Stat581 HW1 Solutions

1.(3%)
(a) 15.
(b) Proof: Since the order of partial derivatives doesn’t matter, this problem is equivalent
to assign r identical balls to n identical boxes. Note that there are n-1 barriers, so the total

(n+r-1
number of ways is .
r

2.(3)
By inclusive-exclusive theorem,
P(atleastlcallperday) = 1 — P(exist some days with no call)
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=0.228452
This can also be done in another way. Consider X, ~ bin(l2,%) , then
P(X, =0)represents the probability of no call received in a single day.
Consider X, ~ bin(lZ,%) , then P(X, =0)P(X, =0)represents the probability of no call
received in two days ...
So, P=1 —GJP(X1 =0) +(ZJP(X1 =0)P(X,=0)—...

Direct approach (by Pawell):
A sample point specifies on which day (1 through T) each of the 12 calls happens. Thus there
ave 712 equally likely sample points. There are several different ways that the calls might be
assigned o that there is at least one call each day. There might be 6 calls one day and 1 ecall
each of the other days. Denote this by 6111111, The number of sample points with this pattern
s 7( E‘}]ﬁ!. There are 7 ways to specify the day with & calls. There are (lh‘)] to specify which of
the 12 calls are on this day. And there are 6! ways of assigning the remaining 6 calls to the
remaining 6 days. We will now count another pattern. There might be 4 calls on one day, 2 calls
on each of two days, and 1 call on each of the remaining four days. Denote this by 4221111
The number of sample points with this pattern is T(l;"'] (2] (:] [3}4’ (7 ways to pick day with 4
ealls. [11')) to pick the calls for that day, (?} to pick two days with two calls, (:] ways to pick
two calls for lowered numbered day, ('3) ways to pick the two calls for higher numbered day,
4! ways to order remaming 4 calls.) Here is a list of all the possibilities and the eounts of the
sample points for each one.

pattern  mumber of sample pomts

6111111 7(L)6! = 4,656,960

5211111 76 (% 83,825,280

4221111 7(,) 523 908,000

311111 (63 139.708 800
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3321111 G)lé_—')(ﬁgs(ﬁ)a!: 698 544,000
3229111 7 3-'](';](&)(;'%)(_5) | = 1,307 088,000
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3,162,075 840

The probability is the total number of sample points divided by 742, which is
2285,

3.162,075,840
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3.(3)

s
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guarantee there is no matching pair, and then choose 1 from each of the 2r pairs.

P(no matching pair) = , since we should choose 2r pairs from n pairs first to

4.(1)

P(both are boys| at least one is boy) = P(both are boys) _ 174 =

P(at least one is boy) 1-1/4

1
S
5.(2%)

X~ NegBin(l,%),P(X >5)=1-P(X <4)=1-0.5981=0.4019.

Or, let B,={cast 1 times, the last one is 6},
541
+.+(=) =
(6)

P(cast more than 5 times) =1-P(B, <5)=1- (é + % -

1
6
Or directly, P(cast more than 5 times) = (%)5 .

6.(2)
X ~ Bin(10,0.2),

P(X >2)=1-P(X <2)=0.6242,
P(X >2)
P(X >1)

P(X>2|X>1)= =0.6993.

7.(4)
Show (1) right continuous, (2) monotone non-decreasing, (3) F'(—o0) =0, F () =1.

8. (4%)
Use change of integrals.
(a) Proof:

[n-rFeax=["[" redax= |’ jo S (@dde = " (0)de = E(X)
(b) Proof:

[1-F, (k)] = iP(X >k)= i iP(X =)= i P(X =t)= izP(X =1)=E(X)

k=0 t=k+1 t=1 k=0 t=1

) t—1
k=0
9. (3"

Easy to show the hint, Vo,(X +Y)(w) = (X vY)(@)+ (X AY)(w).
X+Y=XVY)+(XAY) = EX+Y)=EX)+EXY)=E(XVY)+E(X AY).



10. (2)
E(X) :_Llax“dxz

a+1’
a

a+2’

E(X*)= .[01 ax'dx =

a

V(IV(X):E(X )—E(X):m

11. (3

(a) éhc?w P(X =i,Y =j)# P(X =i)P(Y = j),forsomei =1,2,3,j =2,3,4
1 2 3

2 1/12 1/6 1/12

3 1/12 1/6 1/12

4 1/12 1/6 1/12

(b)

12.(3”)
Proof:

X e e .
LetU =——,V = X, calculate joint distribution after transformation and then the

marginal.

13.(3”)
Proof:
P(X=x,X+Y =n)

P(X+Y =n)
_P(X=x,Y=n-x)
 P(X+Y=n)
_P(X=x)P(Y =n—x)
 P(X+Y=n)

:n[ 4 j( A J ,0<x<n
x\NO+A)\0+4

P(X=x|X+Y=n)=




