (0,...,0)

(1) and (2) are called Kuhn-Tucker Condition. We

have similar conclusion about the minimization prob-

lem:

minf(xi, ..., T,)
s.t. gi(xl, ,l’n) = O,Z = 1, ,l
hj(z1,...,xn) > 0,7 =1,...,m
Chapter 6. Utility Function

Suppose we have n commodities in the market, x;
is the consuming quantity of the ith commodity of



the consumer, 7 = 1,2, ..., n.
we call the vector

T = (21, %9, ..., Tp)

consuming vector(or consuming planning) of the
consumer.

X ={z|xr >0}

is called the consuming set.

If for all the consuming planning in X, there is a
semi-order >~ which satisfies the following four pos-
tulates A1,A2,A3,A4, then this consumer is called

rational.

A1(Complete)

Va,y € Xeitherx = yory >

A2(Reflective)

Vre X, x>z

A3(Transitive)

Ve,y,z € Xifx =y, y > zthenx > 2
A4(Continuous)

Vy € X, 28 € X ifa* =y, and 2% — z(k — 00),
thenz € X, and T > y

For any =,y € X, the semi-order x > y means
that the consumer deems that the plan x is not
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worse than y.
[f there exists a function

u: X —- R
such that for all x,y € X,
z =y e ulr) = uly)

then u(z) is called a utility function of this con-
sumer (relative to this semi-order »).

Obviously we have several properties of the utility
function:

Property 1. z ~ y < u(x) = u(y) (z ~ y means
that x = y and y = )

Property 2. © > y < u(x) > u(y), here x > y
means that the consumer thinks that “x is better
than y”, that is x > y, but  ~ y does not hold.

The utility function exists under certain condi-
tions.

Debreu Theorem:

If the consumer’s semi-order > satisfies A1-A4,
then there exists a continuous utility function.
(Refer to <<International Economic Review 5>>
Page285-293)

Theorem(Non-Uniqueness):

Suppose u(x) is a utility function of >, and f :
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R — R is any increasing function, then f(u(x)) is
also a utility function of >.

For further discussion, we put forward some pos-
tulates about the semi-order >:

A5(Local Unsaturated)Ve € X, e > 0,dy € X
such that ||y —z|| < e,y >

A6 (Convex) Vz,y,z € X,x = z,y = z, then
VA € [0,1], we have Az + (1 — Ny = 2

A7(Strict Convex) Ve, y,z € X,x £y, x = 2,y =
z,then VA € (0,1), we have Az + (1 — Ny = 2

Now we consider the maximization problem (P;)
of the utility function:

max ()
s.tpr <m
re X ={x|lx >0}
Here, x = (x1,...,7,)" is the consuming vector
of this consumer, and u(x) = u(xy, ..., z,) is the
utility function of this consumer. p = (py, ..., pp) is
the price vector. p; is the price of the ith commodity,s =
1,2,...,n. m is the available money of this con-
sumer.
The maximization problem tries to find that how

many should this consumer buy in order to get the
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maximum utility.

When A5 holds, the problem’s optimum solution
x* satisfies px* = m.

This is because, according to Bolzano-Weierstras
theorem, x* does exit. If px* < m, since 2* € X,
using the A5, we can find € > 0 and y € X such
that

ly —2*|| <€ py <mand y > z*

sou(y) > u(x*), a contradiction with the property
of x*.

So the maximization problem can be rewrote as
the following maximization problem (P):

max u(x)
stpr=m
reX

Theorem: Suppose that > satisfies A7, then its
utility function is strictly quasiconcave. That is
to say, Ve,y € X,z # y,\A € (0,1), we have
u(Ax + (1 = N)y) > min(u(z), u(y)).

Proof: For any z,y € X, x # y, assuming x > v,
then u(z) > u(y).

Now for any A € (0, 1), according to A7, we have
A+ (1=Ny = y. SouAz+(1—=Ny) > u(y) =
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Theorem: Suppose that > satisfies A7, then the
optimum solution of (Py) is unique.

Proof: Suppose x* # z** are both maximum so-
lution, since the set B = {x|xr € X,px = m}
is convex, so for any A € (0,1), the point Az* +
(1 — XN)z* € B and using the previous theorem,
u(Ar*+(1=X)z™) > min(u(x*), u(z™)) = u(z*) =
u(x**), which is a contradiction with that x* and
x** are both maximization points.

In the model of maximization of utility, optimum
solution x* is a vector function of p and m, denote
as

¥ = x(p,m)

then the maximum w(x*) is also a function of p
and m, denote as

v(p,m) = u(z*) = u(xz(p,m))
we call v(p, m) indirect utility function of this con-
sumer.
v(p, m) has following important properties:
1.pr} > p?, then v(pi, ..., pL, m) < v(pi,...,p2, m)
2.1f my > myg, then v(p, my) > v(p, ms)
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3.0(p,m) = v(tp,tm),Vt > 0
4.v(p, m) is continuous when p > 0,m > 0

Now we return to the problem (F)), which is a
nonlinear layout. Using the Kuhn-Tucker condi-
tion, we know that there exists a constant A\ at
the optimum solution(maximum point)x*(suppose
it satisfies the regularity), such that

—

Viu(z) — Apx]|s—p = 0
that is

a%(;j)—)\pi:@,izl,...,n

or

10u(@®) _ y 5
o =\Ni=1,...,n

Since ]% denotes the quantity of ith commodity

which the consumer can buy using unit money, and
ou(z™) -
ox;

the left hand side of the above equality is marginal
utility of unit incoming. The equality shows that,

is the marginal utility of the ith commodity,

at the maximum point (z*), all the n commodities’
marginal utilities of unit incoming equal to .

Chapter 7. Demanding Function
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(Py)’s optimum solution’s expression as parame-
ters (p, m) is x* = x(p, m)
[t is demanding function, called Marshall Demand-
ing Function.
[t has following properties:
1.Roy Equality:

dv(p,m)

op,; .
x](p7 m) — _8v(p,]m)7] — 17 ey T

m

2.Zero Degree Homogeneity, that is x(tp,tm) =
x(p,m),Vt > 0
3.Symmetry, that is

Jz; (%Z _
Ip; +x Lja

4.Inequality 3 ax@ + xzaxl <0,i=1,.

+ zamaiaj =1,.

The task of (P{) is to find the maximum utility in
condition of fixed incoming m. Its dual problem is
to find the minimum expenditure in condition of
fixed utility u. Thus let us consider the following
nonlinear layout (Pj):

min px
stu(z)=u
r e X
Applying Kuhn-Tucker condition again, there ex-
ists a real number A at the optimum solution z,
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such that
Vipr — Au(z)]|p=s = 0
that is

pi—)\agg):o,izl,...,n

Rewrite the optimum solution 2 as a vector func-
tion of parameters p and wu:
T = h(p,u)
or
T; = hi(p,u),i=1,...n

It is called Hicks Demanding Function.

We call the optimum solution of (Pj)(that is the
minimum of px)

e(p,u) = pt = =L pihi(p, u)
payout function. It is a scalar function.
It has following properties:
l.e(p,u) is a nondecreasing function of p.
2.e(p,u) is a first degree homogeneous function of
p. That is to say e(tp,u) = te(p, u).
3.e(p,u) is a concave function of p.
4.e(p,u) is a continuous function of p.
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Now let us discuss the two dual nonlinear layout:
(F1)

max u(x)
st.pr < m

()

min px
stau(z) > u

Suppose the semi-order satisfies A4 and A5, and
both of the problems have optimum solutions. We
have:

Theorem: Suppose z* is (P;)’s optimum solution,
then x* is also (P,)’s optimum solution, where u =
Proof. If not, then suppose z’ is (P)’s optimum
solution when u = u(z*), then

px’ < px*
u(z') = u(z”)

From A5, we know that there exists a z” close
enough with /. such that

px” < pr*=m
and
u(z") > u(x*)
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a contradiction, since x* is (Pp)’s optimum solu-
tion.

Theorem Suppose z* is (P»)’s optimum solution,
then z* is also (P)’s optimum solution, where
m = pzr* and assuming m > 0.

Proof: If not, suppose z’ is (P;)’s optimum solu-
tion when m = pz*, then

u(z') > u(x*)
pr' = pz’
Since the semi-order satisfies A4, then there exists
t € (0,1), such that (tz') satisfies
p(tx’) < pz*
u(tx') > u(x*)

a contradiction, since x* is the optimum solution

of (PQ)

Summarize the above results, we have the follow-
ing four equalities:
e(p,v(p,m)) =m
v(p, e(p,u) = u
x(p,m) = hip,v(p, m))
h(p,u) = z(p, e(p, u))
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Chapter 8.Cost Function

Suppose there are n production factors in some
production process, the production function is
f(xy, ..., ), here x; denotes the input level of ith
production factor, ¢ = 1, ..., n, and the price of the
1th production factor is p;,7 = 1,...,n, then the
cost function of producers is

C=pix1+..+px,+b=pr+0

here, b is the fixed cost of this production process,
a positive constant.

Let’s consider the minimization problem (Pj) of
producer’s cost:

min C(x) =pzr +b
st flz) =q

here, q is the given output level. We want to find
the minimum production factor combination in the
condition of given output level.

According to Kuhn-Tucker Condition, there exits
a real constant A at the optimum solution x* (sup-
pose it satisfies regularity), such that

—

Vipz +b— A f(2) — @)]|z=s+ = 0
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That is

pi — )\ag(f,*) =0,2=1,....,n

Denote
gl]; — fzaz - 17 y 1

then

pi— Afi(x*)=0,i=1,....n
or

A@Y) ) -1
D1 Pn

The optimum solution z = x(p, q) is called de-
mand function of production factors.

Plug the demand function of production factors
into (P3), we have

C = px(p,q) + 0,

which is the cost function of variable p and ¢.
The cost function C(p1, ..., pn, q) has following
properties:

1. It is monotone about the factor price. That is to
say, if p} > p?, for some i, then C'(p1, ..., prs ..., Py q) >

O<p17 "'7p@27 cees Py Q)
2. It is concave about the factor price. That is to

say, C(Api + (1 = A)pi, ., Apy + (1 = Npl,q) >
AC(pi; s Py @) + (1= NC(pF, .., by, q) for every

18



A€ 0,1]
3. It is monotone about the output level. That is
tosay, if g1 > go, then C(py, ..., pn, 1) = C(p1, -, Pns @2)

Chapter 9. Supply Function

Suppose the production function of a production
process is f(xy, ..., x,), here x; is the input level of
1th production factor,s = 1, ..., n, and suppose the
price of the ¢th production factor is p;,2 =1, ..., n,
then the income of the producer is

R = pOf(xla ,.fl?n) - pOf(x>

where, py is the price of the production, x = (1, ..., z,)’

is the input level of the production factors.
The cost of the producer is

C=piz1+ ...+ ppxp+b=pr+0b

here b is the fixed cost of the production process,
a positive constant.
So the profit of this producer is

m=R—C=pf(z) —pr—>b
Let us consider the maximization problem of the

producer’s profit:
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max w(z) = pof(r) —pr —b
strxe X

Suppose the optimum solution is * (assuming that
it satisfies the regularity), then z* satisfies

p()(aagi)x:x* — Pi = O,Z = 1, ey M
or
fz(x*) = %,Z = 1, N
Chapter 10. Equilibrium

Equilibrium: The state where market supply and
demand balance each other and, therefore, prices
are stable.

Now let us take a look at the simplest equilibrium
in econometrics—Walras Equilibrium.

Suppose there are n different commodities in the

market, and m different consumers. In the begin-
ning of the trade, the ¢th consumer’s hold vector
of commodities is

iyT

(i
w; = (wi, ..., w

)

here, the w; is the quantity of jth commodity held
by the ¢th consumer,j =1,...,n,i =1, ..., m.
Denote the price of the jth commodity as p;, 7 =
1,...,n, then these m consumers trade commodi-
ties between each other according to the price above.
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In the end of the trade, the ¢th consumer has com-
modities

= (2, .., )i=1,...,m

We call this n X m matrix
r=(x!, .., ™)

a distribution. If the condition
T2t = T w;

holds, then x is called an attainable distribution,
which means that the commodities do not vanish
or increase during the trade.

In the market above, all the consumers do not
work, they just trade in order to make their utili-
tles maximum.

Denote the ith consumer’s utility function as

wi(2') = w2, ..., 2),i=1,....,m

Naturally, we have the following m problems (P;), i =

L,....m

max u;(z")
s.t. px' = pw!
rl e X,
here, X; is the consuming planning set of the ith

consumer. Normally, it is
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X; = {xl\xfj >0,7=1,...,nki=1,...m

Suppose each of the maximization problem above
has unique optimum solution, and denote them as
" = a'(p, pu')
it is called Marshall Demand Function of the ith

consumer,s = 1,....,m

Denote 2(p) = =7, [z (p, pw') — ']

Its component is z;(p) = £}, [2(p, pw') — w!)]
Obviously, it represents the total excess of demand
in the market. Every component represents the ex-
cess demand of this commodity:.

For given price p = (p1, ..., Pn), 2j(p) may not be
the equilibrium, that is

Total Demand=Total Supply

or zj(p) =0,7=1,2,...,n
If there is a price p* = (p],...,p}) and distribu-
tion ' = 2'(p*, p*w'), here, 2 is the optimum
solution of (P;),i = 1,...,m, such that

2(p*) = 2ty [2'(p*, prw') — w'] <0
which means that the total demand does not ex-
ceed the total supply, then we call this combination
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of price and distribution (p*, z*) a Walras Equilib-
rium of this economic system. p* is called equilib-
rium price and x* equilibrium distribution.
Obviously, the Walras Equilibrium is an attain-
able distribution, since its total demand does not
exceed its total supply.
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