Statistics 581 MATHEMATICAL PROBABILITY I
EXPECTATION = INTEGRATION (=PROBABILITY)

Simple functions

X:(Q,B,P) ™ (R,B(R))

is called a simple function if

k
X(w) = Z a;14,(w)
i=1
where
k
A €B, ANA;=0,) A =0
i=1

ie. {A;:i€{l,...,k}} is a partition of .
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o-algebra generated by a simple function

is composed of all finite unions of A;

o(X)=<4> Aj:Ic{l,.. .k}

el
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& = {all simple functions on (2, B)}

£ is a vector (linear) space

Xel — aX ef

X, Yel = X+Ye€
Proof, whiteboard

Other properties
X, Yel = XYe€&

XY el = max(X,Y)e €&
X, Y€€ = min(X,Y)eé&
Proof, whiteboard
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Approximation by a monotone sequence of simple functions

(Theorem 5.1.1)

X (Q,B,P) ™% (R, BR)) += HX,c& : X, (w)] X(w), we

Proof

14 )
—

X, (w) measurable and lim X,, = limsup X,
— VB € B(R): X (B) =limsup X, '(B) =, Up>n X, (B) € B
O
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14 29
—

X (w) measurable =

27’L oM om
k=1
are measurable since [w : 21 < X(w) < £] and [X (w) > n] are all
B-measurable and so
X, €&
Xn—|—1 Z Xn

draw a picture!
X(w)<oo = VYw, In:|X(w) - Xp,(w)| < 27" —0
X(w) =00 = Xp(w)=n — ¢

[]
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Expectations (Lebesgue-Stieltjes integrals) of simple

functions

Define
VX € €5 E(X) = [ X(@dP) = Y aP(4)

1=
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Properties (proofs using whiteboard)

o B(1)=1

o E(1,) = P(A)

e £3X>0 = E(X)>0

e XY €& = E(aX+fY)=aE(X)+B8E(Y)
e X,YEE X>Y = E(X)>E(Y)

o X.X, €& X, Tl X = E(X,) 1] E(X)
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This latter is true if
X,l0 = EX,)]0
But
0 < X,(w)< sngl(w) =K
— Ve >0: Oeg E(X,) = E(Xplix, s + Xnlix,<q) < KP(X, >¢)+¢

and

X, > ¢l0 = P(X,>¢)]0
—> limsup £(X,) <e¢

since ¢ is arbitrary, F(X,) | 0
[]
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Extension of the definition

Step 1, extension to arbitrary non-negative rv’s (measurable functions)

Er ={X >0, X simple}

E’Jr:{XZO: X:(Q,B)@(R,B(R))}
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FOI'XE(Z;_|_:
P X =00 >0 = FE(X)=00

P[X = o0] > 0 = we can find
{X, €&} Xu(w) T X(w), we

and since sequence F(X,,) is nondecreasing, it has a limit and we can
define

B(X) = lim B(X,)
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Proposition 5.2.1.

If
{X,e& i}t Xou(w) T X(w), wef

{Y,e&i}: Y, (w) T X(w), we

then
lim F(X,,) = lim E(Y,,)

so that E(X) = lim,, F(X,) is well defined.

Structure of the proof (whiteboard)
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Proof of the implication
ligbn T X, < li;bn 1Y, = liT{n TEX, < lirlzn T E(Y,)
Define simple functions
min(X,, Y,,) € &

notice that
lim T min(X,,,Y,,) = X,, € &

since
limY,, > lim X,, > X,
m m

which is also a simple function.
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For simple £, functions we know that
ligln T Elmin(X,,Y,,)] = E[hgln T min(X,, Y.)] = E(X,)
so by monotonicity
E(X,) = ligq}n T Elmin(X,, Y,,)] < ligq}n E(Y,)

and so also
lim T F(X,) <lim 1 E(Y,,)
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Properties of Expectations of X € g’+

E(X) € [0, o]

X, Ye&,, X<Y = E(X)<E(Y)
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EaX +0Y)=aF(X)+ BE(Y), a,0>0
Indeed, select X,, T X, Y, TY and X,,,Y,, € &,.
E(cX) = lign E(cX,)
= lifbn cE(X,) linearity on &,
= cliTrln E(X,)
= cE(X)

E(X+Y) = li£n BE(X, +Y,)
= li7£n[E(Xn) + E(Y,)] linearity on &,
= ligbn E(X,) + ligbn E(Y,)
= F(X)+ E(Y)
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3. Monotone Convergence Theorem (MCT):

0< X, TX, Xp, X €€, = BE(X,) T EX)

or equivalently
_E@meJ:hmme@

Proof

X,, approximated by a nondecreasing sequence of simple functions
YT X, m— oo
Find a sequence of simple functions approximating X

Zom T X, m — o0
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Let us try
Zn(w) = max [V, (w)]

n=1,....m

{Z..} is non-decreasing, since

Zu(w) < max [V (w)]

A
=
Qo
P4

S

t\./

8
|

N

AR

8
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By taking limits first wrt m and then wrt n, we obtain

(D)
X=lmX, =limZ,,

ie. {Z,,} is the desired simple-function approximation of X.

(E) By monotonicity of expectation on £ and by (C)

E(X,) lim T E(Y, (V)

m

lim T E(Z,)

m

lim T E(X,,)

m

IA

IA
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However {Z,,} is the simple-function approximation of X, so by

definition of expectation on £ n
E(X) = E(lg@n T Zm) = lién T E(Zy)
Hence from (E)
E(X,) <FEX)= li%n T E(Z,) < li%n T E(X5)

and
lim 1 E(X,) < E(X) < lim T E(X,,)
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Extension to random variables of arbitrary sign

Define
X*(w) = max(X(w),0), X (w) = max(—X(w),0)

Properties
Xt (w), X (w)>0
Xw)=X"(w) - X (w)
X (W) = X" (w) + X~ (w)
X e B/B(R) «<— X", X~ |X| e B/B(R)
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X is quasi-integrable if E(X™1) < oo or E(X ™) < 0o (at least one),
E(X)=FEX" -EX")

In this case, E(X) may be equal to —oo or 0.

X is integrable if E(X") < oo and E(X ™) < oo (both),
E(X) : =KEX")-EX")
— FE(X))=FEX")+EX)<x
In this case, F(X) < oo.
X is not integrable if E(X*) = 0o and E(X~) = oo (both),
In this case, E(X) does not exist
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Li(P)={rv X : E(|X|) < o0}

space of (absolutely) integrable functions

Ezxample (heavy tails) (whiteboard)
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Properties of expectations
1. If X is integrable, then P[|X| = oo] = 0 (explain)

2. If E(X) exists, then

E(cX)=cFE(X)

If either

E(XT) <oo, BE(YT) <00
or

E(X7)<oo, E(YT) <
then

E(X+Y)=EX)+ E®Y)
Proof (whiteboard)
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X <Y = FEX)<E(Y)
4. Generalization of MC'T

Xpel, = [ X, 1l X = E(X,) 1] E(X)]
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Proof.

Case X,, | X (the other case in Resnick).

Observe
X7 | X", sothat F(X') < o0

Take
X, =—-X,+ X;r

0<X, =—-X,+ X <-X,+X{ 1 -X+X{
therefore by the MCT

0<E(-X,+ X)) 1 E(—X+ X7
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By integrability of X,, and X;" we have
E(—-X,+ X{") = E(—X,) + BE(X])
Also, F(X™) < oo and X; € L4, so
E(-X+X{)=FE(-X)+ E(X{)
and by comparison of right-hand sides and taking limits

lim B(X,) = E(X)
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Variance and covariance (self-study)

Modulus inequality

[B(X)| = |[E(X") - E(X7)| < E(X")+E(X") = BE(X"+X7) = B(]X])
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Markov inequality

PlIX] > )] < %E(|X|)
Proof
X X
1HX|2A](w)S| iw”lnxm](w)gl iw)|
(]

Chebyshov inequality

PllY — E(Y)| 2 o] < = V(Y)

042

is obtained from Markov inequality by taking
X = [Y-EY)"

A = o
[]
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Weak law of large numbers (WLLN)

(50)

—> lim P

1 (<& 1 1
— Pl||= X | = ul > il v
1 z”:v(X) 1v<X)fn,_>ooO

(ne)? Y ne? !

(1 WLLN and frequency-based definition of probability (explain)
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Limits and Integrals

Thm 5.3.1. MCT, demonstrated before

0< X, TX, X, X €€, = BE(X,) T EX)

Special case, MCT for series, take

Xn=Z§z', XZZ&', & >0
i=1 i—1

which implies

E(X) = E (i gz) —E <lim 1 ig) " im 1 E (En: gz-)

= Hm 1) F(&) =) F&)
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Fatou Lemmas and Bounded Convergence Theorem

“Old” Fatou Lemmas for probabilities

P(lim inf A,,) < lim inf P(A,)

< lim sup P(A4,) < P(lim sup A,)

T n—oo n— o0

“New” Fatous Lemmas are more general{ X,,,n > 1}

{X,,n > 1}, X, >Z, Z € L(P)
—> FE(lim inf X,,) < lim inf F(X,)

n—oo n—oo
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If we take
Xp(w) =14 (w)
then
P(nll_{go inf A,) = E(lim, .. infa,) = E(nh_{go infla,)
= E(T}l_)rglo inf X,) < 7}1_{20 inf £(X,,)
- 7}1_{20 inf F(14,) = 7}1_)11{)10 inf P(A,)

so the “new” has the “old” as a special case!
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Proof (of the “new”): Enough to prove it for Z = 0 (otherwise, take
X, — Z instead of X,)

E(lim inf X,,) = FE[lim T (inf X})]

n— 00 n— 00 k>n

MET im 1 El(inf X4)] < lim T [inf E(X,)] (explain)

n— 00 n— 00 k>n

= lim inf £(X,)

n—oo
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By taking negatives, we prove a dual version

{Xp,n > 1}, X, < Z, Z € L4(P)
—> FE(lim sup X,,) > lim sup F(X,)

n—oo n—oo
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Finally, as a consequence, if

{X,,n > 1}, Y<X,<Z Z¢€lLq(P)
—> FE(lim inf X,,) < lim inf F(X,,) < lim sup F(X,) < E(lim sup X,,)

n—oo n—oo n—oo n—oo

which yields the
Dominated Convergence Theorem (DCT)

X, — X, 3Ze€ly(P):|X,| <27
— F(X,) — F(X)and E(|X, — X|) — 0

Counterexample, take X, (w) = 2*"1( 9-n)(w) (explain)
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Proof of the DC'T
X, <Z «—= —Z<X,<”7
Also, since X,, — X

lim inf X,, = lim sup X,, = lim X,, = X

So
E(X)
= FE(lim inf X,;) < lim inf F(X,) < lim sup F(X,) < E(lim sup X,,)
= EX)

and by sandwich argument

lim inf £(X,,) = lim sup F(X,) = lim F(X,) = F(X)

n—oo n—oo n—oo
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The final part is a bit trickier. But we have
X, < Zand | X|<Z = |X,—X| <27
so that the first part implies

lim B(| X, — X|) = E(lim |X,, — X|) = E(0) = 0
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Indefinite Integrals

X : (B,P) ™ (R,BR))
X € Lyi(P)

/ X (w)dP(w) = B(X14)

Properties, assuming X >0 (and E(X) < o0)
(1)
0 < / X (w)dP(w) < E(X)
A

to see this, notice
0 < X(w)lx(w) < X(w)

and use monotonicity of expectations (integrals)
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(2)
/X(w)dP(w) —0 = PAN[X >0]) =0
First of all

/ X(w)dP(w) | 0, as n — 00
[ X >n]

Indeed, define

It holds
X >n] |0 <= X,(w)=X]xsy(w) | 0 pointwise

But also
X, < X € Ly(P)

and the assertion follows by DCT.
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Now, suppose P(A,) — 0. We have

/X(w)dP(w) = / X (w)dP(w / X (w)dP(w)

[(X<M]NA, [(X>M]NA,
< M/lA JdP(w / X(w)dP(w
(X >M]
_ / X (w)dP(w
(X >M]
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But, for any € > 0, there is M large enough such that

/ X (w)dP(w) < ¢
]

[(X>M

so that [ X (w)dP(w) "— 0.
Anp
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Proof of property (2) P(AN[X > 0]) = 0 implies

/XdP / XdP + / XdP
A

N[X>0]

= 0+ / 0dP =0

AN[X=0]

Suppose [ XdP =0 and P(AN[X > 0]) > 0. If
A

dk: P(Ay) = P(AN[X > 1/k]) >0

then
1
/XdP > LP(AN[X > 1/k]) > 0

a contradiction.
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Therefore,
But, since A,, T A

/ XdP = E(X1,) "' lim E(X14,)
A

— liin/XdP:O
A
[]

Properties (3)-(5) are easier.
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Transformation Theorem and Densitites

Setup

T : (Q,B,P) (B
P’ = PoT™!is a probability measure on B’
P'(A) P[T HA)], A eB

We can define two related random variables

X . (Q,B,P)™ (R,BR))
X'oT : (9,B,P)~— (R,B(R))
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Theorem 5.5.1
(i) If X' >0

/Q X[T(W)|Pldw) = | X'(')P/(de)

Q/
or
E(X'oT) = E'(X')
@,
X' € Li(P) < X'oT € L(P)
then

/Tl(A') XT(w))P(dw) = . X'(W)P'(dw'")

Proof by simple function approximation ... (try to verify for X’ being

a simple function ?)
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A reminder

X:(9Q,B,P) ™ (R,B(R))

Distribution measure of X

F(A) : P[IX Y (A)] = Plw: X(w) € 4]

— P/[X € A], Ac B(R)

F=PoX!
Distribution function of X

F(x)=: F((—o0,z]) = P'[X < x]
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Special case of transformation

drawing (...)
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We have E(X'oT) = E'(X’) based on Thm 5.5.1, which can be

written as

| xre)pa) = [ xw@)Ps)

T(w)—X(w) Y w'—z  F(dx)

/ X (w / v F(dz)

Ely(z)) = / g(x)F(dx)

Also
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Densities

Define a random vector X
X : (9, B, P) ™% (R*, B(R*))
with distribution measure
F(A)=Po X !(A), Ae BR"
and distribution function
F(xy,29,...,2) = F((—00,x1] X (—00, 23] X -+ X (—00, x1])

Generally
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Suppose F'is AC, ie.

distribution density

Proposition 5.5.2
If F(A)is AC, then

Blo@)) = | gla)(w)da

To prove, start from indicators, proceed to simple functions and then
use MCT.
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Section 5.6. - Self-study

Riemann vs. Lebesgue Theorem 5.6.1 (w/o proof)

Integral comparison Lemma 5.6.1 (w/o proof)
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Product Spaces

(1 x gy =: {(wl,wg) S wy; € Qz,’l, = 1,2}

Examples
R* = RxR
(—00,0] x (0, 00)
Coordinate (projection) maps
(w1, wa) =: w;

Section of A at w;

Ae Ql X QQ
Awl = {WQ . (wl,wg) c A} C QQ
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Properties of sections

(1)

(i)

(ﬂ Aa)wi - ﬂ(Aa)wz
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Sections of functions

X : Ql X QQ — S
le . QQ — S; le (Wz) =. X(wl,wg)

Properties (i)

(1a)w; = (1)a,

(i1)
S=R'= (X;+ X2)u, = (X1)uw; + (X2)w:

(iii)

S metric space = lim(X,,),, = (lim X,,).,
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Rectangles

Al X A2 C Ql X QQ

~ =~
If (€2;, B;) measurable and A; € B;, then A; x A, called a measurable
rectangle
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Class RECT is a semialgebra since

(i) 0,Q € RECT
(i) RECT is a m-system (prove)
(

iii) If A € RECT, then there exist (prove) finite n and disjoint
C4,...C, € RECT such that

Aczi@

Product o-algebra
Bl X BQ =: O'(RECT)
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Lemma 5.7.1. Sections of measurable sets are measurable (why 777)

A681X82:>Aw1682

Corollary. Sections of measurable functions are measurable, since

X (A) = [XTH (A,
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Probabilities on product spaces

Transition functions

K(wl,A2) : Ql X BQ — [O, ]_]

If (i) Ywy, K(wy,-) is a probability measure on B
(11) VA, K (-, As) is measurable (21, B;) — ([0, 1], B[O, 1]), ie. it is a

rv “wrt wy”

And what is this?

Ella, (w)K(w, Ag)] = : K(wr, As) Py (dwy)

Prob measure on (21,81)
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Theorem 3.8.1.
P(Al X AQ) = K(wl,AQ)Pl(dwl)
Aq
Ay x Ay, € RECT

uniquely defines a probability measure on

(D1 x Qo, o(RECT))

Follows instantly from the Extension Theorem, since RECT is a

semi-algebra.
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Product measures

Suppose that
le, K(wl, AQ) = PQ(AQ)

Then

P(A x A) = [ K(wi, A)Pi(dw)

1

PQ(AQ)Pl(dwl)

1

Pl(dwl) . PQ(AQ) = Pl(Al)PQ(AQ)

= (P x P)(A; x Ay)

[
T— T
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Product measures yield independent o-fields!

Define o-fields

Bfﬁ = {A1XQQIA1681}
B;é = {QlXAQ:AQEBQ}

B¥||BY wrt P, x P», since

(P X Py)[(A1 x Q) N (1 X Ag)] = (P X Py)(A; x Ay)

G 4
~~

— P (A;)P3(Ay) :_[Pl(Al)Pz(QQ)][Pl(ﬂl)Pa(Az)]

= (P X P3)(A; x Q) - (P1 X P5)(€21 x Ag)
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Construction of rv’s independent wrt product measures

Framework
(Q X Qo,B1 X By =c(RECT), P, X P)
Define “univariate” rv’s
X (%,B) = (R,BR)), i =1,2
and their “trivial bivariate extensions”

X#(wr,ws) = Xi(w1), “independent” of wy

X7 (wi,wa) = Xa(ws), “independent” of wy
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X7 XF wrt P = P, x Py, since

P(X] < z, XJ <y)= (P x P)[(w1,ws) : Xi(w1) < 2, Xo(ws) <y
= (P X Po){|w1 : X1(wy) < 2] X [wa 1 Xo(wsy) <y}
= P1[w1 : X1(w1) < 213] 'Pz[wz : X2(w2) < y]
= Pilw: Xqj(w1) < 2] P|Qs] - PO Polws : Xo(ws) < ]
= Pl(wi,ws) 1 XT (wi,w2) < 2]+ Pl(wr,wa) : XJ (wi,ws) < y]
= P[X{ <a]- PIX] <y

IA
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Fubini Theorem 5.9.2

Assume

P = P1 XPQ
X : Q=0 xQy, By x By =0(RECT), P, x P,) ™% (R, B(R))
X > Oor X € L(P)

Then

/szleQX(w)P(dw) - /91 [/Q2 X, (wa) Pa(dw2)| Py (dwy)

— /Q[Q X, (w1) Py (dwy)| Py (dws)

and, for the case of X > 0, all three integrals are finite/infinite at the

same time.
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Example 5.9.2

X1, Xy € L*(P) and Xi|| Xy = E(X1X3) = E(X1)E(X>)
Proof. Denote X = (X1, Xs) and g(z1,x2) = x129
First show that the “joint” distribution of X = (X3, X5) is a product
measure. Indeed define
F=PoX ' (=*“Id” P, remember? )
We have
F(A; x Ay)) = P[X YA x A))] = Plw: (X1(w), Xo(w)) € A; x Aj]
= Plw: Xj(w) € 41, Xs(w) € Ag]
= Plw: Xi(w) € A1|Plw: X3(w) € Ag] = F1(A1)F(As)
= (F1 X F5)(A; x Ay)

where step 3 follows from independence of the two rv’s.
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Now
E(X,X,) = E(g(X))=A29($)F(dx)
_ /R | /R 105 (day)| Fa(dars)
_ /R - /R 21 Py (dey )] Fy(d)

= [AxlFl(d$1)]A$2F2(d$2)
= E(X1)E(X»)
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Section 5.9 Fubini
Theorem 5.9.2 (w/o proof)

Eramples 5.9.1-3
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