Statb81 HWT7 Solutions

7.(1’) Suppose X,,,n > 1 and X are uniformly bounded random vari-

ables; i.e., there exists a constant K such that
GV IX] < K.

If X,, — X as n — oo, show by means of dominated convergence that
E|X, — X|—0.

Proof:
Since K € L, DCT can apply, and note that | X, — X| < 2K € L;.

8. (3’) Suppose X, X,,,n > 1 are random variables on the space (€2, B, P)
and assume

sup | X, (w)| < oo;
w €N
n>1

that is, the sequence {X,} is uniformly bounded.
(a) Show that if in addtion
sup | X (w) — Xp(w)| — 0,n — oo,
weN
then F(X,) — E(X).
Proof:
Since {X,,} is uniformly bounded and sup,.q |X(v) — X, (w)| — 0 =
X, — X, by DCT, E(X,)) — E(X).



(b) Use Egorov’s theorem to prove: If {X,} is uniformly bounded and
X, — X, then F(X,) — E(X).
Proof:

Egorov

X, — X JA., P(Ae) <€, sup |X(w) — X,(w)] — 0(n — o0)

weA\ A
Ve > 0,Vw € A\A, | X (w) — Xp(w)] <€

Ellx - Xnu[weA\Ae]} < eP(we A\A,) < e

N
~
= B|X - X| = B|IX = Xallpenag| + B[IX = Xallpeny| < e+ 2Me
= E_\X—Xn\] =0

N

E(X,) — E(X)

9. (2’) Use Fubini’s theorem to show for a distribution function F'(x)

/R(F(x—l—a) — F(x))dx = a,

where dx can be interpreted as Lebesgue measure.

Proof:

/(F(x+a) — F(z))dx = //1[w€(x,x+a}]dwdx
R R JR
= /v/vl[we(l-’x_i_a”dxdw
R JR
= /adw
R

= Q.

13.)(2’) Suppose the probability space is the Lebesgue interval
(= [0, 1], B([0, 1]), A)
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and define

n

X, =

lognl(o’%)'
Show X,, — 0 and E(X,) — 0 even though the condition of domination in
DCT fails.

Proof:

Vw € Q,3IN, s.t., for n > N,1(0<w<%) = 0, so X,(w) = 0, therefore
X, — 0.

B(X,) = P[0, 1)) = g2t = ok — 0

= logn '/l T lognn ~ logn

Clearly, X, is not bounded by any r.v. in L;.

14.(2’) Suppose X 1 Y and h : R? — [0,00) is measurable. Define
g9(x) = E(h(z,Y))

and show

Proof:

E(g(X)) = Ag(I)Fx(d$)
— AAh(m,y)FY(dy)FX(dx)
_ /Wh@,y)FY(dy)Fx(fx)

= / h(l’,y)Fy X Fx(dy X de), by X1Y
R2

= E(h(X.Y))



