Stat581 HW2 Solutions

4.(4°) Suppose A, = {2 :m € N},n e N, where N are non-negative integers. What
n

isliminf A and limsup A  ?
n—e n—>o

(1) show iank =N,

infA, = ﬂ A, < N (not obvious, but right)

k>n

=inf A, =N,
NcA,,Vk2n=Nc ﬂA —1kan .
hence, liminf A | —hm(lknf A )=N.
(2)show supA, =Q°,
k>n

m +
SUpA, —UA {—,an,meN}cQ
. jsupAk :Q+5

quQ,qe{—meN} {—g>nmeN}—supA kzn

k>n

hence, limsup A | —hm(supA )=Q".

n—»co k=n

5.(4°) Letf_,f be real functions onQ2. Show

0 o 0

{o:f, (o) »f(0)} = U ﬂ U{co | (o) - f(oo)|>—}

Proof:
By De Morgan’s Law, it’s equivalent to show

® 0 © 1
{o:f,(0) > f(0)} =N U N {o:f,(0)-f(0) <}

k=1 N=n=N k
Now, using € — 0 language,

Voe{o:f (o) > f(0)},Vk21,AN,Vn 2 N,| f, (o) - f(®) |<%,
s0,Vk >1,3N, 0 € ﬁ (0] f. (@)~ F(0) < l},

hencer>1cer ﬂ{co|f(co) f(w)|< }

N=1n=N

therefore,m € ﬂ U ﬂ {o:|f (0)-f(0)|< }

k=1 N=1n=N

Similarly, we can show Vo € ﬂ U ﬂ {o:|f, (0)-f(0)|< } (@) > f(o).

k=1 N=1n=N



6. (4’) Supposea, >0,b, >landlima, =0,limb, =1.

n—oo n—oo

Define A ={x:a, <x<b, }.Findlimsup A  andliminf A .

n—o n—o

limsupA, = ) Ufa,.b,) = N(infa,.supb,) = (sup ) (iknfak),infli«(supbk)]
n>l k2n >n n>

n—w n=lk>n k>n n>1 = k>n

= (lim(infa,),lim(supb, )] = (lima,,limb, ]=(0,1],
n= >n n= k>n n= n=

note that 0 ¢ limsup A ,and1 € limsup A | sincelappearsinfinitely often while O not.

n—o n—oo

you may also want to guess (0,1] to be the answer then verify every element s i.0.

similarly,liminf A = (0,1], note here 1 € liminf A  also,sincel €A A excepta finitenumber.

n—o

9. (2’) Check that AAB = A“AB®.
AAB=(AUB)\(ANB)=(AUB)N(ANB)°
DeMorgan
= (A°NB)"NA°UB)=(A°UB°)\(A°NB°)=A°AB".
And many other methods may apply also.

12.(2°) LetQ ={1,2,3,4,5,6} and let C = {{2,4},{6} } . What is the field generated by € and
what is the 6 — field ?

Since C partitions Q into 3 parts, there are 8 sets in (C), and since Q2 is finite, the field
generated by C is equivalent to 6(C).

o(@)={,0,{2,4},{6},{2,4,6},{1,3,5,6},{1,2,3,4,5},{1,3,5} }.

40. (4’) Show that B((0,1]) is generated by the following countable collection: For an
integerr, {[kr ", (k+Dr™"),0<k<r",n=12,..}.

Proof: (here, assume k is also integer)

(1)show B((0,1]) = o(€(0,1]) = o([a,b),0 < a < b <1), following the stepsin book P17.

(2)showo([kr™,(k+1)r™))=0([a,b),0<a<b<1)
(youmay want toshow (a){[kr " ,(k+)r ")} < o([a,b))and
(b)o([a,b))is contained by any other ¢ — field that contains {[kr ™, (k + 1)r ")},
but thisisequivalenttoshow o([a,b)) = o([kr ", (k + 1)r ")) directly)
) Vk,[kr ™", (k+Dr ™) eo([a,b),0<a<b<)=o([kr ", (k+Dr ™)) co([a,b),0<a<b<1)

(i)V0<a<b<lIn and0<k, <r™ st [ab)= Uk ™,k +)r™),
izl

note thisisnot that obviousif a or bisirrational, butit's true.

therefore[a,b) e o([kr™,(k +1)r"))and hencec([a,b),0<a<b<Il)co([kr™,(k+Dr™))



Extra: (4”) prove inclusion-exclusion formula (2.2) by induction, starting from n=2.

Proof:
(1)Forn = 2,easy toshow by(2.1);

(2) assume (2.2) holds for n, that is

P(UA) ZP(A )— ZP(AA )+t (— 1)““P(A ‘A) ™),
thenforn+1

n+l

P(UA) P[(UA)UAM] P(UA)+P(AH+I) P[(UA)ﬂAnH]

—ZP(A )= D PAA)+.+EDPA, AP, - P[(UA NA,L]

j=1 I<i<j<n

n+l

—ZP(A )= D2 PAA)+.+(D)"PA, A - P[U(A NA,.)]

1<i<j<n

(*) n+l

—ZP(A )= D PAA )+ +(-D)"™PA, A, ) -
I<i<j<n

[ZP(Aj ﬂAnH)_ ZP(AiAj mAn+1)"'---'|'(_I)HHP(Al A ﬂAml)]
_EP(A)— D PAA )+ +(=1)"PA, AL

I<i<j<n+l1



