
Stat581 HW7 Solutions

7.(1’) Suppose Xn, n ≥ 1 and X are uniformly bounded random vari-

ables; i.e., there exists a constant K such that

|Xn|
∨
|X| ≤ K.

If Xn → X as n →∞, show by means of dominated convergence that

E|Xn −X| → 0.

Proof:

Since K ∈ L1, DCT can apply, and note that |Xn −X| ≤ 2K ∈ L1.

8.(3’) Suppose X,Xn, n ≥ 1 are random variables on the space (Ω,B, P )

and assume

sup
ω ∈ Ω
n ≥ 1

|Xn(ω)| < ∞;

that is, the sequence {Xn} is uniformly bounded.

(a) Show that if in addtion

sup
ω∈Ω

|X(ω)−Xn(ω)| → 0, n →∞,

then E(Xn) → E(X).

Proof:

Since {Xn} is uniformly bounded and supω∈Ω |X(ω) − Xn(ω)| → 0 ⇒

Xn → X, by DCT, E(Xn) → E(X).
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(b) Use Egorov’s theorem to prove: If {Xn} is uniformly bounded and

Xn → X, then E(Xn) → E(X).

Proof:

Xn → X
Egorov
=⇒ ∃Λε, P (Λε) < ε, sup

ω∈Λ\Λε

|X(ω)−Xn(ω)| → 0(n →∞)

⇒ ∀ε > 0,∀ω ∈ Λ\Λε, |X(ω)−Xn(ω)| ≤ ε

⇒ E
[
|X −Xn|1[ω∈Λ\Λε]

]
≤ εP (ω ∈ Λ\Λε) ≤ ε

⇒ E
[
|X −Xn|

]
= E

[
|X −Xn|1[ω∈Λ\Λε]

]
+ E

[
|X −Xn|1[ω∈Λε]

]
≤ ε + 2Mε

⇒ E
[
|X −Xn|

]
⇒ 0

⇒ E(Xn) → E(X)

9.(2’) Use Fubini’s theorem to show for a distribution function F (x)∫
R
(F (x + a)− F (x))dx = a,

where dx can be interpreted as Lebesgue measure.

Proof: ∫
R
(F (x + a)− F (x))dx =

∫
R

∫
R

1[ω∈(x,x+a]]dωdx

=

∫
R

∫
R

1[ω∈(x,x+a]]dxdω

=

∫
R

adω

= a.

13.)(2’) Suppose the probability space is the Lebesgue interval

(Ω = [0, 1],B([0, 1]), λ)
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and define

Xn =
n

log n
1(0, 1

n
).

Show Xn → 0 and E(Xn) → 0 even though the condition of domination in

DCT fails.

Proof:

∀ω ∈ Ω,∃N , s.t., for n > N, 1(0<ω< 1
n

) = 0, so Xn(ω) = 0, therefore

Xn → 0.

E(Xn) = n
log n

P [(0, 1
n
)] = n

log n
1
n

= 1
log n

→ 0.

Clearly, Xn is not bounded by any r.v. in L1.

14.(2’) Suppose X ⊥⊥ Y and h : R2 7→ [0,∞) is measurable. Define

g(x) = E(h(x, Y ))

and show

E(g(X)) = E(h(X, Y )).

Proof:

E(g(X)) =

∫
R

g(x)FX(dx)

=

∫
R

∫
R

h(x, y)FY (dy)FX(dx)

=

∫
R2

h(x, y)FY (dy)FX(fx)

=

∫
R2

h(x, y)FY × FX(dy × dx), by X ⊥⊥ Y

= E(h(X, Y ))
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