Stat581 HW3 Solutions

7.(3”) Coupon collecting. Suppose there are N different types of coupons available when
buying cereal; each box contains one coupon and the collector is seeking to collect one of
each in order to win a prize. After buying n boxes, what is the probability P, that the
collector has at least one of each type?

Hint: similar to example 2.1.2.
Let A, betheevent"ith typeof couponisnot collectedafter buyingnboxes",i =1,...,N

(N - 1)

P(A,) = P(AA. )_(NN2)“ A e

by inclusion - exclusion,

P(UA) ZP(A)— D PAA ) +..+ (- I)N“P(ﬂA)

1<i<j<N
:i M
S N*

so,P =1- P(UA)—I Z( 1)k“( J(NNP

8.(2’) We know thatP, = P, on Bif P, = P, on €, provided that € generates $ and is a n-
system. Show this last property cannot be omitted.

Proof :by counter example,

Follow the example,Q = {a,b,c,d} with P,({a}) =P,({d}) =P,({b})=P,({c}) =

P ({b}) =P ({c}) =P,({a}) =P,({d}) =
SetC = {{a,b},{d,C},{a,C},{b,d}},thenPI = P2 One’
clearly,Cisnota m —system,now we want a example of some collection #B generated by C but P, # P, on B,
consider B = o(€) = {J,Q,{a,b},{d,c},{a,c},{b,d},{a},{b},{c},{d},{a,b,c},{a,b,d},{a,c,d},{b,c,d},
{a,d},{b, C}}

P({a})——;tP ({a}) = soP =P, on3B.
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10. (3’) Two events A, B on the probability space (2,8, P) are equivalent
ifP(A(NB)=P(A)v P(B).

Proof :
DA AT <
= P(ANB)=P(A)v P(B)<P(A)AP(B)
= P(ANB)=P(A)=P(B)
AAB=AB°"UAB=(AUAB)N(B° UA‘B)=(AUB)N(A°UB°)=(AUB)\(ANB)
P(AAB)=P(AUB)-P(AB)
=P(A)+P(B)-P(AB)-P(AB)
=0

11. (3”) Suppose {B,,n =1} are events with P(B, ) =1for all n. Show P(F] B,)=1.
n=l
Proof :

P(B,)=1= P(B:)=0= 3 P(B;)=0=P(UB:)< 3 P(B:)=0= 1-P(1B,) = 0= P(NB,) =1

n=1

13.(3") If{B, } are events such that 3 P(B, ) > n—1,then P(( B, ) > 0.
= k=1

Proof':

iP(Bk)>n—1:>1>i[l-P(Bk)]:P(kLnJ Bi)ﬁiP(B§)<1:>P(k(n] Bk):P[(Q BF)*]>0



24. (3°) Suppose A, is the uniform distribution on the unit square[0,1]* defined by its

distribution function, ([0,0,]x[0,0,])=9,0,,(9,,0,) €[0,1]*.

(a) Prove that A, assigns 0 probability to the boundary of[0,1]°.

Proof :

for bottom boundary B, , A, (B, ) =2,([0,6,]x[0,0]) =6, x0=0,0, €[0,1];

for left boundary B, A, (B,) =, ([0,0]x[0,6,]) =0x8, =0,0, €[0,1];

for top boundary B,, 1, (B,) = lin(}i« 1,([0,6,1x[1-g.1]) = lim 42, ([0,8,1%[0,1]) -1, ([0,6,]x[0,1-£])]
=0, —1im T2,([0,0,1[0,1-£]) =0, =6, = 0,0, €[0,1];

for right boundary B_,A,(B,) = l‘in(} J A, ([1-¢,1]1x[0,6,])=6,-6,=0,6, €[0,1].

(b) Calculate 1, {(0,,0,) €[0,1]7 :0, A0, >§}.

A, {(0,,0,)€[0,1]*:0, A O, >§}=x2{(el,ez)e[o,1]2 10, >§,e2 >§}
2 2
=M ([=,1]x[=,1
2([3 ] [3 D

=, ([0,1][0,1])- A ( [o,g]x[o,u)-xz( [o,l]x[o,§])+xz( [0,§]X[0,§])

1
5
(c) Calculate 1, {(0,,0,)€[0,1]*:0, A0, <x,0, AO, <y}.

2,{(6,,8,) €[0,1]7:6, AB, <x Ay} =1-2,{(6,,0,) €[0,1] :6, A, >x Ay}
=1-(1-xAy)



26.(3°) IfA,,...,A  are events, define
S, =Y P(A)

i=1
S,= D> P(AA)

I<i<j<n

(a) Show the probability p(m) = P[Zl », =m]of exactly m of the events occurring is

i=1
m+1 n ) . . . .
p(m)=S,_ - S+t S, . Verify that the inclusion-exclusion formula is a
m m

special case of this.

Proof :

pm)= > P[(finkm( y }Aij)ﬂ

n j={1,n\{i,
cases
m

= ¥ PAAD- T PAAINC U A

n I = B =t T i
cases cases
m m

=S, — Z P[ U [(fleik)ﬂAiJ]j|

[n] J=Lni\i k=
cases
m

in—ex
= Su= 2
el
cases
m

m+1 n
s( js( Js
m m

3 P[(ﬁAik)ﬂAij]— > P[(ﬁAik)ﬂAiﬂﬂAij2]+...iP[i)lAi]

1..nP\ig} jlj2ell,.n\iy }



verifyinclusion —exclusion :

mgAg=mn+m+mm

e

[ & [k
=(-D¥'s, Z(—l)”‘( H

=(-D*'s, Zk‘,(—l)j“(#}l}

i=0

— (_1)k+l Sk

(b) Referring to example 2.1.2, compute the probability of exactly m coincidences.

p(m)=S. —(mﬂjsm +...i(njsn
m m
L& (kY m-k)!
_l;n( D (mj{kj n!

N, kem k! n!  (n-k)!
—_Z( D m!(k—m)'k!(n—-k)! n!
( l)k m
Z“m'(k m)!
zi671

m!



