Stat581 HW4 Solutions
2.(3’) Let (Q,B,P) = ((0,1],8(0,1],\) where X is a Lebesgue measure.
Define

Xl(w) = O,VWEQ,
Xo(w) = lipw),

Xo(w) = 1o()
where Q C (0, 1] are the rational numbers in (0, 1]. Note

P[X1:X2:X3:0]:1

and give
o(X;),1=1,2,3.
(1)
' = {0}, B =a({0}) = {0,{0}}
X0 =0,x7'({0}) =,
o(X)) ={X;YB): Be B} ={0,Q}={0,(0,1]}.
(2)

V' ={0,1},B"= 0({0,1}) = {0, {0, 1} {0}, {1}}
X (0) = 0,X;1({0,1}) = 0, X, ({0}) = 2\{1/2}, X, ({1}) = {1/2}
o(Xz) = {X;1(B): B e B} = {0,92,0\{1/2}, {1/2}}.

Q= {Ov 1}’ B = U({O’ 1}) = {@, {07 1} {0}7 {1}}
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Xs'(0)=0,X57({0,1}) = 2, X' ({0}) = Q°, X5 ({1}) = Q

o(X3) ={X;(B): BeB}=1{0,9QQ}.

3.(2’) Suppose f : RF - R, and f € B(R*)/B(R). Let X1, ..., X; be random
variables on (2, B). Then

f(Xl, ,Xk) S O'(Xl, ,Xk)

Proof:

Let X = (X, ..., X}), then X is a random vector (€2, B) — (R*, B(R¥)) since
X1, ..., Xy are random variables. So o(X) = X~}(B(R*)) C B.

Since f € B(R*)/B(R), f(X) is a random variable (Q, B) — (R, B(R)), and
o(f(X)) = (f o X)7H(B(R)) = X7 (fT(B(R))).

At the same time, since f € B(R*)/B(R), f itself is a random variable, and
o(f) = f1(B(R)) C B(R).

Therefore, X71(f~YB(R))) ¢ X7Y(B(R*)). So, f(Xi,...,Xz) = f(X) €
o(X) =o(Xy, ..., Xi).

8.(3’) Let X and Y be random variables and let A € B. Prove that the

function
X(w), ifweA
Z(w) = { Y(w), ifweA°

is a random variable.

Proof:

It’s easy to show that: if X and Y are random variables, then XY and



X +Y are also random variables. Now 14 and 14 are random variables, and

Z =X14+Y1ye.

9.(3’) Suppose that {B,,n > 1} is a countable partition of 2 and define
B =0(B,,n > 1). Show a function X : Q — (—o00, 00| is B-measurable iff X

is of the form
X = Z CilBi;
i=1

for constants {c;}.(What is B?)

Proof:

«

Note that X is the limit of the summation of random variables ¢;1p,, and in
each component, both ¢; and 15, are B-measurable, therefore every c¢;1p, is

B-measurable, hence X is B-measurable.

Or,

Y(a,b) C R, X Y((a,b]) = X '({c: Zcilgi € (a,b]})
= U(B;: ZCZ-IBZ. € (a,b)) € o(By).
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By contradiction. Suppose X is not of this form, then

HBZ = By + Big,s.t.X(w) > ci,Vw € B

X(W) S CZ‘,VW S Bil

Then, 3(c;, ), X i, ¢l) = Bia & o(B,), therefore X is not B-measurable.



12.(3’) Show that a monotone real function is measurable.

Proof:

Let f : (a,b] — (c,d],(a,b,c,d € R and can be +00) be monotone, then
inverse f exists and is unique.

And it’s easy to show that V(c;, d;] C (c,d], f~ ((c;, di]) = (as,b;) € B((a,b]).
Therefore, VC' = U(¢;, d;] € B((c, d)),

fHC) = fHU(e,di]) = Uf (i, di]) = Ulas, bi] € B((a,b]), hence f is
B((a, b])-measurable.

22. (3’) Suppose {X,,,n > 1} are random variables on the probability space
(Q, B, P) and define the induced random walk by

S():O,Sn:iXi,nZ 1.

i=1
Let
T:=inf{n>0:5, >0}

be the first updoing ladder time. Prove 7 is a random variable. Assume we

know 7(w) < oo for all w € Q. Prove S; is a random variable.

Proof:

(1) Let S = (Sp, Si, ..., Sn), then S : (Q, B) — (R™"! B(R™*1)) is measurable.
Now 7 : (Q,B) — (Z+,2%7), and V{k} € 22" 77 '({k}) = {w : 7(w) = k} =
{w: Sy, S1, ..., Sk—1 < 0,5, > 0} € B since S is measurable.

So 7 is a random variable.



(2) Note S; : (2,B) — (R, B(R)), and V(a,b] € B(R),

S (a,b]) = {w: S-(w) € (a,b]}
= Z{w :Sr(w) € (a, b} N{w: T(w) =k}

— Z{w : Sk(w) € (a,b]} N{w : T(w) = k}.

Now {w : Sg(w) € (a,b]} € B since Sy, is measurable, and {w : 7(w) =k} € B
since T is measurable, so S;'((a,b]) € B, therefore S, is a random variable.

Or, you may use a one line proof: S; = Sp1j;—y.

23.(3’) Suppose {X1,...X,,} are random variables on the probability space
(Q, B, P) such that

P[Ties] := P{Ujzj1<ij<n[Xi = X;]} = 0.

Define the relative rank R,, of X,, among {Xj,..., X,,} to be

R — Yo lx>x,, on [Ties],
" 17, on [Ties].

Prove R, is a random variable.

Proof:

R, : (2,B(Q)) — (¥, B") where ' = {1,....n} U{17}, B = B(Y).

V{k} € B, k' ({k}) = {[Ties] N [k = 17]} U{[Ties]° N 321, 1ix,zx.] = K1},
and every component here is measurable.

Or, you may use a one line proof: R, = [Y 7, Lix,>x,1|Liriese + 17 - Lizies)-



